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PEEFACE TO FIRST EDITION. 

ly oompIlInK thla work, blie Author has tried to make prominent 
the fact that Graphic Motliods are only the InsttumenU by 
which particuhir numerical results are otten easily obtained, and 
IF considered apart from physical conditions and quantities, they 
are simply mathematical eierciaes, and of Uttle real use to the 
engineer or the engineering student. For this reason some of 
the designs have been worked out in detail, and the chapter on 
working stress has b«en written. 

The ieiinence ot chapters might have been altered perhaps with 
advantage ; but as man; of them are comparativelj' complete 
in themselves, this is not a matter of great Importance. The 
reason toi introdncing Che theory at bending so earl; was, that 
In the Author's opinion it I9 preferable to show the application 
to concrete structures of the various graphic methods given In 
the text ; and as that involved the design of a strut, and that 
again involved the theor; of bending, the Author did not hesitate 
to introduce it where he did. Should an; reader not be familiar 
with the different methods of deducing resulta there shown, he 
ma; pass them over and use the results in the design he has in 

Much has been introduced Into this work which is not to be 
found in man; books on Graphic Statics, such as the theory 
of connterbraclng, maximum bending moment with moving 
loads, design of a plate girder, stabilit; of masonry strnctures, 
masonry and metal arches, and the theory of structures con- 
taining redundant members ; but the Author has not attempted 
to treat these sections exlianstive!; from ever; point of view, 
but tather to introduce them in tlieir general aspect, and thus 
pave the way for u Farther stud; of works much lai^et than 
this. At the same time it Is hoped that the reader ma; be able 
to find In these pages mnch that will be useful to him in bis 
ordinar; work. 

London, May, 1S88. W. W. F. P. 



PREFACE TO SECOND EDITION. 



As a eecond edition of this work has been called for, the 
Author thought it expedient to re-write the chapter on 
Struts, and to deal with the matter more systematically 
than in the first edition. 

He has also added some notes in the form of an Appendix 
where he considered that such may be of use in the further 
elucidation of points in the original text. 

W. W. F. P. 

London, 1903. 
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SYMBOLS GENERALLY USED IN THE TEXT. 
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E = Young"* BioduIuB ol ebsttclty. 
F - applied force. 
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GEAPHIC STATICS. 



CHAPTER I. 

Introdxtctory. 

The term "graphic statics" is generally meant to imply 
the art of solving some useful statical problems graphically — 
that is, by the mere drawing of lines. Since the solution of 
problems other than statical is given by one or more 
equations, and equations can be represented graphically by 
curves, it is clear that the solution of problems of almost 
any description may be represented graphically, and in 
many cases problems may be completely solved by graphical 
methods ; hence it is not surprising tp find under the 
heading "Graphic Statics" problems sblved graphically 
which are more nearly related to other branches of natural 
philosophy. 

A diagram or curve in itself represents a mathematical 
fact or relationship altogether independent of any physical 
phenomena, and it is only when the several components 
of the figure are assumed to represent phvsical quantities 
that the diagram can bear any physical interpretation. 
A diagram may fulfil two different objects : it may present 
to the eye a picture representation of the intensity or 
degree oi certain phenomena; or it may be used to obtain 
a solution to a problem by the mere drawing of lines. 
In both instances it may be found to possess manifold 
advantages over other processes of representation or 
solution, but in all oases judgment should be exercised in 
its application. 

Its relation to engineering work is much of the same 
nature as that of the slide rule or mechanical calculator. 
It is a means to an end, whereby a more or less complicated 
mathematical operation is simplified and facilitated, the 
result being often obtained with the expenditure of but 
an infinitesimal amount of brain power. The study of 
** graphics" in the abstract only would be of little use> 
except as a factor of mathematics ; it is in its application 
to the concrete problems of the engineer and the physicist 
that its intrinsic value becomes apparent. Even then it is 
only a portion of the whole problem to be solved ; for let 
B 
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ua t&ke as an example the design of a roof truss. Thn 
(Irawing of the stress diagram is only the beginning of the 
design. The compression members have to be desiened 
to resist crippling as well as direct conipression, while tbos« 
members that resist external trajia^nrsB forces hai'e to be 
made strong enough to resist bending as well as the other 
straining actions. It is thus evident that graphic statics is 
intimately related to, and mixed up with, structural design 
in general, and it is on this account that some of the 
succeeding problems will bB worked out in full, and not 
merely the stress diagram given. In this way it is hoped 
that some of these notes may be of more than passing 
interest to the draughtsman or designer, and that the 
student may form an idea of the ultimate object of the study 
of graphics. 

Ge.^phic Solution of Eqd.atioxs. 

Although not of frequent occurrence, it is sometimes 
necessary to solve an equation containing a higher power of 
the unknown quantity than the second. It may by chance 
be solved algebraically in a few isolated cases, but it will be 
found that in most instances that occur in practice (i 
solution may be easily obtained by a graphic method. 

As a tirst example, let us take a quadratic equation, 
because the solution may be obtained by easy algebraical 
methods, thus formings check upon the graphic solution. 
The algebraical solution of the equation 

x'^ + Zx-S^O (1) 

gives us .E = 1 and - 3. Drawtwo lines at right angles, such 
as X X' and Y Y ', intersecting atO, the originlfig. 1) Pleasure 
the several values of k from ihe line Y Y^, parallel tn X X', 
and the values of y parallel to Y Y'^ from the line X X'. The 
positive valupB of x and j/ are measured to thc^ right and 
upwards, while the negative values are measured to the left 
and do\viiwardH, respectively. 

The lines XX' and YY' arg called the axes of w and y 
respectively. 

Now we may write equation (I) in the form 

x^ + 2x-3-p (2) 

equation (1) being really only a special form of (2), when // 
is made equal to zero. Give to .r any values which may 
seem convenient, such as natural integers 1, 2, 3, itc, and we 
obtain a corresponding series of values for '/. Again, by Bub- 
Btituting for j: negative integers, unother series of value. 
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of y will be found. Plot off these pairs of values of x and y 
as in fig 1. Thus, when a? = 1. y — o; therefore measure off 
from O along O X, a distance O A, equal to unity. This is a 
point on the curve. Again, in equation (2) a? = 2, y = 5. 
Hence set off OB = 2 and BC = 5; then C is a point on 
the curve. When a? = o, y = - 3; therefore measure off 
from O along O Y^ in the negative direction O D = 3. Also, 




when a? = - 1, y = - 4, which, when plotted, locates the 
point E. If this be carried on with a few more values of x 
and y, and the points so obtained joined up in series, we 
obtain the parabolic curve F E D A C, which is the graphical 
interpretation of the above equation (2). The particular 
value of y which gives us equation (1) is zero; therefore, 
what values of x correspond to y = o. Now, y is measured 
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HPn \\w rout* of Miution (1), fonnd 
g »tnlliiHl, H|>)kl)*<t) to Mir equation con- 
«Mi'iHt>l0 or mtkutvwn quuitity, will 
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provide a solution. Virtually it is only required to draw 
the curve accurately near the points A and A^, where it 
«uts the axis of x ; but, at the same time, it should be 
drawn roughly throughout its difierent convolutions, so as 
to obtain a fair idea of the form of the curve. 

This process may be considerably simplified, as may be 
seen from what immediately follows. Equation (1) may be 
written thus — 

X- = Z - 2x (3) 

Let x'^ = y, and 3 - 2ar = //^ ...... (4) 

also let «2 + 2a? - 3 = Y (5) 

then Y = y - 2/1 (6) 

But equation (1) is a particular case of equation (5), when 
Y = ; and therefore, when y - y^ «= o, or y = y^ — that is, 
when an ordinate to the curve— y = x^ (for a particular 
value of x) equals the ordinate to the curve y^ = S - 2x 
(for the same value of x). This can only happen where the two 
curves, y = x^ and y^ ^ S - 2x^ intersect • hence, plot the 
two curves represented by equation (4). These will be the 
parabola M O Q, and the straight line M P, fig. 2 ; they 
intersect in M and P. The numerical equivalents of the 
abscissae of these points — namely, of O A^ and O A — are the 
roots of the equation — 

a?2 + 2 a; - 3 — 0. 

This method of solution is now obvious. Draw the curve 
represented by the equation x^ = y, and the straight lin6 
given by 3 - 2a; = y. The abscissae of their points of 
intersection represent the roots of the equation. 

If we analyse figs. 1 and 2, we shall find that the latter 
is only the former dissected ; and we can easily compound 
the two curves of fig, 2, so as te produce that of tig. 1, 
Thus, from equations (5) and (6), we see that 

y - 3/1 « Y = a;2 + 2a: - 3 ; 

or, in other words^ an ordinate Y, in fig. 1, is the same as 
the ordinate y^ of the straight line, fig. 2, subtracted from 
the similarly-situated ordinate y of the paraboja. In the 
figure, when 

and 2/^ = 5 = E S ; 

and hence 

Y = y-yi = RISr-.RS = RE= -4. 
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At P, -irljere iLe 1id€ and parabola intersect, 

T = y ~ y^ = AP- PA =0: 

and henoe ihe corrBspo&ding ralue of x gives one of the 
roots of the equation. 

This idea may be extended to equations other than 
quadratics. Take the equation — 

X* — jr* + 3j- - 1 =«= ♦' = ,v, say. 

This is made up of three separaT<r «rqua: ious. namely — 

ar' = .Vi, -^^ = .Vs, and Sx - 1 = »/=. 
When taken together, ve have — 

y = .Vi - !fi + .Vs 
for the same value of jr, and hence the sum of the first and 
third ordinates, minus the second, gives the value of the 
CHtiinate of the curve — 

a-» - or* + 3 jr - 1 = ty. 

If a solution of this equation is required, it will be found 
rather easier for the beginner to draw the two curves 
represented by — 

x^ = y, and jt^ - 3 jr + 1 = yi. 

The abscissa of their intersection gives the real root of 
the equation, the other two being ini«cinary. 

It will be found convenient to plot the curves x* = y, 
X* = y, and x^ = y, on a piece of squared paper (fig. 3) ; the 
larger the paper the better. The squares should be divided 
into ten equal parts, and every tenth line should be thickened. 
This expedites the plotting considerably. For the sake of 
clearness in the figure, the squares have not been divided 
into ten equal parts, the figure being so smalL 

Now, should it be required to solve the equation — 

all that remains to be done is to draw the straight line 

y « 4 a- + 2, 

which can be done by merely plotting two points in the line. 
The curve ?/ = x^ is already drawn, and the intersections A, 
B, and C of this curve and the line give the solution of the 
above equation. It will be noticed that the intersection 
occurs at three points; hence there are three real roots to 
this equation. They aro x = *2'2, x = — -53, and x =— 1*64. 
Instead of actually drawing the line y =z 4. x + 2, a vexy 
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8 GRAPHIC STATICS, 

£iie piece of wire or silk thread can be sta^etched between 
two points in it, and the points of intersection noted. In 
this way the squared paper does not beconoe filled up with 
lines. This method is recommended by Prof. R. H. Smith 
in his treatise on ^ Graphics." 

Bimnltaneous equations may be treated in a similar 
manner. Let it be required to solve the equation — 

Plot both of these curves, and the co-ordinates of their points 
of intersection are the real roots of the above simultaneous 
equation (see fig. 3). They are x =■ 2t>9!, y = - 2*35, and 
jr = - 12, y = 1-32. The equation— 

31ogao X - 4a; H- 24 = (8; 

is easily solved by first plotting the curve — 

y = logio j:, 

and then the straight line — 

3y-4j' + 24 = 0. 

The abscissa^ of the intersections, as usuaL give the roots. 

Equations containing trigonometrical functions are just 
as easily solved. 

It will be noticed in ^, 3 that the curves generally 
have a greater range in the vertical thsui in the horizontal 
direction. Should this be inconvenient, the vertical scale 
can be taken a fraction of the horizontal scale, say one-tenth 
or one-hundredth. This will have the effect of widening 
the curves out considerably. 

Diagrams in Three Dimexsion^v. 

Up to the present time the only equations taken have 
been those in which there were only two variables, and 
they have in every case represented curves that existed 
wholly in one plane>. The two variables represented the 
dimensions of the curve in the plane when measured from 
well-known and recognised fixed lines called axes. If now 
an equation should contain three variables instead of two, 
it is evident that it cannot l^e represented by a single curve 
in one plane, as heretofore, but will necessitate another 
dimension or direction in which to measure the third 
variable. In the previous cases, the two axes were taken 
at right angles to one another. Xow add another axis 
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^hich is perpendicular to each of the other two, and which 
passes through the origin. This axis denotes the direction 
in which the third variable should be measured. 
. As it is not possible to represent a solid in the same way 
as a plane figure, we must resort to some sort of projection 
on a plane. 
As an example, let us take the equation — 

PV=RT (9) 

which represents the relation between the pressure volume 
and temperature of a gas, in which P = pressure per square 
foot, V = volume in cubic feet, E = a constant = 53*2 for air, 
and T «= the absolute temijerature on the Fahrenheit scale. 
For the sake of plotting it is easier to use pounds per square 



B, T 
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inch, which, if represented by p, the above equation becomes 
^ V = -368 T (for air). Now, from O, fig. 4, draw O P and O V 
at right angles, these being the axes of pressures and volumes 
respectively. Then take OG inclined at any angle, say 
45 deg., to O V. It is in reality perpendicular to the plane 
containing O P and O V, and along this line or parallel to it 
the absolute temperatures are to be measured. 

Give any value to T in the above equation, say 493, corres- 
ponding to 32 on the ordinary scale (assuming absolute zero 
to be at - 461 deg.), and measure off O E = 493. Then 
whatever values p and V can have in the equation 
p. V. = '368 X 493 will be plotted on the plane through E 
parallel to the plane containing P O V, namely, AE D. This 



I 
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piano is shaded with vertical hatchings for the purpose of 
emphaaisin^ it. The pressures are only taken up to 120 lb. 
per aquam inch, and tne volume to IS'2 cubic feet. Hence 
AE = OP = 1201b., and ED- OV = 18'2 cubic feet The 
points in the curve B J C are obtained by giving values to 
V, and aolviiig the equation for p. The values given to V 
are plotted oif along ED from E, and then the corresponding 
values of f ereoted at the ends of those abscisste , 

In the same way the curve T Z U is plotted in the plane 
S X W, when the temperature is assumed to be 1,000 Heg. 
Fah.— that is, 1,461 deg. on the absolute scale, and therefore 
O X = 1,4G1 = T. Again, the curve Q R is plotted for an 
absolute temperature of 2,461 deg. 

If we join up the terminals B, T, Q of the curves, we find 
thev all lie on a straight line through the point P. Similarly, 
E U C V is a straight line. This fact might have been 
anticipated from a glance at the originul equation, which 
may be written as— 

V - ^ . T. 

All the points Q,T,B, and P are at the same height above 
the base of the diagram, namely, 130 lb. As p is nere con- 
stant, the eijUation shows that V varies as the temperature 
T, the equation being of the tirst degree ; Q P must 
necessai'ily he a straight line. The same reasoning also 
applies to R V, The hoUow-cuned surface Q B C R is 
the graphical representation of equation (9), in the same 
way that the plane curves in previous figures represent 
uraphicallv the respective equations from which they were 
aertved. For most purposes the equtition can he converted 
temporarily into one oi two dimensions, by giving one of 
the variables a definite value ; the corresponding plane 
L^rve can then be plotted. If other values are in turn given 
to the same variable, and the several curves plotted, we shall 
have a series of curves of the same kind, apparently in the 
same plane, which, with oerUiin limitations, will represent 
the curved surface to a certain extent. Three such curves 
are OR, Ti U„ and B, Ci, all of which are in the plane 
P O H. But, upon a clowr inspection, it is manifest that 
these curves are no more than the curves Q R, T U, and 
B C protected on the plane F G U by lines parallel to the 

I axis OU. 
This diagram belongs, strictly speaking, tothermodynamics, 
but it is here given as a fair representation of an equation 
voatainiug three variables. 
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Dbawing Parallel Lines. 

The essence of graphic work in general depends upon 
the accuracy with which a line may be drawn parallel to 
another line on any portion of a sheet of paper with ease 
and celerity. An ordinary rolling parallel rule may be 
used, but to be of general use it must be of considerable 
length, at least of from 1* ft to 2 ft. The longer the rule 
the more nearly parallel tfie line, but the longer the rule the 
quicker one end moves off the drawing board, so that, at 
best, it is only a compromisa Two set squares may be used, 
but if the line to be drawn is a long way from its parallel 
companion, there is every chance of the tinal line being 
considerably out of parallelism, besides the inconvenience 
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of shuffling the set squares one after another down the 
board. 

The only way in which diagrams containing parallel lines 
can ^be quickly and accurately drawn is by the use of 
the clinograph, fig. 5, which was invented and patented 
by Mr. Joseph Harrison, Wh.Sc., A.M.I.C.E. It consists of 
a couple of arms connected by a stiff joint, one of which 
slides along the edge of the T square, the inclination of the 
other being adjusted so that its edge coincides with the line 
to which another has to be drawn parallel. By placing 
the foot against the edge of the T square, a perpendicular, 
instead of parallel, line can be drawn (see fi, fig. 5). The 
author has found that work with this instrument may be 
still facilitated by cutting off the pointed end of the arm 



12 GRAPHIC STATICS, 

near the joint, and shaping it in the form of a circle, to 
whidi the drawing eds:e is a tangent (see fig. 5, B). In this 
way the arm may be directly set parallel to a ^rven line by 
bringing the circular end up to the line until it touches it» 
and then swinging the arm round until its drawing edge 
cmncides with the given line. The circular end ^omd 
IttTe its centre in the axis of the rivet pin of the joint. 
This instrument will also be found of great use to students 
in practical, plane, and solid geometry. 



CHAPTER IL 

The Laws of Equiubrium. 

Thz whole of the subject " Statics " is based upon the two 
laws of equilibrium, which fact has hardly been emphasised 
as it should have been in most of the student^s text-books^ 
Su<^ abortive terms as the ^ principle of the lever," so often 
to be found in the applied mechanics examination papers of 
ti^ Science and Art Department, would perhaps never be 
used at the present time had the principles of equilibrium 
been taught as they should have been. 

A body may be said to be in equilibrium when all the 
forces acting on the body mutually balance each other, both 
as regards translational and rotational etfect. It may, per- 
haps, be put in another wav, thus : Let a body be f^Wectiy 
'Vref to move. Any force, either great or small, will, if applied 
to the body in the above state, make it move : the greater 
the force applied, the greater will be the velocity produced 
in the body. If now a body, which is perfectly free to move, 
does not move, then, clearly, there can be no resultant force 
acting upon it — that is, the forces acting mutually balance 
each other. This state <^ balanced forces is called equilibriman^ 
The two laws ol equilibrium may now be cited. 

If any number ot forces act upon a rigid body, and main- 
tain it m equilibrium, then — 

L rile *«» 0/ the ct^mfionents qf these forves im awy one direc- 
tiim mmit be zero : and 

IL The sum iirthe moments qf these forces itbout an»f fioint im 
their piane must be zero. 

These two laws are almost self-evident ; for, in the first, 
if the sum of the components in any one direction be not 
xeroi it most be some definite reaoltant force^ which will 
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make the body move. But as the body does not move, then 
there can be no resultant force in any direction. Similarly 
with the sum of the turning eifects or moments of the forces. 
Because the body does not turn, there can be no resultant 
turning effort acting i.pon it — that is, the sum of the 
moments must be zero. These results will be more deeply 
impressed upon the student's mind if he will take a tew 
cases of equilibrium and draw the diagram of forces to scale. 

There are a couple of results in connection with the 
equilibrium of a body which it will be well to bear in mini. 

The first is that the force diagram of a body in equilibrium 
must be closed. This will be seen at once, thas : If the 
polygon of forces (force diagram) of a body not in equilibrium 
be drawn, the polygon will not be complete, but will require- 




F»o. «. 



a tingle line to be drawn direct from the starting point to- 
the finishing point, before it is completed or closecL This^ 
line represents the resultant of the set of forces. If, now, 
the body is in equilibrium, there can be no resultant force, 
and therefore no line will be required to be drawn to com- 
plete the polygon ; or, in other words, the polygon will be 
complete without it. 

Another is, that if only three forces act upon a body in 
equilibrium, the directions of these forces must all pass through 
the same point. For, if possible, let the three forces P, Q, 
and S maintain the body, fig. 6, in equilibrium. The 
resultant of P and Q must be R by the parallelogram of 
forces, and its direction must be parallel, equal, and opposite 
to S, from the first law of equilibrium, if the direction of 
S does not pass through the intersection A of P and Q, it 
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must lie at some distance a from it. Then the two equal 
^oid opposite forces E and S will produce a couple tending 
to rotate the body, equal to S a. But as the nody is in 
^equilibrium, there can be no resultant turning etiort acting, 
.and hence S a must be zero. As S cannot be zero, then a 
must be zero — ^that is, S must pass through A, the inter- 
section of the other two forces. 

Again, if a hinged rod in equilU)rium is acted ttpon by a 
number of forces at its extremities only, then the stress in the 
rod must act along its axis. 

In fig. 7 let one end of the rod A B be acted upon by the 
forces Fi, F2, F3, and F4.. These forces will have a resultant, 
say Ri. From the first law of equilibrium, there must be 




Fio. 7. 



an equal parallel and opposite force li^ at the other end 
Each of these can be resolved parallel and perpendicular to 
the axis of the rod. The parallel components will be e^iual 
and opposite, and the perpendicular components will form 
a couple, whose moment is the length of rod multiplied by 
the component. But as the rod is in equilibrium, tliere can 
be no resultant couple acting upon it; therefore the moment 
of this couple must be zero — that is, the perpendicular 
coMipouent must be zero : and hence the resultant force on 
each end must l^e wholly along the axis. The internal 
force* or stress, which n^sists the external force must be 
ei|ual and opposite, and thei^fore must act along the axis 
ol the n.Kl. 
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CHAPTER III. 
PoscE AND Bbnunq Mouekt. 
It there is any excuse needed to account for the intro- 
dnctioD of the investigation of shearing and bendiiiK action 
at this early stage, before considering the 



1 111^ action 
of simple 




direct stress, it is that in so doing we meet with the 
graphical determinations of the conditions of equilibrium of 
a body, which will be more or less used throughout the 
whole of Graphic Statics. 

The author nas often found students to possess very hazy 
notions as to the meaning of the terms shearing force and 
Ijendiug moment, and he therefore proposes here to approach 
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the matter from a very elementary pcnnt of Tiew, in the 
hs0pt that, by so doing, some of the inteUectnal log may be 
dcaired avay. The bcsun, fig. ^ is supported at both ends,. 
azMl loaded with three weights of S, S^ and 10 tons, as shown. 
The sopporCing fortes are at once obtained from the applica- 
tion of the two laws of eqoilibriani. From the first we get 
the sum of the ertemal f cnnoes acting on the beam is zero, or 

Ri + Rj - 5 - 8 - 10 = (10) 

From the second law, the som of the moments of all the- 
forces about any point in the plane <^ the forces is seroL 





Take momants aboat any point A in the line of acticHi of 
the right-hand supporting totce, and we get 

20Ri - (5 X 12) - (8 X 10) - (10 X 4) « . . (11) 

therefore Ri — 9 tons. 

Substituting this value of Ri in (lOX we find that R « = 14 tons. 

This operaticm of finding the supporting forces is nearly 
always me first to be carried out in finding the bending 
moments, shearing forces, or the stresses in a hinged 
structure. 

SHEARING FORCE. 

Take any transverse section of the beam, say that at (V 
and find the sum of all the forces acting <m that part of the^ 
beam to die right of the section C 

Sum of forces - Rj - 10 = 14 - 10 = 4 ton^ 
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In other words, the resultant of all the forces to the right of 
C is 4 tons ; or the forces to the right of C are tending to 
make the portion A C of the beam move bodily upwards in 
the same way that a single upward force of 4 tons would do. 

Again, in the same manner, the sum of all the forces to 
the left ofC = Ri-5-8 = 9-13=-4 tons, the nega- 
tive sign showing that this resultant force acts in the 
negative or downward direction. 

Hence we have on each side of the section C a resultant 
force of 4 tons — one urging the right-hand portion of the 
beam in the upward direction, the other urging the left- 
hand portion in the downward direction. This action is 
precisely the same as would be produced if the beam were 
inserted between the knives of a hydraulic shearing 
machine, and the knives replaced by simple blocks of metal, 
as indicated by the shaded portions of fig. 9, and a total 
pressure of 4 tons brought to bear upon the hydraulic 
piston (neglecting friction). This action is called a shearing 
action, and either force of 4 tons is called a shearing force. 

Obviously, then, the shearing force over any transverse 
section of a loaded beam is the sum of the forces on one side of 
the section ; either side being taken at will. 

The shearing force at any section of a beam may be 
represented graphically by plotting ordinates at different 
points along the axis of the beam, the length of the ordinates 
being proportional to the shearing forca Thus, the shearing 
force near the end A, lig. 8, must be R2 (neglecting the 
weight of the beam), that being the sum of the forces to the 
right of the section. This shearing force remains constant' 
as the section is moved from A to the line of action of the 
load, 10 tons. Between the loads 10 tons and 8 tons the sum 
of the forces to the right of the section will be R2 — 10 — 4 
tons, and this is constant between these loads. Similarly, 
between the 8 tons and 5 tons the shearing force is II2 - 10 
— 8 = - 4 ; and between the latter load and the end the 
shearing force isR2 ~ l^" 8 — 5 = -9 tons. 

Draw a line Ai £1 parallel to the axis of the beam, and of 
the same length, and plot the ordinates representing the 
shearing forces. Beginning at Ai, assuming the upward 
direction as positive, we plot offAiDi = R2'=14 tons to 
some convenient scale. As the shearing force is constant 
between the loads, the upper ends of all the ordiiiates 
between Di and Ei must lie in the line Ei Di. At / erect 
the ordinate /Fi = R2 - 10 = 4 tons. The line GFj will 
be horizontal for the same reason that E^ D^ '^^ horizcntah 
c 



«nns force I 
= - 4— that [ 
lirection. I 
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Proc«Mling in this way, between A and ?, the abearins f 
was foimd to be - 4 tons ; therefore, plot 9 H, = - 4— 
is, pqa&l to 4 tons in the downward or nf^ative directio 

Completing the diagram, and drawing the cross lines for 
the sake of emphasis, we get a representation of the shearing 
force throaehout the whole length of the beam. To prevent 
a-Dj confosioD of signs, it is better to keep to one side of the 
section throaghoat the whole length of the beam when 
com^nnng the shearing forces. There follows, from what 
has jost been done, a simple mechanical rate for drawing 
the shearing foroe diagram. B«sin at one end of the beaiu, 
and draw a zigzag line, such that the vertical portions 
represent in magnitude and direction the forces acting on 
the beam. Thus, at A, eivct an ordinate Ai Dg = 14, in the 
same direction as R*. Draw the horizontal line D^ E, to 
the line of action of the nest force. From Ej draw E[ F, = 
10, in the sa-i e direction as the force 10 tons ; then, after 
completing the horizontal line Fi Gi, draw Gi Hj parallel 
to the force 8 tons, and equal to it. In the same wajr, J| K, 
= 5 tons, iind Li Bj = 9 tons. 

BENDING XOMENT. 

Ti-ke any transverse section C, as before, at a distance pf 
say 8ft. from the point A. Now the sum of the moments of 
all the forties acting on the beam to the right of C about the 
axis of the section C is SR, - (10 x 4) = 72 tons-feet in 
anti- watch -hand direction, which we may call positive. 
Again, the sum of the moments of all the forcns to the left 
ofC abont the axis of the section C - - (R, x 12) +(5x4) 
-(- (8 X 2) = - 72 tons-feel. The two r^ultant momenta 
aboDt the section C are equal and opposite in sign or 
direction, and hence their sum must he lero, which we 
should naturally expect from the second law of equilibrium. 
Either of U»ese moments is called the bending moment at 
the section C Hence we define the bending moment at a 
aectioa as lAe turn ttf lie mon^nf* <^ alt tie /orcfi un one siife 
<•/ the tteliom. It will he iiotii-ed that all moments which 
tend to make the beam turn about the section C in watch- 
hand direction are called nri/nriiv moments : and all those 
tending to make the beam turn in anti- watch- hand direc- 
tion ar« called posiliw. In the same manner all forces 
acting in some particular direction are considered positive ; 
those in the opposite direction n^ative. The puu'ticnlar 
direction may be chosen at will. 

"Hie bending moment at. any section X lietween Hj and 
the load 10 toiis, distant ^ feet from fi} -> R^x = 14^ tons- 
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X, and If similar to the second part of equation (4) it 
therefore represents a straight line. Hence measure 08 
from Aj, X V 4 in the left-hand direction, and erect the 
ordinate jr = 56, giving the point £,. Join Ag E^. Again, 
take another section C between the loads 10 and 8 at a 
distance x ft. from A. The bending moment at C = sum of 
moments of forces to right of C = {R2 x i) - 10 (le — 4) = 4* 



:r)QOOonc r)nonnoocpoooonon 




+ 40 — 8/, which represents another straight Hue. Give to 
Tits least \alue, 4, then y = 56 tona-fept, the same result 
obtained ]ust previously Next Rive x its maximum value, 
Kamely, 10 then y - 80 Set offAc m = 10, and m Hj, = 80, 
und join a.2 ^a- Carry this prowss on, and we tind the 
Ij^ndmg moment under the lond 6 tons is 72 tons-feet. 
Plotting TtK^ = 72, and joining H^ Kg and Kj B^, we obtain 
the bending moment diagram B^ A^ finH^Kg^such tfa^t tlw 
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beiuUng momait »t any section of tbe beam, say Z, is 
represented hj the ordmate Zi Zj <rf tbe bending moment 
diagnm lying immediately below Z ; also the shearing 
force there is represented by the ordinate pq ot the shearing 
force diagram. 

In constructing the bending moment diagnun, the stndent 
wiU find it well to alwa;^ take the moments of the forc«s on 
the same aide of the section, so as not to confuse the signa, 
the same as in the shearing force diagram. It vill be 
noticed in fig- 8 that the boundary of the bending moment 
and shearing force diagrams only changes direction under- 
neath the loads, and hence all that is required is to find the 
bending moment or shearing force under the loads, and plot 
the diagram from those quantities. 

Before going on to the consideration of the construction of 
the bending moment diagram by a purely graphical method, 
we will take two more examples, one with a continuous load 
and the other with a mixed load. 

In thi; first place, given a beam sustaining a uniformly 
distribated load of three-quarters of a ton per foot run, find 
the bending moment at any section along the beam, which is 
20 ft. long. 

The beam is shown in fig. 10, loaded uniformly, and 
supported at the ends. Then, taking the general case in 
which the load is u- tons per foot run, and the total span of 
the beam is /feet, the bending moment at any section F 
distant j: from the right-hand end is the sum of the moments 
of all the forces to the right of the section F, and thereforo 
= R.. X J - moment of x feet of load about P 



= '^ilx-X') = ;,,s^j (12) 

If this equation be plotted after giving several values to k, 
the resulting curve will be found to be the parabola DAQH, 
whose vertex A lies underneath the centre of the span. Tha 
vertical intercept cut oif by the parabola and the cnord H D 
represents the bending moment at a section of the beam 
lying vertically over the intercept. 

If the above equation (12) is not at once recognised a* 
representing a parabola, it may be compared with th« 
general equation of the second degree — 

B^y + Cp' + Dx + Ep + F-'f), 
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which represents an ellipse if 4 AC is greater than B^, a 
parabola if 4 A C = B^, and a hyperbola if 4 A C is less 
than B2. In (12), B = 0, and C = ; hence 4 AC = BS and 
hence the curve is a parabola. But perhaps it may be more 
easily seen by transforming the equation thus : Divide 

equation (12) by — ~, add — to both sides, and we have 

2 4 



('-ir-iif-') 



which is of the form X^ == c Y, where X = a? - - and Y = 
-Q- - y 3 which means that the vertex of the parabola lies 

o 

at a point represented by a; = -and y = ^ • 

Now, knowing the curve is a parabola, and the position of 
the vertex, it is easier to describe the curve by graphic 
methods rather than to find the co-ordinates of different 
points on the curve and then plot them to scale. A very 
easy method is the following : Draw the base line H D 
parallel to the beam and equal to it in length. Bisect H D 

in S, and set off S A = — g-. Through A draw A C parallel to 

S D, and through D draw D C parallel to S A. Divide A C 
and D C into the same number of equal parts (six in figure), 
and to each of the points of section C] , C2, &c., draw lines 
radiating from the vertex A Now at each of the points of 
section Ai, Ao, &c., erect perpendiculars. The points of 
intersection 01 th»-perpenaiculars with the corresponding 
radiating lines all lie on a parabola. Therefore, after 
obtaining the points, draw through them a curve ; this is the 
required parabola. 

It may be easily proved that the curve so formed is a 
parabola. A* M is parallel to C C4 ;* therefore from similar 
triangles we get 

AA4_A4M 

AC CC* 
and as A A^k is the same fraction of A C as C C^^ is of C D, 

A A4 \j vy^ 

TC "" CD 

* The point M is the point, of intei-section of the parabola and the radiating^ 
line AO^. 



\ 
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0C*° CD 



Multiply both aides by ^ * ■ , and we have 

VcD^ Vac-' 



A,M^ 

CD ■ 




I 



the ratio to be found in a parabola. 

Another abort method of drawing a parabola le that given 
in the left half of fig. 10. It is a theorem in conies that tfie 
tangent cuts the axis at a point as far on one side of the 
vertex aa the ordinate cuts it on the other side. Therefore 
= AT. Again, if two points such as H and A are taken 
uii L.iie curvp.aiid the chord HA be drawn together with the 
tangents H H, S A, at H and A respectively, then the middle 
point G of the intercept S E, cut oft' from a line through the 
intersection S parallel to the axis, is a point on the curve. 
This process lieiiig carried further by drawing the chorda 
H O and G A, and the tangent Q G K at G (which is parallel 
to H A), the middle points y and ]i of the intercepts parallel 
with the axis through the intersections Q and K are points 
on the curve. By having the tangents to the curve at a 
number of points it is possible to obtain a more exact shape 
of the curve when only a few tiointa are taken. The area 
contained between the chord H D and the parabola is not 
cross-hatched, as in the previous case, as it would take away- 
some of the clearness of the figure. 

The shearing force at any section F, distant x from the 
right-hand end, being the sum of the forces to the right of 
F, will equal R. - the weight of that part of the load to the 
right ofF='— -- w* — y, say. This is evidently a straight 
line figure, y being a maximum when x = or x = I, and a 
Therefore put up the ordinate 

andMW= -^. Join WP, and we get the 

■hearing force diagram. _ 

for ic and / can be substituted a 

obtained. 

In the third e.tample we have a beam AC, fig. U, resting 
■ upon two supports situated at distances of 3ft. and 7 ft. 
^ from the ends. A cnnceutrated load of 7 tons is situated 

r *' trOD) the left support and 7 ft. from the right support. 




AFPUED TO STRDCTUKAL DBSiaTT. 23 

A load of 5 tons is uniformly distributed over the two 
portions that overlap the supports. 

The total amount of overlap = (3 + 7)ft., and 5 tons 

distributed uniformly over this length of beam would be at 

the rate of half a ton per foot run. To find the supporting 

fOFce% we have from the first law of equilibrium 

B, + Rj -5-7-0, 



,^ 



rT^. 



rmrrmrrrn 
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and frum the second law (taking moments about L) 

{8i X 3J) -(7X7) + (E, X 10) - (IJ X llj) = 0, 
or R^ — 5'4 tons, 

and hence Rj = 12 - 6-4 - 6-6 tons. 

The bending moment at any section between C and L 
distant X from C = ^ tons-feet, 

riiB carve y = -^ 



I 



I 

I 



when plotted with tbe positive axis of y downwards is 
parabola EF. The bending moment at J = (3^ x lOJ) — 
(GO X 7) = - lO^a tons-feet Put up in the negative 
direction G = 10-95, and join G F. The remainder of the 
diagram is merely a repetition of the above. 

At two points where the bending moment diagram 
boundary crosses tlie base line D E the bending moment is 
Kero. These two points are situated at distances of 10 in. 
and 5 ft. 1^ in. respectively from H. The distinctive feature 
of a positive or n^ative tiending moment is, that while one 
produces an upward sag, the other produces a downward 
sag in the beam. 

The Bhearing force diagram, fig. II, is easily obtained. 
B^inning at U, the sam of the forces increases with the 
distance until L is reached. Just beyond L the sum of 
forces to the right of section = 6'G - 3'5 = 3'1 tons ; hence 
the sudden jump upwards of the diagram underneath L. 
The shearing force remains constant until J is reached, and 
then the boundary moves downwards through a distance of 
7. The remainder of the digram is evident from preceding 

There is one fact which might be noticed at this stage of 
the investigation } it is that the ordinate of the bending 
moment diagram is a measure of the area of the shearing 
force diagram up as far «s the ordinate. This may be 
easily verified by experiment, for take that portion lying 
under L C- The area of the shearing force diagram is the 
area of a triangle whose height is 3'5 and base 7, namely, 12^. 
Again, the bending moment at J is — i* 4o, and the area of 
the almnring force diagram lying under J C is 12i - (7 x 3'1) 

— u-ir.. 



CHAPTER IV. 

Oeapiiical Dktkrmination of Eeactioss and 

llBNDiNG Moment.* 

I.HT IIS t4xlco the beam, fig. 12, loaded with three weights 

Wi, Wj, Wg tons, as shown ; the distance of the weights from 

tint linn of action of the supporting force R~ beine x,, x^, x^ 



i 



feet rmpootively, the total span being / feet The arrows 
in thti flaunts donotfi the lines of action of the several 



(oroa*. Now, ini>(md of naming a force by a letter r 

M la oftn doiit>, wi» will here adopt the method first in- 

(roduiwd l)y I'roftwior Hanrici and Sir. Bon-, which is to 



*S«a Alivcn^^ 
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name a force or member by the two letters that occur on 
either side of it For instance, between C and D we find 
the force W^ ; hence in the npperportion of the £gure the 
force Ws may be dpsisnated by CD. Therefore, having put 
down the lines of action of all the forces acting on the Learn 



T c, T ■> T 




(neglecting its weight), label each of the spaces between a 
pair of forces ; thus the space between W, and Wj has been 
labelled C, that between W^ and W, labelled D, that between 
■W3 and R, labelled E. that between R^ and R, labelled 
A, and that between Ei and W^ labelled B. Now^ the 
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supporting force Ri is designated AB because it lies 
between A &tid B ; or in passing from the space A to that 
of B we must cross the force ]i,. The diagram so far drawn 
is purely a diagram of len/jthtor distances. 

Now draw a polygon of forces for the beam. Starting at . 
6, draw be, cd, and de equal to and parallel to the forces 
BO, CD, and D R respectively ; that is, equal and parallel 
to Wi, Wj, and W^. It will be here noticed that in the force 

fiolfgon the lines representing forces are named by the 
etters at their extremities, which letters are the "italics" 
of the capital letters designating the position of those forces 
in the length diagram. This rule will be followed through- 
out these notes, and it will be found to possess many 
advantages. The line lie d e is sometimes called the " line 
of loads," and, of course, need not necessarily be a straight 
line in all cases. Because all the forces acting on the beam 
are vertical, the polygon of those forces must necessarily be 
a straight line, or, more correctly, two straight lines 
coinciding with each other. Thus having begun at b and 
arrived at n, the only two remaining forces to be represented 
are R^ and llj, and as the beam is in eqniiibrium, the sum of 
the vertical components of the forces must be zero ; or, in 
other words, we luoat arrive back at the point 6 from which 
!we started to draw the force polygon, and therefore R, -H Rj 
= e 6. The first point to be decided, then, is how much of 
eb represents R) and Ra respectively. 

Produce the lines of ^tion of all the forces acting on the 
beam. Take any point O, and join 06. Now, through the 
space B of the length diagram draw a line parallel to Ob, 
cutting the lines of action of the forces Ri and Wi in K and 
tii. It may be drawn in any convenient position, but it is 
better to prevent any overlapping of the figures, if possible. 
Join Oc, and through M draw a line parallel to it, passing 
through the space C, between the lines of action of W, and 
W=, and cutting the latter in N. Join O d and O e ; then 
draw the parallel lines N P, P Q through the respective 
spaces D and K All the lines through the spaces B, 0, D, 
&0., are parallel to lines drawn from the pole O to the points 
b, c, d, &c Now join Q K, and through the pole draw a 
line parallel to Q K, cutting the line of loads in a ; then (as 
will be proved later on) « a - Rg andai = R,. The shaded 
figure K N Q is called afunicular or link polygon. Produce 
the sides K M, M N, &c, of the funicular polygon, until they 
cut the line of action of R^ in V, T, and S. Let V T, TS, 
and S Q he represented by Zj, Z2, ana Zj respectively ; also 
let Z, + Z, + Z3 = Z. 
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rom the second law of equilibrium we have 

Ri ^ - Wi a?! - W2 X2 -WsX^^O . . (13) 

Because the two triangles O 6 c, M V T are similar (the sides 
O 6, 6 c, and c O being parallel to the sides M V, V T, and 
TM), 

MV TV Zi ^ ^ 

Also, because the triangle 6 H O is similar to the triangle 
V Y M (M Y being horizontal), then — 

06^ OH OH ..V 

MV " MY ■" "^ ^ ^ 

Combining equations (14) and (15), we have — 

5^ = ^, or WiOTi = OH. Zi . . (16) 

Zii Xi 

Now, Wi Xi is the moment of Wi about a point in the 
line of action of E2 ; hence O H (a constant), multiplied by 
Zi, is also the moment of Wx about a point in the line of 
action of B2. It will be well to notice here the relation 
existing between these quantities. Z^ is measured in the 
line in which the point is taken, about which the moment is 
reckoned, and its magnitude is determined by being cut 
off by two lines of the funicular polygon produced, which 
are parallel to the two lines in the pole diagram, which are 
drawn from the pole to the extremities of the line repre- 
senting the force which is producingthe moment. 

In the same way the moment of W2 about a point in the 
line of action of Bg is 

W2X2 = OH.Z2 (17) 

and the moment of W3 is 

Ws a:, = O H . Z, (18) 

Substituting these values in (13), we have — 

Ki^ - OH(Zi + Za + Zc) = O 

or, Ril = OH. Z (19) 

Now, comparing (19) with (16), and reasoning conversely, 
we see that as Z is the intercept Y Q, cut off by the lines 
K V and K Q, drawn from a point in the line of action Ri, 
parallel to O 6 and O a, therefore a b must represent Ki in 
the same way that b c represents Wi. It is then evident tnat 
ea represents Rq- An easy rule by which to remember 
which supporting force is represented by either a « or a 6 is 
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that, whichever supporting force is nesr the space letter i 
the length diagram, the same force will be near th' 
letter in the force or pole diagram. For instance, R, 
to the apace E; hence u f, which is next toe, will represent R,. 

From what has been ao far said with reference to fiji. 12, 
it is clear that the lines there drawn are the graphical 
representation of the laws of equilibrium as applied to the 
beam in qnestion,* But the laws of equilibrium are quite 
independent of the form of a body ■ hence the same construc- 
tion must hold for an// and all bodies in equilibrium — that 
is, the polygon of external forces or line of loads must close 
or return to the point from which it started ; also the 
funicular (shaded) polygon must dose. 

It has now to be seen how the bending moment diagram 
ia to be obtained. Returning to the interpretation of equa- 
tion (16), let us take a point in the vertical line o*, about 
which to take momenta. Then the moment of W^ about this 
point is evidently OH x S ^, because fl ^ is the intercept 
cut off on the line in which the point lies, about which the 
moment is taken by two lines emanating from a point in 
the line of action of W,, parallel to the two lines in the pole 
diagram drawn from the pole to the extremities of the line 
representing W;. In the same way the moment of lli will 
be H X 3 ^. The bending moment at the section o is the 
sum of the moments of ail the forces on the left of the 
section = 0H x p^ - OH x e0 = OH X(9e. 

Now, p e is the intercept on the vertical line through a, 
cut off by the boundary of the funicular polygon ; and 
therefore the bending moment at any section is the vertical 
depth of the funicular polygon, multiplied by the horizontal 
distance O H. As this latter quantity is constant, the 
funicular polygon (shaded) is the bending moment diagram. 

We have next lo find the scale of this diagram. The beam 
was drawn to a scale of lemjfhs, say p feet to the inch. The 
line of loads or force polygon was drawn to any convenient 
scale, say q tons to the inch. Similarly, the pole O wua 
chosen at any convenient hoiizontal distance from the load 
line, say r inches. Now, H is a line in the pole diagram, 
which is a diagram of force/, and therefore O H must be to 
the same scale as the line of loads — that is, •) tons to the inch. 
Then the bending moment at 

a = OR X ^e = (r X q} tons X (^S x p) feet 

= (r X f/ X p). 39. tons-feet (20) 

Therefore the scale oi p 9 ia (r x q x p) tons-feet to the inch. 
Of course, pi is here measured in inches. 



APPLIED TO STRUCTURAL DESIGN. 29 

All the lines in the upper portion of fig. 12 represent 
lengths, either real or imaginary ; at the same time, all the 
lines in the pole diagram represent forces, either real or 
imaginary. For instance, the triangle 6cO in the pole 
diagram has three sides parallel to the three lines M K, M N, 
and the vertical through M. Also a force Wi, acting in one 
of these lines (the vertical through M), is represented in 
magnitude and direction by 6c ; therefore the other lines, 
c O, O 6 represent forces wnich, if applied at M in the direc- 
tions M N and M K, would, with Wj, be in equilibrium. If, 
therefore, three strings were tied together so that their 
point of junction coincided with M, and two of them were 
attached to the points K and N such that their lengths 
were KM and MN, and a weight or force W^ applied 
vertically to the third string, then the tensions in the 
two inclined strings would be represented by O 6 and c O 
respectively. 

In the same way, the point N would be in equilibrium 
under the action of the three forces W2, O c, and d O. Also 
at P, the forces W3, O d, and e O would be in equilibrium. 
The point K would be in equilibrium under the action of 
the three forces Ri = a 6, 6 O, and O a. Similarly, at Q we 
should have R2 =/ «, « O, and Oe in equilibrium. In this 
way, all the lines in the pole diagram would be used twice 
over, which is evidence of the equilibrium of the supposed 
structure ; for it is equivalent to saying that equal and 
opposite forces have been found in each member. The 
strings may be replaced by a series of weightless rigid links,, 
without disturbing the equilibrium ; hence the name link or 
funicular polygon given to the shaded figure. 

In this problem virtually lies the germ of graphic statics^ 
and it is on this account it should be thoroughly understood 
before any further progress is attempted. 

As an example of the method just described, let it be 
required to draw the bending moment and shearing force 
diagrams of the beam in fig. 13, which sustains a concen- 
trated load of 5 tons at the right-hand extremity, and a 
load of 1*75 tons per foot run uniformly distributed over 
49 ft. of the beam, beginning at a distance of 1*32 ft. from 
the left supporting force. The right supporting force K2 is 
situated 4*21 ft. from the right-hand end. 

Divide the uniformly-distributed load into, say, six equal 
parts, and consider it as equivalent to six concentrated 
loads acting through their respective centres of gravity. 
In the figure those loads are denoted by arrows. Now 
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UM All thtt apacn between the forces as indic»tpd in tl 
bgure, <uuj put down to scale the louh in ibe bmd line 6 1 




f tUi- Uv»iU to th* pole O. t 
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construct the funicular polygon, draw through the space B 
a line parallel to O 6, cutting the lines of action of Ri and 
B C in v and y. Then through the space C draw a line 
parallel to O c, and so on, until the points v and w remain to 
be closed by drawing the line v w. Then through O draw 
O a parallel to v w^ and we have the line of loads divided at 
{a) into the two supporting forces, such that R^ = a 6 and 
R2=^a. The (shaded) funicular polygon is the bending 
moment diacram. 

Because the left-hand load is uniformly distributed, we 
should naturally expect the contour of the diagram 
immediately under this load to be a portion of a parabola 
(equation 12) ; but having considered the load as broken 
up into a number of small loads, we were only approxi- 
mating to the actual distribution, with the result that, 
instead of the parabolic arc mw, we have the series of 
chords between y and a:, which very nearly coincide with it. 
The difference is so small as not to materially affect the 
result. Of course, the greater the number of pieces into 
which the distributed weight is divided, the more nearly 
does the diagram contour coincide with the Darabola. 

The shearing force diagram foDows immediately from 
previous problems ; the only point to be noticed is the 
substitution of the straight line r> q for the zigzag dotted 
line. The latter is what we should get if we assumed the 
distributed load broken up, as in the bending moment 
diagram ; but it has been previously shown (fig. 11) that the 
contour of the shearing force diagram immediately under a 
uniform load is an inclined straight line, and the straight 
line pq has been drawn on the strength of that previous 
knowledge, it being more easily accomplished and more 
accurate than the zigzag line. In the same way, had the 
parabola been as easily described as the chords between x 
and y, the parabola would have been drawn instead of the 
chords. It is merely a matter of facility. 

CENTRE OF GRAVITY. 

Another problem bearing directly upon the methods of 
reasoning just gone through is that of finding the centre of 
gravity of a number of bodies. We shall take only one 
case, namely, that of a set of bodies whose centres of gravity 
are in the same plane— that of the paper — from which others 
can be developed at will 

The centre of gravity of a system of bodies such as we 
have suggested is that point about which there is no 
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tendency of the system to turn, however it may be sus- 
pended ; the relative distances of the bodies is supposed 
constunC It is then evident that the centre of (rnivity of 
the Bystem is the point through which the resultant of a 
number of forci^ must act, those forces being equivalent to 
the weights of the bodies ; and therefore it is that point 
through which a single force must act, which will maintain 
the weights in equiUbriuin. The result is exactly the 
same as if the thick horizontal line (lig. 14) represented the 
axis of a beam, and the several weights acted directly upon 
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it along the vertical dotted lines through the centres of the 
bodies, the bttam being supported by a single vertical force. 
The line of action of this force must pass through the centre 
of gravity of the weights. 

Label the spaces between the assumed vertical forces and 
draw the load line a if, the numbers near the bodips repre- 
senting their weights. Take any pole 0, and draw the lines 
radiating from lo the extremities of the weights, and 
then draw the funicular polygon in the usual manner, each 
space being cut by a. line parallel to the corresponding 

'' "'ig line in the pole diagram. The two tinal lines 
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parallel to O a and O g intersect in a point X, through which 
the single vertical resultant force must pass. Hence this 
vertical line must contain the centre of gravity of the 
system. 

As the centre of gravity is independent of the position of 
the system, we may turn the system round until lines that 
were previously vertical are now horizontal, and vice versa. 
We may then repeat the process and obtain another pole 
diagram, funicular polygon, and line-now vertical, but 
previously horizontal — m which the centre of gravity must 
lie. The intersection Z of this line with the previous line 
through X must be the centre of gravity of the system. 

If the bodies do not all lie in the same plane, their centres 
can be projected on to a plane, and the projection of their 
centre of gravity on that plane can easily be found as above. 
The same can be done with respect to a second plane. These 




Fig. 15. 

two projections of the centre of gravity are enough to 
determine its position in space. A plan and elevation will 
be found generally the most familiar projections to make. 

FLEXIBLE LINKED STRUCTURE. 

In fig. 15, m and n are fixed pins, to which are attached the 
ends or the link arrangement there shown. The problem 
is : Given the position of the several links, and the load at 
the end of the first link on the left being 5 cwt.. What must 
be the loads at the other joints so as to maintain the set of 
links in the positions given ? Also, What are the vertical 
supporting forces at each end, and the final equilibrating 
force between the two pins at m and w? 

Put in the arrows denoting the several forces, and label 
the spaces as usual. Then put down as much of the line of 
loads as may be known (here the only known load is AB » 

D 
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5cwt.), The two forces which, together with AB, are in 
equilibrium, are the tensions in the two links A and B ; 
and, as the Etresa in a, link must act along the axis, the 
directions of the three forces are known, together with the 
magnitude of one of them. Hence a triangle can be dra 
whose sides represent these three forces in direction and 
magnitude. Through the points a and b of the load line 
draw lines parallel to A and BO respectively. These 
intersect at O. Through draw lines parallel to O C, O D, 
O E, cutting the load line in c, d, and e. Then d c, c ti, and 
d e represent the loads B C, CD, and D E, whicli must be 
suspended from the joints to make the chain take up the 
particular position that is given in the figure. It is evident 
that this set of links is in reality the funicular polygon 
previously spoken of, and that if ire, n be joined, and through 
O a line be drawn parallel to O F, this line divides the line 
of loads into two parts, namely, the supporting forces r f 
and a f ; and the line 0/ represents the stress exerted 
between the two pins to keep them apart in the positions 
shown. Also the lines a, h, ic, represent the stresses in 
the links A, O B, ifcc,, while the horizontal line O h 
(dotted) is the horizontal component of each of the stresses 
O a, 6, ikc, in each of the links ; therefore the horizontal 
component of the stress in any and all links of a linked 
structure, with vertical loads {such as in the figure), is 
constant. 

SIMPLE HINGED TRUSS. " 

In fig. 16 we have a trass supported at both ends, and 
loaded with one ton at each of three intennediate points. 
The several members are hinged together, without friction, 
all the forces being applied at the joints ; hence the stresses 
in the different members must act along the axes of those 
members, as in fig. 7. It is evident from the symmetry of 
loading that half the total weight is supported by each end 
force. Label all the spaces between the forces, and between 
the members, and draw the load line a d. Bisect a (^ in e ; 
then d e represents the right-hand supporting force, and t a 
that on the left. Now proceed to draw the stress diagram. 
Through a draw a line parallel to the member AF, and 
through e draw a line parallel to E F. The point / must 
lie in both of them, and hence it must be at their point of 
intersection. • It will be noticed here that ne have selectf'd 
a couple of members, A F and £ F, which have a common 
letter F, and therefore, as a space in the upper diagram 
corresponds to a point in the lower, it is evident that the 



corresponds to a point 

'See also Articulated StiudurtB in the 
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two lines parallel to A F and E F must intersect in /. This 
fixes the position of /. Now through b draw a line parallel' 
to B G, and through / draw a line parallel to F G. 
These must intersect in g. Then through c and g draw 
lines parallel to H and G H. These intersect in h. 
Proceeding in this wajr, the whole stress diagram is easily 
<;ompleted. Each line in the lower (stress) diagram repre- 
sents the stress in the corresponding member of the frame : 
for exau)ple, the line g h represents the stress in the vertical 
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post G H to the same scale that a h represents the load A 6. 
It is customary to scale off the lines m the stress diagram, 
and tabulate the result thus : — 



Jlember 


E A 


AP 


EF 


PG 


BG 


GH 


OH 


HE 


DE 


KE 


ED 


Stress 
in tons 


V- 


4*4 


4G 


1-7 


2-9 


1 


2-9 


1-7 


4-4 


4-6 


1-5 



In this particular truss it is easy to determine by 
inspection tne nature of the stress in each member. First, 
take the vertical post G H. If it were removed, the forpe 
B would make the two-hinged rods B G and H sag 
<lownwards; therefore, as it prevents this, it must a/^t 
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truss. 
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Upwards on the force B C, or be in compression. Next take 
one of the intermediate members, sucb as F G. If F Gf 
were removed, the two rods A F and B G would sag down- 
wards under the action of the force A B, and therefore F G- 
reststs this force, or is in compression. // two kinged 
members lit in the same straight line, they have no power in 
f/iemstlves alone to resist a force at right angles applied at the 
joint. This is evident from the fact that the resistance of 
friction at either joint is neglected, and as the stress in a. 
hinged rod must act along the axis of the od ne th of 
tbo stresses can have any component in a d e o a, ght 
angles, and therefore neither of the rods an ofter a ' 
resistance to a force at right angles. The stresses n F f 
G H, and H K being compressive, each of them ten Is to 
push the lowest joint further downwards, wh 1 tenden v 
la resisted by E F and E K ; therefore the stress s n ea 1 of 
these must be tensile. Again, at the remote h ng on 1 e 
left side the horizontal component of the tensile stress in 
E F is resisted or balanced by the stress in A F ; therefore 
this latter stress roust be compressive. The stresses in each 
member of so simple a structure could be easily calculated, 
instead of being found graphically, but the methods of 
calculation will be left to some future occasion. 



The roof truss in fig. 17 is assumed to be symmetrical, and 
symmetrically loaded with 2 tons at each of the intermediate 
joints ; hence the supporting forces must be equal. As 
before, label all the spaces between the external forces, and 
put down the line of loads or force diagram bg. The point 
a of bisection of 6 3 corresponds to the space A in the frame 
diagram. Having completed the lettering of the spiaces in 
the upper portion of the figure, the stress diagram may bo 
proceeded with. Through a and 6 draw lines parallel to 
the members A H and B H, intersecting in A. Then through 
A draw a line parallel to H K, and through n draw a line 
parallel to A K. These intersect in h ; therefore A and ;!■ are 
one and the same points, and hence the line hk is of uo 
length at all ; that is, there is no stress in the member H K. 
As H K bears no stress, it can be removed without affecting 
the strength of the structure. In the same way, «'lien the 
stress diagram is proceeded with, RS will be found to be a 
s member. This result may have been anticipated 
the remarks made when doling with the previous 
truss. The members AH, A K, and H K are connected 
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together by a hinge, the two former being in the same 
straight line. This being so^ there can be no stress in H K, 
because it is perpendicular to A H and A K. 

It is now necessary to determine the kind of stress in 
•each of the members of the structure. Starting with the 
point of application of the left supporting force AB, we 




Pig. 17. 

have at that point three forces in equilibrium, and there- 
fore they should be represented in the stress diagram by the 
three sides of a triangle. This we find to be the case, the 
4Btresses being a 6, hh^ and h a. Also, if a number of forces 
are in equiubrium, and the directions of those forces 
be represented in^ the force diagram by arrow heads 
attached to the lines representing those forces, these 
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arrows will be found to follow each other completely round V 
the force polygon in one direction. In thn case in question 1 
■we know that AB acts upwards, and foUowing this 1 
direction in ab round the triangle a 6 A, we see that the ■ 
stress in B H and A H acts al l/ie point of application of AB ■ 
in the directions 6 A and A a respectively ; that is, B H 1 
pushes the point of application, while A H pulls upon it. 1 
In this way we see that 6 A is a compressive stress, and a A a 1 
tensile stress. Now, b«cause BH pushes at its lower end, it 
must also exert a push at the other end in the opposite 
direction, so as to maintain equilibrium in the rod itself ; 
and similarly there must be an equal and opposite pull 
exerted by H A at its other end on the bars connected with 
it there. 

At that point we have four other bars connected by a 
hinge, the direction of the action of one of them (H A) at 
the point being known. Following this direction round 
the polygon, a, i, I, m, n, a, we see that KL pushes the point 
ai application, and the corresponding stress is, therefore, 
compressive. Similarly, the stress in L M is compresaive, 
whife that in M N and N A is tensile. 

Tabulating the results of scaling off the stress diagram, 
we have :— 


HeiBber 


.. 


BH 


.h|k = 


.K 


... 


c. 


L« 


„.,|.»»» 


Stress hi toils 


. 


-„. 


«. . 


+ 13 


-,, 


-„, 


-,, 


-10-3 +B-3 +S 


Only one-half of the stresses have been tabulated ; the 
remaining half of the truss being similarly loaded, and 
symmetrically placed with respect to the former half, the 
stresses wilt be the same. This is obvious from a glance 
at the stress diagram. 

The first case of nnsymmetrical loading is that of the 
Warren girder, fig. 18, of which the lower boom contains 
five bays, and the upper boom four. It is loaded at three 
hinges in the lower boom with weights of two, five, and 
seven tons. The first part of the problem is to find the 
fiupporting forces. These may be calculated, but unless all 
the lengths happen to be integral numbers of feet, the 
process of calculation may be advantageously replaced by 
the graphical method previously given. Set down the 

■Sfe Jrliciilnled Sltuctures in the Appendir, 
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line of loads e 6, take any pole O, and draw the radiating 
lines of the pole diagram. Then draw the funicular 
polygon a, /3, 7, 3L 0, with the closing line a <f>. Through O 
draw O a parallel to a ; then e a is the magnitude of the 
supporting force E A on the left, and a 6 that on the right. 




y»» 
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It may be well to notice here that, in beginning to draw 
the funicular polygOD, we drew the line a /S anywhere across 
the space E, parallel to Oe, If the line of action of the 
force AE were unknown, the point a would be undetermined, 
and therefore it would be impossible to close the funicular 
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pDlf^on M it DOW atandx. and the giipporting fovses woald 
renwin imdetermiiied. Bat, retDminff to toe diftf^vm (fi^ 
18), it ia evident th»t the fnoicttlar polj^on will still retain 
it« (onn ajid dimeiuiona if we move it bodily upwards, 
vertically, until the point r. coincides with the pcnnt of 
application of the aopporting force AE ; and, by so doing, 
we ensure that a ehallbeintheliw! rif af.tioit 0/' AE, whatever 
be its direction. Therefore, when the direction of A E is 
unknown, the firU line of the funievlar p/Aygon lauti ahragt 
lie drawn through the point of appliaifioH 0/ AE. Should the 
direction of the other snpportinf; force be unknown also, it 
-■ evident the problem is insoluble, because the funicular 

■Ivgon cannot be closed. 

The itress diagram follows immediatelj' without an; 
difficulty, but the kind of stress in each member should be 
noted, as the unsyin metrical loading does not allow all 
ay mmetrically situated members to p(»Eess the Bame kind of 
■tresH. Following the general practice of denoting com- 
pressive stress by a negative sign, and tensile stress by a 
positive sign, because a compressive stress produces a 
negative strain oicoQipreaeion and a tensile stress produces 
a positive strain or elongation, we have the following 
table showing the magnitude and kind of stress in each 
jnemljer. 



■"te 



.„.».. 


A. 


■ P 


FG 




.= 


a. 


AK 


KLi„L 


.. 


"ST!!! 


>•■ 


+!■? 


+s^ 




+ 8 


+5.. 


-.., 


-a i+ia-a 


« 


Htntm-.. 


A« 


MN 


ON 


NPJAP 


PH 


A<J 


OB 


A.I.P 


- 


Hlrmln) 


-' 


4.« 


*'" 


-" ->■ 


«., 


.,., 


+" 


"I-" 


- 



USSYMMETIIIUAL STllUUIUKK.* 

In fip. 19 we have a structure much resembling a heavy 
crane m appearance, loaded with a single weight of 5 tons, 
and supported at two points, one of which is a, the lowest 
))oint in the structure, tne other point being the little square 
projection at the point of the arrow head in the line fj f. As 
usual, the quantities to be determined tirst are the magni- 
tudes and directions of the two supporting forcea from 
the nature of the structure in the figure, the supporting 
force C B is horizontal, and a is the point of application of 
the other support. The whole structure is maintained m 
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equilibrium by three forces, and therefore these three forces 
must all pass through one point. The lines of action of the 
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two forces, A C and C B^ intersect at ^ ; therefore the third 
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force A B rauat also pass througli (p. Hence join a ^, and fchia 
line represents the direction of the force A B. Having now 
the directions of the three forces and the magnitude of one 
of them, natnel}', A C, it is eaey to construct the triangle of 
forces ah c. 

This result may have been obtained direct from the use of 
the funicular polygon, thus ; Set down the line of loads a c, 
and draw the line c 6 of indefiuite length. Take any pole 
O, and draw the radial lines O a and O c. As the magni- 
tude and direction of the force A B are both undetermined, 
we must liegin to draw the funicular polygon through the 
point o. The tirst line is drawn through the space A 
parallel to a. The space A is bounded by the lines of 
action of the forces A C and A B, and therefore a line drawn 
through it must cut the lines of action of these two forces. 
Hence through i draw a line parallel to O a. It cuts the 
line of action of A C in S. Through S and across the space- 
C draw the line 5 § parallel to c, cutting the line of action 
of the horizontal force in ft It will he seen that the link 
;3 5 of the funicular polygon is correct, thus ; The next space 
to A is C, which is bounded by the lines of action of the 
forces AC and BC; hence the corresponding link in the 
funicular polygon must cut the two lines of action of AC 
and B C, which it does in B and ;3. 

Join ^ =1 and through O draw a line parallel to it, cutting 
cb iab. The finding of the point b determines th" magni- 
tude of B C and the direction and magnitude of A B. Join 
a b ; then a h represents the magnitude and direction of the 
supporting force A B, while e b represents C B. The stress 
diagram can now be drawn similar to previous figures. The- 
results are here tabulated :— 



Member 


c. 


BA 


AD 


DB 


ED 


EA 


EF 


,. 


etniilntona 


7'8 




-U-. 


-1-7 


+ .',3 


+ 6-r 


-„ 


UsmDiir 


,B 


OQ 


HH 


AH 


AL 


HK 


KC 


LK 


BtRHlnlana 


-,., 


-,., 


-=■■ 


+ ,., 


.n-; 


-■ 


-,.. 


+ ■8 





OH 


LH 


AX 


MN SP 


AP 








fltnwlDtou 


-.1-. 


-M^ 


+ .0. 


+ io-*|-«-a 


-H2'3 


-11-S 
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It will be noticed that each trapezium in fig. 10 contains 
a diagonal member. Each of those members may have 
Joined the other two corners instead of those shown. The 
consideration which lead ua to adopt one or the other of 
these, or hoth, at the same time must be deferred until we 
have investigated the elastic properties of materiHls. We 
shall then also be in a position to decide upon the most 
advantageous form of each individual member. 

The junior student who may he unfamiliar with any of 
the mathematical passages in the snceeeding portion of 
these notes, will do well to take the results upon trust and 
use them freely in any of the designs which may be given. 



Besdujo of Elastic Mateeial, 
HiTiiERTK) we have only dealt with the application of 
exterual forces to material in general, without investigating 
the behaviour of that material when subjected to those 
forces, or considering in any way the action between one 
particle and -another inside the material itself. It is now 
proposed to deal with as much of this portion of the subject 
as will enable us to apply the graphic methods to structural 
design. 

Experiment demonstrates that all materia! is more or less 
elastic, and that some of the metals possess this quality in a 
very marked degree. By elasticity is meant the tendency 
of a jjiece of material to return to its original condition 
after it has been deformed. Experiment also shows that 
there ia a limit to the plasticity of a piece of material, and 
that this limit is reached long before rupture occurs ; in 
other words, if a piece of material is deformed within certain 
limits— depending on the kind and nature of the material — 
it will return to ita original condition when the deforming 
forces are removed ; but if it is deformed to an extt-nt which 
lies outside of the above limits, then the material witi not 
finally return to its original condition ; also, that if the 
applied forces are continually increased beyond the limit of 
el^icity, rupture will occur at some distance beyond that' 

Now, ifithin the elastic limit a definite relation exists 
)>etweeD ihe deforming force and the amount of deformation. 




r 
I 
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produced by thfi force. This does not hold good oatside the 
■elastic limit. This relation, which is deduced from esperi- 
nient, may be stated thus : The amoiini qf de/orm'ttiim U 
proportionai to the deforming force. For instance in a bar 
or rod which is subjected to a pair of equal and opposite 
forces, ap[)lied at its ends, tending to stretch it, the aniouat 
of elongation is directly proportional to one of the applied 
forces. If the forces are doubled, then the amount of 
elongation will also be doubled. The rod offers a resistance 
to each of the applied forces equal in magnitude to one o£ 
them. If, then, we take an imaginary section of the rod, the 
resistance offered by one part of the rod to the other part, 
across the imaginary section, is called the totul ffrege over 
that section. The intensity of this resistance— that is, the 
amount of resistance per unit of area — is called simply the 
ttreai at that section. 

The whole deformation of the rod when subjected to stress 
is called the total straiii, but the intensity of the dpforma- 
tion per unit of length is called simply the strtiia. We may 
then write — 

gj^^^_t_otaljorceapplied _ _ _ 
sectional area 

strain- '!«!i-''J?"-S!«^ .... (23) 
original length 
and 

(Stress 1 

^i — -.-- t =a constant for the same piece of material , (23) 

When the material is subjected to a pair of simple tensile or 
compressive forces, the above constant is approximately the 
same for the same Mnd of material ; and thus we derive 
from experiment the following average values for it : — 

Stee! 29,000,000 

Wrought iron 26,000,000 

Cast iron 14,000,000 

Copper 14,000,000 

Phosphor broii/^ 13,000,000 

DelU metal 12,000,000 

Yellow brass !),000,000 

Wood 1,500,000 

These figures are obtained when the stress is measured in 
pounds per square inch. The name which is given to the 
constant is Modulus of elasticity," and often called 
" Young's modulus," to distinguish it from other moduli of 
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elasticity. # Young's modulus is generally ^ represented 
symbolicallv by the Roman character £, and will always be 
represented by it in these pages. 

Of course, the above are only average numbers, as it must 
be manifest to the merest tyro that the hardness and 
ductility of the material will have something to do with its^ 
elasticity, and these quantities vary considerably ; never 
theless, the numbers as they stand may be used with 
confidence in calculations which refer to the average 
material.* 

When a piece of material — saj a beam — is bent under the 
action of external forces, experiment shows that one surface 
is lengthened while the opposite surface is shortened by 
the action of the external forces. Now, if material is 
lengthened, it must be subject to tensile stress; and if 
shortened, compressive stress will be found in it. Again, if 
lines are drawn on the surface of the beam parallel with the 
axis, and in the plane of curvature, it will be found that 
while the beam is bent the lines which are lengthened 
or shortened the most are those nearest the top or bottom- 
surface, and that the amount of elongation or contraction 
diminishes gradually as the lines are situated further 
away from the top or bottom surface ; hence there will 
be some intermediate line which will be neither lengthened 
nor shortened. This line is the intersection of the surface 
containing all such lines in the beam with the plane of 
the paper. This surface is called the neutral surface of the 
beam. As the stress is proportional to the strain produced 
[equation (23)], the stress over the neutral surface must be 
zero, because there is no strain there. 

Now^ consider a small portion of a beam, fig. 20, which, 
when m the unbent state, is contained between the two 
parallel planes CD, NNi ; but when bent, this rectangular 
piece CN NiD will assume the form CCi DiD, the line 
CN being lengthened to CCi, and D Ni beint? shortened to 
DDj. A very thin longitudinal layer, HEi, in the un- 
strained condition will, when strained, be lengthened to 
HHi, the distance of the layer from the neutral surface 
being h. The elongation of the layer H E^ is E^ H^, and 
therefore, from equation (22), 

the strain = ^^ (2^) 

Let / be the stress on the end of the layer — that is, the 
average force per square inch exerted upon it by that part 

•See AppenSax. 
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[C3, ^^^1 

r to the left of H ; then, 1 



EiH. ^ E, A, ^ /' 
AAi AO U 

■where K is the radius of curvature of the line A A^, 




must equal A O, because two adjacent normals intersect at 0, 
jind, therefore, is the centre of curvature of the curve 
A Ai- Substituting from (24) and (2C) in (25), we get— 



' K ■ 



li. 



Nowj take an end view of the section of the beam whose 
width IB , b. The end of the layer considered above is shown 
cross-batched at H H. The area of this end is 6 . i/ h, wher* 
.dk. represents the small thickness of the layer; and 
"the total stress over the end of the layer ia/.b.dk. 
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Substituting the value of/ found in equation (27), we get— 

E 
Total stress over end of layer ^ -^^ ,b ,h,dh , . . (28) 

XV 

And as the cross-section of the beam is made up of the ends 
of these layers, the resultant stress over the whole cross- 
section win be the sum of the total stresses over the ends 
of the layers • making up the cross-section ; i.e., the sum of 

E 
all the quantities ^'h ,h,dh, where h varies from - h^ to 

XV 

■\- hi, the negative sign indicating measurement below the 
neutral axis A A. In the nomenclature of the calculus this 
is expressed as — 






Total stress over cross-section = / ^,h ,h,dk. 

This total stress acts in a direction perpendicular to the 

Elane of cross-section, and is therefore e^ual to the resultant 
orizontal force with which the portion of beam to the 
right of Ci Di acts upon the portion to the left of it. As 
the beam is in equilibrium, and loaded with transverse 
iorces, this resultant force must be zero, and consequently 
the right-hand side of the last equation must be zero. 

Now^he first factor is a constant ; hence/6 ,h,dh must be 
:zero. This is the analytical expression of the fact that the 
line from which h is measured passes through the centre of 
gravity of the cross-section.* This line A A is called the 
neutral axis of the cross-section. 

Eetuming to equation (28), and the left-hand portion of 
fig. 20, we have : Moment of total end stress over layer 

about the neutral axis through Ai = F A = ^ 6 A' c? ^, and 

XV 

the sum of all these moments over the whole cross-section 
must represent the moment of resistance of the beam at 
that section, 



J R' 



6 . A' . c^ A • = M, say. 



The first factor is constant, and the remainder of the 
•expression represents the geometrical moment of inertiat 
of the shaded strip about the neutral axis ; and theref oreu 
after it is integrated over the whole section, the result will 

* For proof of this theorem consult Minchin's ** Statics," chap, x.; or Thompson 
«nd Tait's " Elements of Natural PhUosophy," Art 195. 
t See article on " Moment of Inertia." 



CKAPBIC STATICa, 



\ie the geometrical moment of inertia of the cross-sectioi_ 
aboat the neutral axis ; and if we write I for that quantity^ 
the above equation becomes^ 



As the moment of resiEtance ia equal to the bending 
moment at the same section, we have, b; combining (27)- 



DEFLECTION". 



The radius of curvature of a plane curve, in terms of the- 
co-ordinates x and i/, ia given by the expression — 



b-mi 



In general the amount of deflection of a beam ia very 
small compared with its]ength,and therefore the inclination 
of the tangent to the curve of deflection at any point must 
also be small, and, necessarily, the tangent of the angle must 
be very small in comparison with unity, and therefore can 
be neglected when the ordinary approximations are required 
Neglecting -^ in comparison with unity in the aljove ex- 
pression, and substituting in equation (29), we have — 






y=// 



dx.dx 



(31) 



the bending moment M being expressed in terms of x. This 
is a convenient equation tor some purptKea. Let yn represent 
the maximum deflection ; then, for a concentrated load W 

Iiounds, situated at the middle of the span whose whole 
ength is I inchea, I being constant — 
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aiid for a total load of W pouuds, uniformly distributed 
over the span, I being constant — 

^^ = 384 :et ^^^ 

Also for a concentrated load of W pounds, situated at a 
point of the span dividing it into two parts of length a and 
6, 1 being constant — 

^^'3(a + 6)E:i ^^^^ 

With a single cantilever iixed horizontally at one end, and 
a single concentrated load at the other end — 

V'-WWi • • • <^> 

The same cantilever with a load W uniformly distributed — 

In cases where I is not constant, it will generally happen 
that it is some function of x which will be required to be 
put in before the integration is proceeded with. 

Equation (31) may sometimes be conveniently written 
thus — 

^-y/ifrwh^' •'"''■ • • • <^^> 

where the suffix denotes the several quantities at the 
origin at the centre of beam. This equation is obtained by 
multiplying the right-hand side of (31) by 

Mq Aq 

which is equal to unity [see equation (29)]. 

The result of performing the integration of this last equa- 
tion for different conditions of loadintr and different kinds 

of beam is given on page 50 in tabular form. In every case - 

(the half depth of beam) has been substituted for h. The 
deflection at the origin is denoted b^ ^q* and the deflection 
at any other point by y. The oriein is taken where the 
tangent to the curve oi deflection is norizontaL 
s 
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A beam of uniform Hection, loaded with equal weights at 
pqual distaneoa x from the middle of the span, will girt 
maximum deflection at its centre — 



' DEFLECTIONS.* 



OnKorm »BOtlon 

^plform dflpth, unfTor 
itrsDflth - , , - 

Onlfora rtepth, untlot 
nrBogtb 

rm'nrm width, uniror 

Unirnrra width, uoltor 

.trmgth 

UiiKonu width, uailor 

UnKnml -Idth, unHur 

■Iraiigtb 

Unlfdrm wliltb, nnlrur 
itranstb.uuUomi dep 

UnUorm wotloa 



both end! 
brith end! 



tMthsndi 
buth endii 



angle of the alope ia never 

circular measure of that aiigli 

For a full detailed accouo 






Unlinnily dlatributed 
Umlonnljdiitritnilwl 
Unlformlydlrtribatid 



U III formly dli trfbu tod 






sensibly different from the 
of the results in the above 



pages 291 to 3.'S7. 
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The form of beam given in the ]ast line of the above table 
18 interesting. A constant bending moment may be pro- 
duced by applying two equal and opposite couples to the 
ends ; or it may be obtained by impressing upon the beam 
four equal forces, in pairs, near the extremities, similar to 
the forces upon the axle of a railway truck. As the bending 
moment is constant, together with the cross-section^ ancT 
necessarily, the moment of inertia, therefore the radius oi 
curvature will also be constant — that is, the curve of deflec- 
tion is a circle. This is apparent by substituting the 
constant quantities in equation (29). Also, because the half 
depth is constant, the stress in the extreme layers must also 
be constant throughout the length of beam. 

BEAM OF UNIFORM STRENGTH, WIDTH, AND DEPTH. 

As this kind of beam is very nearlv related to the one just 
mentioned, and as it is much used in actual practice, we 
shall here give a simple deduction of the expression for its 






^ I 




mi«r>>r4^ iNO'Niia 



Fig. 21. 

maximum deflection. It is evident that, as the depth and 
width are constant, the cross-section must be of th.e 1 or box 
forDi, and the thickness of the flanges must be varied to suit 
the bending moment. This is the ordinary form of built-up 
parallel wrought-iron girder. The half depth being constant, 
together with the intensity of stress over the flanges, equa- 
tion (29) shows that the radius of curvature must also be 
constant — that is, the deflection curve is a circle, which is 



identical vith tho previous case ; find her 
deflection 



8 the maximnro 



E<r 



This result n 

let / be, as uau.. . ... . „. . . 

while i' is the length of the upper surface F F,, and R is tne 
radius of curvature of the neutra.! surface ; also d ia the depth 
of the beam. Because the deflection B C =_^„ is small, K K; 



2R > 



Bibly 



sihly equal ti 



Also ^-^ = \ 



-T^n- ■ ■ f^") 



Again, ~'f~ ~ *^^ strain = j 

■which, if anbatitutfid in (39), gives 



Replacing U in (38) by its v 



The value of E, as used for built-up girders, is much less 
than for solid beams, Rankine gives 18,500,000 for buiit-up 
wrought- iron girders. 
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shearing actions being assumed to be entirely resisted by 
the web. The depth a in this case is assumed to be uniform 
throughout the length of the girder. Such a girder, in 
which the strained condition is very much exaggerated, ia 
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shown in fig. 22. It is supported at both ends and bent bv 
a uniform load, though the method holds equally well 
whatever the loading may be. The load being known, the 
bending moment at any section is easily determined, and 
when the area of the flanges is given, the stress intensity is 
at once obtained. For example, let M be the bending 
moment at any section, and/ the stress in the flanges, while 
A is the area of each flange. There will be a total stress 
over each flange equal to A / tons, and these two forces, 
acting in opposite directions at a distance d, apart, form a 
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couple whose moment is A./.c?., which must be equal to 
the bending moment Equating these quantities, we have 



/ = 



Ad 



(41) 



from which a stress diagram may be plotted for the whole 
length of the beam. In this particular case it will be a 
parabola (upper portion of fig. 22) similar to the bending 
moment diagram, because d and A are both constant. 

Now, consider a thin slice N.U.fl.E. of the girder, 
fig. 22, which in the unstrained condition was the 
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rectangalar piece N U G B. The beudtng hfii ahortpned 1 
N B by the amoant E B, while it has lengthened U G by J 
the amount G H. Prom equation (22), we have— i 



thprcfore 


Strain 


_ total elongation _ 
originaf length 


GH. 
TTO' 


UO 


X ■train 


-GH- 


RHxcircularmeasn 


reofGBE 


Thp 


original 


unstrained position of H E 


w„GB, 



s parallet to N . U. ; therefore the angle between N U and 
E H is the same as the angle between E H and G E— that 
ii, the angle G tt H. This ia then the angle between the 
two consecutive radii of the deflection curve, and as it is a 
theorem in geometry that the angle bedveen two radii equals 
the angle between the two iangentt at the extremities of those 
radii, therefore the angle Q R U equals the angle between 
the tanffpntfl at R and C. These tangents cut the vertical 
through Y in D and L Now, from equation (23), we have — 

Strain = ( ; 

then, after Bubati tilting this in (42) above, wp ffi^t — 

UGx':^ = [tHxGRH = |xGRH. . . . (4.".) 

or U G X /= i^ X G R H ; or ^ tan G R H, 

Ijocauae the drflection is so small that the tangent of the 
inclination is sensibly the same as the circular measure of 
the inclination. But irG = CR'MT; hence the left- 
hand side of the above equation ia the area of the shaded part 
of the strfss diagram, and the equation may be translated 
verfeClly thus ; The area of OMy portion of the slreti diagram 
contai-ned bettveen two ordinaies (sitck a» W M and V T) w 
equal to the product of — — and the tangent of the angle 

(G R H) hi-lwfeTi the tangents to the defleclion curve at the 
two ]i"inti immediately under the feet of the enclosing 
ordinate* of the ttiress diagram. And, eimilatly, the area 
W L Ui equiils the product of -^ and the tangent of the 
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The deflection of the end Y of the girder, due to the 
bending of the slice N . U . H . K, is I D, because, if the slice 
were not bent, then the tangent D K would coincide with 
I C. But D I = (^ — a?) X the angle between the tangents 
at K and C = (/ - a?) G R H, and after substituting the value 
of G R H from (43), we have — 

The total deflection of the end Y from the tangent O A at O 
is the sum of all the deflections such as D I, due to the 
bending of all the slices of the girder between O and Y ; and 
hence total deflection A Y = the sum of all the quantities, 

where x may vary between nothing and O A. = ^. This 
equation may be written thus — 

of which expression the product of the second and third 
factors represents the area of the shaded portion WM T V 

2 

of the stress diagram multiplied by -j-= (which in this case 

is constant) ; while the first factor is the distance of the 
centre of the slice N U H E, and the shaded area W M T V 
from the vertical A L. We may now write equation (44) 
thus — 

AY«^.s [(Z -x) xareaWMTV] 

_ 2 2 r moment of every shaded area about L, of] 
d E Lwhich the whole area L UiOi is made upj 



2 

dE 

2 



X moment of whole area L UiOi about L (45) 

— X area L Ui Oi x distance of centre of 

^ ^ gravity of L Ui Oi from L . . . (46) 

or, in other words, if a beam of length O A were fixed at 
the right-hand end as a cantilever, so that its neutral 
surface at that end is horizontal, and loaded with a load 
whose intensity is represented by the ordinates of the stress 
diagram, the new diagram formed by multiplying the 



bending moment at any point (due to this imaginary load) 
by . _, and setting up this quantity as an ordinate froiu 

_.. Iiase line O A, is that whose bounding linos are A. 
A y, and the dotted enrve P Y the trace of the neutral 
'%ce of the bent beam in the vertical plana i' is thn 
e of deflection. The deflection, meaaured from the 
tangent U A at a distance from the tangent point equal 
to a:, ia S P, which, from the above, must be tne moment of 
irea O^ U^ S, P, about S„ multiplied by ^ 

__ will be noticed that the deflection at any point ia 
measured from, and perpendicular to, the tangent to the 
' m at the point O, and the point O may be taken 
itrarily, though it is generally advantageous to locate 
mmediately over a point of support or in the middle of 
. . beam. We ma; now formulate this method of liiiding 
graphically the deflection curve of a bent beam. 

Draw a diagram, shoioino the intentity of (he stress in the 
fliingea over that portion for which the dejieciio'i. curve it 
required; then draw the diagram of hending moment for thii 
iinagmary load, treating that part of the beam under £«k^ 
tidtraCion an a cantilever jixed at tlie end remote frota the 
tangent point. The ordinate to this curve (from the lanffenf) 
mvltiplied hy—p^ gives the deflection. The slice N U H E is, 

of course, assumed to be indefinitely thin in the dir<'Ctio'i 
C H ; the reason why it appears so thick in the figure is 
that if it were taken smaller the several lines could not be 
distinctly seen. 

The ibove method is very fully discuaaed by Professor 
Claxton Fidler in his treatise on "Bridge Construction," 
and ifs chief advantage lies in the fact that the construction 
is thi^ same whatever may be the method of loading the 

In the above example we have selected a beam in which 
the direct tensile and compressive stresses have been 
resisted by the flanges only, while the web ' resists the 
shearing action. Since in a solid girder the stress at points 
intermediate between the neutral surface and the outside 
fibres is a function of the maximum stress in the outside 
fibres, and since the resultant of all those elementary 
Htresaes between those limits is a function of the maximum 
stress, it is evident that the above investigation also hold,, 
for solid beams, but the expression which then represents 
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the deflection will be the one above, multiplied by some 
constant, which will depend upon the form of cross-section. 

If in equation (44) d x be substituted for C R, and / is 
replaced by its value in terms of x^ and then the integration 
be performed, the result obtained will be identical with the 
second case given in the table of maximum deflections. 
In general, the whole curve of deflection is hardly ever 
needed j it is merely the deflection at some cardinal point 
where it is either a maximum or a minimum, and these 
points often occur such that when the direction of the 
tangents are known, the required properties follow imme- 
diately. 

We will now show that the tangent of the inclination of a 
tangent line to the bending moment curve at any point is 
a measure of the shearing force at that point. Let E F, fig. 
23, be a beam supported by and fixed horizontally in the 
wall at F, and let it be uniformly loaded with w lbs. per foot- 

run. The bending moment at H will be ~^- pounds-feet. 

Setting down R S in the usual way perpendicular to O C 
and equal to the bending moment at IL and repeating the 
operation at different points along EF, we obtain the 
bending moment diagram O S D C R, of which O S D is a 
parabola, whose vertex is at O. Draw a tangent to the 
parabola at S, cutting O E in T, and draw the abscissa S N. 
Then, from a property of the parabola N O = O T.* The 
inclination of the tangent T S to the horizontal O R or N S 
is the angle NST, and 



TN 20N 2RS 2x^':'i' 



^ wx = load on E H. 

= sum of all forces acting on beam to the 
left of H 

= shearing force at H. . . . . (47) 

The same reasoning holds good whatever the loading mny be. 

With the aid of the above theorem we may go a step 

further, and show that two tangents to the deflection curve 

intersect at a point immediately below the centre of gravity of 

*^oe Wil«rtn*9 "Solid Geometry and Conic Sections," p. 01>. or any treatise on 
conic sections. 



r 

■^ betta 
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part of tht ttrest tnUnsiiff diagram tpAicft it fittiated 
imfmediaUly oh'/vt that part of the defiection curve contained 
betweentKt pointi o/ronlaci of the two UatgeHtt and tlie curve. 
In fi|i. 23 let the stress intenBitf be comtant all along the 
beam ; then it can be represented by an ordinate of the dark 
area above the bean). The deflection at any point H bi-ing 
the moment of that portion of the dark area between E and 

H about H, ntnltiplied by— ^,. It tquala RS. 

The same reasoning applies to all kinds of loading. Let the 
centre of gravity of the atresB dii^cam be at G, distant a 
from F, Then it has been pterir-'- ' "■"• ■' — 



isly ijliosvD that if we 









^ 










1 1 


F^ 




R ip 




C 


M 


"'^S~--,\^ 


"x 






iraxgine the stress diagram to be divided into a very large 
nuiuher of amall parts, whose areas are ropn-scntiid by 
W, W», W~, cfec, and whose centres of gravity are situated 
at distances *„ xj, a,. 4c, from F, that (W, + Wg + W„ + 



= moment of whole dark area about F. 
= GD 



Again, the tangent to the curve 
of its inclination to U is j^. 



at D is PD, and thi^ tangent 
But by equation (47) this is 
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eanivalent to the shearing force at F, which equals the 
wnole area of the stress diagram ; therefore we have 

Y^p = whole area of diagram. 

Comparing this equation with (48), we see that x = C P, 
or the tangent at D intersects the tangent at O immediately 
under the centre of gravity of that part of the stress diagram 
between D and O. 

Before proceeding to an example, there is one other 
relation to be shown to exist between the stress diagram 
and the deflection curve, and it is that the portion of the 
deflection curve immediately under a section where there 
is no bending moment is straight, and generally is the 
position of a point of inflexion. This may be shown in 
more ways than one. First, if there is no bending moment 
at any particular section, the beam will remain unbent 
there ; and if it were originally straight, it will continue to 
remain straight. If there is no bending moment, there will 
be no direct tensile or compressive stress on the flanges. 
Second, as a point of no bending moment is a point of no 
flange stress, this point will happen where the resultant 
stress diagram outline crosses the base line ; and, taking the 
signs into consideration, it will be the point where the 
stress changes through zero from positive to negative, or 
vice versa (from tension to compression, or compression to 
t^ision). Beginning at any ordinate of the stress diagram, 
the area of the diagram will gradually increase as we move 
towards the point of zero stress, and will be a maximum 
when that point is reached. After the point is passed the 
negative area will be subtracted from the positive, and the 
sum of the areas must necessarily decrease. But the sum of 
the areas is represented by the inclination of the tangent 
to the stress curve [equation (47)] ; hence tihe tangent will be 
more and more inclined as the point of zero stress is 
approached. At that point the inclination will be a maxi- 
mum, and as the point is receded from the inclination 
gradually decreases. This point of zero stress is then a 
point where the curvature changes from concave to convex, 
or vice versa, and that is called a point of inflexion. At the 
extremities of a beam which is not fixed in any way, but 
only supported, the beam is straight, but the end points 
are not points of inflexion, as the curvature does not change 
from positive to negative. 

To emphasise these several relations, we will tAk<^ ^:^ 



I 



arbitrary stress diagram, with its correBpondiufi deflection 
curve, and point them out In fig. 24, let FKGZH JE 
he the stress intensity diagram described upon the base line 
EZ, such that the ordinates to the curve measured above 
E Z represent positive stresses, and below negative stresses. 
The corresponding deflection curvi^ is T P S Y M. Now 
consider any portion T P S of the deflection curve. The 
corresponding part of the stress diagram is that which is 
contained between the two ordinatea E F and H G. The 
tangents to the deflection curve at the extremities of the 
stress diagram under consideration are T N and SN. The 
tangent of the angle R N Q between them equals the area 
E F K G H J of the stress diagram multiplied by A, ; also, 




because the centre of gravity of the area E F G H is at O, 
the tangents at T and S will intersect at N immediately 
below O. The stress at Z being zero, the deflection curve 
immediately under it at Y will be straight, and the 
curvature there changes from concave upwards to concave 
downwards in passing through Y ; therefore th pre is a point 
of inflexion there. 

Again, any ordinate P Q to the deflection curve at P, 
measured from the tangent at T, equals the moment of the 
area E F K .J about J K multiplied by -j- ; and the ordinate 
P it, measured from the tangent S R at S, equals the 
nioiiient of the area EGKJ about J E. multiplied by -.-„, 
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In every case the area in (question lies immediately above 
that portion of the deflection curve between the tangent 
point and the point whose ordinate is required, and its 
moment is taken about the point at which the ordinate is 
required. 



CHAPTER VI. 

Areas and Centres of Gravity of Parabolic 

Segmknts. 

As it is sometimes useful to know the area of a segment 
of a parabola, or the position of its centre of gravity, these 
are here ^iven. In hg. 25, O P is a portion of a parabola 
whose axis is O R, and vertex at O. The axis of x is here 




Fm. 25 

represented by O R, and the axis of y by O Q, R O Q being 
A right angle. 

The area OPR = § areaORPQ 

and consequently the area ?" . . ^ (49) 

OPQ = J areaORPQ 
= iiCoyo 

If X and y denote the co-ordinates of the centre of gravity* 
S of the area O P R, then 






(50) 



gravity T of the area O P Q, then 



iTATlCB. 

B co-ordinates of the centre of 



whil^ the area I 

KI'N = amiHNPR - areaHKPK f 






X 




1 




-7^ 




^T 


< 


r 'h 


1 1 





The co-ordinates of the centre of gravity S of the area 
K P N are 



— , Jtj + 2 J 



a,t + 2 *,!" 



Should the segment of the curve P K be nearly straight, 
the centre of gravitj' S niay he-, found without much error 
by considering the hgure P N K as a triangle. 
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BEAM FIXED AT ONE END AND SUPPORTED AT THE OTHER. 

We shall now take as an example the case of a beam of 
double-tee section, uniformly loaded, of uniform depth and 
section, fixed horizontally at one end, and snpportea at the 
other. Such a beam is shown in fig. 27. If the support at 
E were removed, we should have a simple cantilever, 
uniformly loaded, and the bending moment at anv section 
distant x from the free end would be represented by the 

expreiii^n J^^, where w is the load per unit of length. 



nnnnnnnnnnnonnonri 




From this it is clear that the bending moment can be repre- 
sented graphically by the ordinate to a parabola, whose axis 
is vertical, vertex at G^ and concave downwards. 

The moment of resistance of the beam at any section is 
A fid, where A is the sectional area of one fiange, d the 
depth between the centres of flanges, and/i the average 
stress over the flanges. Equating this expression to the 
bending moment, we have — 

(54a) 



WX' 
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or the bending moment dia^nun slso rpprr^entB the uit«nait j 
of stress in the flasg<-s. Set down H N to represent the 
■tres-i intensity in the Haoges at F. If this is not knovn — 
and it is not necessary that it ahoald be knovs jost at 
present — we may set down H N of any length ; bat, at the 
same time, it will represent to some scale the stress /, at F 
due to the simple Diuformty-loiial'*d cantilerer- 

By what has been previoasly said, and equation (45), the 
deflection of the free end E below the horizontHl E F is 
givfii hy the moment of the area HN PQ about G, multi- 



Let S be this deflection, then — 
i =• area H N Po x distance 
fromGx/g 

-i.GH X HN. X |GH 



E its centre of gravity 



2dE 



{r.5) 



To prodnce the same result as the lieam given in lig. 27, 
we mnst now apply a single upward force at £ to bring the 
free deSected end of the cantilever back to the same level as 
F, or, in other words, the single force must be such that, if 
applied to the unloaded beam, would produce an upward 
deflection equal to S. The bending moment diagram of a 
beam loaded at one end and lixed at the other is triangular 
with the vertex at the loaded end, and hence 'he stress 
diagram will also be triangular, similar to U Iv U. The 
upward deflection S of the free end will be equal lo the area 
H K X distance of its centre of gravity from G x 



,/E. 



a = 4.0H X HK > 



iGH. : 



And if we call the downward deilection positive and the 
upward negative, the above must be prefixed with the 
negative sign. 
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On referring to equations (32) to (36), it will b« nobiia^d 
that the deflections are directly proportional to the load pro- 
ducing theiu, and hente double the load wilt produce double 
the deflection, while treble the deflection muat he produced 
by treble the load, other things being equal. In the same 
way, if ^1 be the cieflection due to a certain load W[, and ig 
that due to another iMid Wj, then 3. + S^ will be the 
deflection produced by the load W, + W., A glance at the 
table of deflection will show that the stress is proportional 
to the deflection, and hence the same rule holds good when 
the streBsea are substituted for the loads. 

ReturninB to fig. 27, the actual deflection of the point E 
will equal the num of the deflections due to the two methods 
of loading ; but this actual deflection is zero, E being on 
the same level as F ; hence we have from (55) and (5C) — 



I 



GH^ X H N „ G H^ X H K ^ ^ 

2dE ' rfE 

and therefore H K = j H N. 

That is, having drawn the parabolic diagram HlfFG, 
the problem is to draw a triangle whose moment about 
O shall equal the moment of the parabolic diagram about G, 
To spuure this relation, H K must from the above be three- 
quarters of H M. As one diagram represents positive 
stress, while the other represents negative stress, the actual 
stress is represented by the difference of the two diagranis, 
which has been plotted separately in fig. 27, and is the 
shaded portion, with U W as base line. 

The centre of gravity of U Y Z ia at Y, and that of Z W X 
at v. Immediately under V will be found the intersection 
of the tangents to the deflection curve at and S, while 
under Y will occur the intersection of the tangents at 
(J and S. The point S being below the point of no stress Z, 
it will be a point of iuttection in the deflection curve, and 
hence the tangent at S will intersect the tangent at in T, 
and the tangent at Q in R. The whole area of the stress 
diagram, namely, area U Y Z - Z W X (the latter being 
negative) multiplied by vt, is the tangent of the angle 

between the tangents to the deflection curve at its ex- 
tremities = tan T CJ R, Q R being the tangent at Q, and 
Q the tangent at 0. The area U Y Z multiplied by 
- = tan 6 R A, because R S is the tangent at S, and y K 
the tangent at Q, the points (j and S being immediately 




I 

I 
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under the extremities of that part of the diagram UYZ. 

Also tan STQ = area Z WX mtiltiplied by-A. Having 

obtained T, the point of intersection of the tangent at S, 
and that at 0, and knowing the inchnation of S T from 
above, R T can be at once arawn, intersecting the vertical 
through Y in 11. Join Q E. and the third tangent is found. 
If the vertical scale of the deflection curve is not too large, 
the curve is fairly represented by describing arcs of circles 
which touch the tangents at Q, S, and O. Such a curve is 
shown in fig. 27- At S there is no bending moment, and 
the part S to the right aupporta Q S and its load ; there- 
fore the portion Q S may be treated as a simple beam 
supported at the ends, when the point S is known. In this 
case S is situated at three-quarters of E F from E. This 
may easily be found arithmetically, thus : Find what value 
of .)■ will make the value of y the same for the straight line 
O K as for the parabola N. The equations to the parabola 
and straight line are respectively^ 

x^ = iay, and x = m y. 
To determine the values of a and in, put in some known 
values of x andy in each equation. Those are known at the 
right-hand end, where j/ =- H N = /[ for parabola, and 
y — H K = /a for the straight line ; also G H = ^. Putting 
these in the above equations, we get - = a and -^ = m, and 
after substituting these and solving the simultaneous equa- 
tion, we find that x =<^l. But f-^ = |/i ; therefore a: = J /. 

If QZ is three-quarters of the whole length, it sustains 
three quarters of the whole load, and as the tiart Q S is 
similar to a simple beam supported at each end, half its load 
is upon each end, and therefore there are three-eighths of the 
whole load to be supported at Q, and consequently five- 
oiRhths at 0. 

The actual stress at F 
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When dealing with the case of continuous girders, we 
shall require to return to the graphic theory of deflection ; 
but for the present we must proceed with other matters 
connected with the deformation of elastic material 



CHAPTER VII. 
Bending accompanied by Direct Longitudinal Force. 

When dealing with the phenomenon of bending in the pre- 
vious pa^es it was assumed that the external forces which 
were applied to accomplish the bending were in all cases per- 
pendicular to the same surface of the material, which was itself 
initially plane. The result of the action of these external 
forces on the material was found to be a stress in it of 
two kinds, viz., tensile and compressive, in a direction 
parallel to the longitudinal axis of the material, and a 
shearing stress in a direction perpendicular to the axis. 
The former is sometimes called an induced stress, and 
equation (27) shows that its intensity is proportional to its 
distance from the neutral or longitudinal axis ; therefore 
it can be represented in intensity by a diagram whose 
boundaries are straight lines ; e.g.^ in flg. 28 EF represents 
the trace of the p]ane of cross-section, and S the trace of the 
neutral axis, the depth of the beam being E F. Then, if E P 
represent the compressive stress in the material situated in 
the upper surface of the beam, and F Q the tensile stress 
in the lower surface, P S Q is a straight line, and the stress 
at any point J in the cross-section distant x from the neutral 
axis is given by the length J Z. For 

JZ _ EP _f 
J S E S h' 

Hpnce, if J S represents the distance from the neutral axis, 
J Z represents tne stress due to bending. 

If, in addition to the bending forces, we stretch the beam 
longitudinally by a pair of equal and opposite forces applied 
at the ends, we produce another tensile stress throughout 
the whole of the oeam of intensity equal to the whole force 
divided by the area of cross -section. This is generally 
termed a direct stress, and is independent of the induced 
stresses due to bending. In fig. 28, set off E G equal to this 



r 
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direct atreHS, and draw G H parallel to E F, cutting P Q in 
T. The total maxininin tensile streas in the material is 
now I' E + E G = P G, and the corresponding maxininm 
compressive stress isFQ — EH = QH; while the position 
of no stress is at T — that is, by the superposition of a direct 
stress, the neutral axis has been displaced to a point n 
the surface, the amount of displacement being S F — i u.. 
The stress at any intermediate point being given by the 
leneth of an ordinate drawn from and perpendicular to 
O H, and cut off by P Q. 

A rod in tension, the stretching force being applied at a 
point which is not the centre of gravity of the cross- section. — 
The rod ia shown in fig. 29. The force F is applied at P, 
which is situated at a distance a from the centr^of gravity 
G. At G apply two opposite forces, each equal to F in 
magnitude (upper portion of figure). These two forces. 




'^ 



^ 



I 



Fio. 18. 

being themselvea in eqailibriam, will not in any way afiect 
the rod. The upper force on the left, together with the 
right-hand force, form a couple whose moment is F a. 
Hence we have acting on the rod a conple tending to bend 
it, and a single longitudinal force F tending to stretch it. 
Using the previons notation, with/j representing the direct 
tensile stress, and/s the induced bending stress, we have — 

fi ^ T and/6 '^ J A from equation (20). 

Setting these out, as in fig. 28, we get 



mpressive stress 
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If in these expressions we substitute for the moment of 
inertia I, its value Ap*, p being the so-called radius of 
gyration ; idso F.a. for M, whilst calling the maximum stress 
i the above expressions 

may be written in one, thuB— /= Z (fL^ dk i\ 

A Vp* / 

the upper sign being used for maximum tensile stress, and 
the lower one for maximum compressive stress. The first 




q. 



S3 



Fio. 29. 




Fio. 80. 



factor of the right-hand side is ft. Therefore we may 
write — 

/ = /i(^*±l) ...... (57) 



From this it is seen that the stress in a rod increases with 
an increase in the displacement of the point of application 
of the external force from the centre of gravity of the 
cross-section. ^ ^ 

For a practical example of this we will take the draw bar 
or crane hook, fig. 30, and assuming the area of cross-section 
to be the same in each of the three cases — when the section 
is a rectangle, a circle, and a trapezium — to find the 
tiiaximum safe load that can be applied to the hook if the 
limiting stress be 5 tons per square inch. 

* See Appendix. 
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The section whose neutral axis is situated furtliest from 
the line of action of the impressed forces ie that at C D. Let 
the area of this section be 2 square inches, and the safe load 
in the three cases be W[, W^, and W, respectively. In the 
first and third case let the length of die crosa-section C D be 
3 in., and in the latter let the thickness of the hook at C be 
I in. ; then the thickness at D must be about ^ in. As the 
ares of cross-section is the same in each case, 



f-'i 



W W 




Case I. (rectangle) : 






(in every case a — the distance from the centre line of th« 
impressed forces to the middle point of the lini CD, and ia 
taken in each case as 2in.) ; 

and B tons=/=/6 +/■< = 2W, + ^' = 2iW; 

hence Wj = 2 tons. 
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Case IL (circle) : 



therefore 



4 

d= IK 

4 416 IT 



d 



\if k Wo X a X - 



hence 



f^fo+ft =.6W2 + ^ = 5tons; 
W2 ^ 92 ton. 




Via. 82. 



Case IIL (trapezium): 

The distance x of the (centre of gravity), neutral axis of 
the cross-section from C, is given by the equation — 



.= 4 + 



3 3(61+62) 



^*i =lAin. 



where 6^ and 62 are the lesser and greater thicknesses 
respectively, and d the depth, 3 in. The distance x may have 
been found more quickly graphically if the cross-section 
section were drawn to scale. 



fb (compressive) = ^» ^/j^ ^ ^'^ = ISPW 



3 



The quantity lii is the distanc* in inches of the centre of 
fUravity of cross-section from the line of action of the 

impressed forces — 





= 


y = a 


-GS(fie.32), 


= «- 


(CS 


-CQ) 


= 2-(li- 


lA) = lit. 


A (ten 


sile) 


_ Wj 


X US X 1ft 

11W 


- 115 W, 


e)=/ 


+ A (tensile) = ^^ + 


risWj = 






W3 = 


303 tons. 





The atreflaea in each of the above cases are plotted to scale 
in fig. 31 ; similar letters denoting similar streaaea in each 
of the three coses. 

/(compresaivo} =/tp(conipressive) -ft — 1"66 W^ - -^ 

= 1*06 X 3fl3 = 3'2 tons per square inch. 

In this instance the material in compresaion is not being 
atrained to the extent which is permissible with regard to 
safety, and hence it is possible, by arranging the shape of 
the crosa-section, to increase the stress /(compressive) to 
the limit, and thus produce a more economical form of hook. 
This can he accomplished by decreasing the thickness of 
cross-aection at the thin end, and increasing it at the other 
end, while the area is maintained constant Then the tins] 
stress / (com prep si ve) will be represented by PaD^, and 
f (tensile) by H., Cj, while Hj Ej represents the load F 
divided by the area of cross- section. 

Stkiit. — We shall next consider the sase of a rod or 
member subjected to a pair of equal and opposite forces, 
acting in a direction parallel to the axis of the rod tending 
to shorten it ; that is, the forces will be compressive. 

As this part of our subject is extremely interesting, and 
as the behaviour of a strut depends upon so many different 
phenomena, some of which are anything but determinable 
with exactitude, the author considers that he is to a certain 
extent justified in discussing this question at some length. 

In structures, the majority of struts are either fixed at 
both ends to something more or less rigid, or fastened at the 

ds with pins.- These two cases correspond to some extent 
b the two main cases of horizontal beams, namely, with 
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tlie ends fixed in walla or abutments, or merely supported 
at the ends. In the latter case the whole of the reaistanee 
to iiexure ia supplied by the material of the beam, while 
in the former the rigid abutments render a considerable 
amount of resistance in addition to the elastic resistance of 
the simple beam. 

The term ends fixed is in general applied to struts id 
which the direction of the axis at the ends is in the same 
straight line with the axis »f the strut in the unstrained 
condition, and that the directions of the ends of the strut do 
not vary during the exiatence of any straining action on the 
strut, in fig. 33 we have a horizonta! strut with flEinged 
ends, the flanges being so large that no change of direction 
of the axis at the ends can take place during flexure. The 
same result would be obtained if the strut were prolonged 
at both ends and riveted to the vertical cross-beam. 



2 5g 




To the strut in the figure a pair of equal and opposite 
forces W are applied, one at the centre of gravity of each 
end and in a direction along the axis. These will produce 
a direct coinpresaive stress over any cross-section equal to ~ - 

Also let the strut be deflected, as shown in the figure, by some 
eauie or other. We shall then have a bending moment equal 
to W j/d acting on the strut tending to increase the deflection 
t/o. which bending moment will be resisted by the moment 

! of resistance of the beam, if the whole is in equilibrium. 

■ "We then get from equation (23) the stress due to bending orxty, 



cross-section is A, and the radius of 
On referring to the taljle of deflectiioa& 




i 



previously given, it will be noticed that, however the beats 
IS HUpported or fixed, the maximum deflection can be 
expressed as some multiple of ■^-5-, and for any particular 
Btresa as some multiple of l^ divided by d. Therefore we 
may write : Maximum deflection ya = some constant x ~ 
Substituting in the above equation, and writing /t for 



W-A.^ 



•^/c 



(58) 



Where c is a constant depending 
and, as we shall discover later on, 
strut is fixed or supported at the ei 
of cross-section. 

Then 



the kind of material, 
he way in which the 
is, and upon the form 



e may write as 

/. ■ 



lultiplying both sides by J 



In this expression / is the maximum safe compressive stress 
permitted in the material, when designing a strut. 

It has been previously mentioned that the constant ratio 
of stress to strain only holds good up to the elastic limit, 
beyond which no such law exists, and that fracture takes 

Elace when a piece of material is strained considerably 
ej^ond the elastic Limit, so that such formulre aa those abovi-, 
which are constructed on the assumption of perfect elasticity, 
cannot be expected to give the exact load that will produce 
failure in any particular stmt. 

When material is strained beyond the elastic limit, a 
permanent change takes place in the dimensions of the 
material, so that when the straining forces are removed, the 
material does not return to exactly the same form as that 
previous to being strained. This permanent deformation is 
j^enerall; termed a "set," and is due to a flow of the mat«nal 
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under Rxcesaive Btres!', in a manner sornetbin^ similar to n. 
very viscous fluid. The actual maximum stress m a strut just 
previows to failure is aUnys greater than that correspond- 
ing to tbe elastic limit of the material, and hence it must 
remain to a certain ext.eDt an indeterminate quantity in the 
above equations, although it is possible to locate it 
approximately betwpen certain limits. 

In fig. 33 a stress diHgratii has been sketched immediately 
above the strut, in which /c is represented by the line 5.8., 
and/fi by 2 B, The uiaxinium crushing stress/ is then given 
by 2.8 , while the maximum tensile stress is equal to 7.4. on 
the pami' scale. In the figure, 7 4. appears to be about one- 
fourth of 2.8,, BO that should the resistance of the material 
to tension be leas than one-fourth the resistance to com- 
pression, this strut would fail by tension instead of by 
compression. We have such a material in cast iron, and it 
is a fact that between certain limits cast-iron struts often 
do fracture by tension. In any case the constant c is found 
by inserting known values o£ the other symbols ffom experi- 
ments in eqnaiiou (60) and aolviug tor r*, Generally/ and <■ 
are both unknown, and hence two equations have to be solved 
simultaneously to obtain them. These two equations will 
contain quantities derived from at least two distinct 
experiments. Now, it is well known that two pieces of 
material of the same kind, manufactured in the same way, 
and treated throughout in the same manner, often ditler 
very materially in physical properties ; e.g., the modulus of 
elasticity E of the two pieces may be widely diflerent, and 
it is not uncommon to find two pieces of the same material, 
cut from different parts of the same block, to give a 
difference of modulus of 10 per cent when strained in the 
testiDg maciiine. In obtaining equation (69) we made use 
of an expression for the deflection which involved the 
modulus of elasticity E, and therefore, unless the modulus 
the two experiments from which / and c 
were derived, and still the same in all the material which 
it is proposed to utilise in the construction of struts, it 
cannot be expected that the above formula will give results 
which are more than approximately true. 




Again, if we grant that the moduli of elasticity are the 
lame throughout, there is no guarantee that the whole of 
the material will be of the same hardness. The result is 
that the f of one piece of material will not be the aame as 
^ of another piece; and hence the load sustained by one- 

•Sti lasB ia. 
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Strut may not lie the load which another strut oan Bnaport 
{deduced from the Eame formula), although everythmg is 
apparently the sama 

In the outset we assumed that the axis of the strut was 
perfectly straifiht, and that the load was applied at the 
centre of gravity of the end. It is seldom these two con- 
ditions are ever fulfilled, and when, they are it is generally 
by mere chanc& It will be shown in what immediately 
follows that a very minuto initial "camber" {i.e., deviation 
of the axis from the straight line), or a displacement of the 
point of application of tho impressed forces from the centre 
of gravity of the ends, will cause a very considerable diminu- 
tion in the load a strut will sustain. 

In any single experiment all these elements of deviation 
from ideal circumstances may occur, and in a very large 
number of similar experiments there must be— according to 
the laws of probability— a few instances in which they all 
conspire to wreck the strut; while again there must be, 
approximately, a similar number in which they conspire to 
strengthen the column. There will be at the same time a 
much larger number in which the elements of deviation 
conspire in a less degree to wreck and to strengthen the 
column respectively, and, finally, there must be a very large 
majority of coses in which a sort of level!ing-up action 
occurs; i.e., where a discrepancy tending to strengthen is 
neutralised by another discrepancy tending to wreck the 
strut.* It will be these last experiments that give results 
most near to those predicted by the expression derived from 
assuming real conditions. 

Unfortunately such a vast number of experiments have 
newr been carried out, partly on account of the expense 
involved, and partly on account of the time and labour that 
would be required. However, a few disjointed sets of 
experiments hate been conducted for special purposes by 
different observers, and, bo far as thev go, they support the 
views advanced above. In fig. 34 the results of some of 
these have been plotted on a diagram, in which vertical 
ordinates represent the direct crushing stress fc, while 

abscissie represent the ratio— (length to radius of gyration). 

The whole of the results in this figure represent struts 
whose ends were either hxed or flat, or so well bedded that 
they may be taken as fixed. Some experiments represented 
by the black dots were carried out by Hodskinaon 
many yeaxa ago upon solid square pillars of wrought iron 



and are those from which GordoT derived the unknown 
qnautitiea / and a Id equation (60), which has bioce beuu 
known as Gordon's formula. An account of the>ie experi* 
menta may be found in Mr. Stoney's " Theoij of Slresses iu 
Girders and Similar Sttucturea," paRe 417. 
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Some dots denote experiments on hollow wroDght-iroa 
cylinders, alao carried out by Mr. Hod gk in son, and 
othera represent the res'iilts of Mr. Christie's experiments 
on angle aud tee iron carried out in America, and publishad 
in the Proceedings of the American Society of Civil 
Engineers, 168j. A reeume may also be foaud in the 
Journal of the Institution at Civil Engineers, vol. Ixsvii., 
p. 396. The result of a number of experiments will also 
be found in the same publication, vol. xxx., which were 
conducted by Fairbairu and Clark. 

The quantities in Gordon's foriaula are often taken from 
the average oC a number of experiments. Upon a libtle 
eons i deration, it must be apparent that anch a proceeding 
is not altogether justified by h reference to the diagram. 
Thns, a strat which is designed with average data may be 
maoh too weak if conatruoted of the same material as tLose 
represented on the lower side of the group. The ultimate 
abject in design is to secnre sufficient strength under all 
circumstances, and hence it would appear more reasonable 
to adopt data obtained from struts which indicate an 
average minimum of streDgth. 



This idea has beeu put forward by Profeaaot Claxton 
ridJer in a paper on the " Pcaotical Streogth of Colum " 

I the Proceedings of the Institutioa of Ci 
Tol Ixxxvi. 

IE preferable, we caay express the radius of gyratio 
terms of the least transvecae ditnensioQ d, thas — 



where n 
section, 

la fig. i 
coast ant i 



I a constant depending on the form of cross - 

will be found the corresponding value of the 
in the eqnation d = n p tor some of the oroas- 
general use, where d ia the leaH transverse 



■ Constants to be Usbb with Goedon's Formula 
Equations 69 or 60. 





f^Uld'p'^mt 


Voung'a Modulus 
Epetsq.ln. 


c. 


imeiM 


eudx 

flXBd. 


end 
fixed. 


end» 
lound 




Wrouciit Iron 


31,500 lbs. 


27,(X)0,i>00 lbs. 


siM 


Tt^ 


1 






8,600 


a,l.W 


alrn-cural 


latona 


81,000.000 Ibi. 


3ijm 


Tsiwio 


-t;^ 


T.BSO" 


C..I,,.. 


87,200 lbs. 


6,800 tona 
14,000,000 lbs. 


Tiooo 


-^m 


^2;ooo 


~iU- 


Pine, 


1.SB0 ll«. 


eootoiia 


^L- 


T^ 


,;„- 


-rtr 



In connection with the above table, it must be explained 
that cast iron has no definite yield poiot in the same nay 
that the other materials have, but the constants there given 
agrpe very well witli the result of experiment, aud in 
consequence can be used with confidence ia the design of a 
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CHAJTEB Tin. 
IsrenwATMS or ns S imMma or ax Zsau. Snac 



W an amiKea at panto »l— ted 
centiv at gim i ity cf t^ eada i 



%.M. TWi ■I'm rrf tlw rtiai ■illihiwlw ii|wiirt»l lij 
tfchoyibipHqgTeOO.Ofcthe oA of Oe stnrt bei^ 
S«wM ODijr in tte lue O O^ Id tUa cmb tfe «nili w« 
motjUed, M ta tb«t joat w t nmiw gA ao tlwt now the axis 
at tb« extranitiH nil not eooMidB with the arwiaally 
■■w trria ed axk. Anaoia that the atnt it n«de of Aomk 
poKOK* tlaitie material, and in the nnatninHl condttMai 
traa perfeetl; stntigbi. Let Uie drJeetkin at uy point P 
distajrt z from the ori^n be y. ^le difieiential rqnatiwi 
to the eUatic carve [equation (30)] is 




when the curve is sach that the slope 

enough in comparison with unity to be neglected, c_, __ 
other words, when the inclination to the axis of the tan^nt 
to the curve, in circular meaaare, does not differ sensiblj 
from the tangent of the inclination. 
Next as to the sign of the left-hand side* --^—^ expresses 

the rate o( increase of the slope with respect to j:, or the 
rate of increase of the inclination of the tangfnt to the axis 
of a. But the inclination of the tangent decreases as x 
increases— i.e., it has a negative increase for a given positive 

inureroent of x. Hence -7—^ must in this case be negative. 

Thon, writing Vf (a + y) for the bending moment M at P, 
the ai»ve equation becomes— 
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the solution of which is — 

y + a^ AcoBmx + B sin m o^ • • • (63) 

W 
where m^ « -:^^^and A and B are constants. 




MAonoAi. iNGiMnii. 



Fig. 86. 



When y =■ 0, a? = 0, and consequently A « a. Differen- 
tiating once, we get — 

— j-^= - am sin mo: + BmcoBmx, 
ax 

The left-hand side is the slope or inclination of the tangent. 

• ^= -»•(• + ») 

Put Y for a + y ; then 

dst dz dx* dx* 

Multiply both sideB by 2 II; then 

ax 

M dY d*Y ««v dY 

dx dx* dx 

Integrating onee, we haye— 

(ITy » - m> T* + aconstant, say m« »» 

and 



or 



dx 
dY 



\/b* - Y« 



mdx. 



Integrating again, we get— 



— IT 

■in ±~tamx + ueontlbKit,w^§ 



then 
and 



T a & sin (m « + «) 
• + y B 6 [sin m «ooe e + coam it aia c] 
=:Acosm« + Balnfli«, 
where A ■ ft coa €^ and B s ft ain e. 

G 



X = — -, I being the whole length of the strut. There- 
n the above equation put -^ = 0, andx = ^; then — 



tSabatituting in {63), we have 
a-vy ~a [coama: + tan ^ . Bin m a;] 



Sabatituting ii 

(64) 
The maximum deflection ya occnra at a point where x » 






Should a be made equal to zero, by intention or otherwise, 
in this last equation, the only value of 

I rw 

which will allow of a pK>sitive value for j/b is infinity ; that 
i8> 

1 / W IT 

2 V EI " 2 



posaible for a column to withstand, under the given ideal 
conditions, and, a/oHiori, under any real conditions. It will 



be noticed that this expression is independent of the amount 
of deflection of the strut ; or, in other words, given a strut 
originally straight^ and conforming with other ideal con- 
ditions, no deflection or deformation of any kind will be 
noticed as the load is increased until it attains the value 
»■* E I -T- l^, when the strut will be in a state of neutral 
equilibrium. " If now the middle of the strut be displaced 
transversely, it will remain in the deflected position when 
the deflecting agent has been removed. Whether the strut 
IB deflected or not, if any addition is made to the above 
critical load, the strut will collapse suddenly. 

If now we return from the ideal to the real strut — i.e., 
from equation (66^ to equation (65) — we see that the deflection 
begins with the imposition of the first element of load, and 
will continue to increase with the load — though not in 
direct simple proportion — until rupture occurs. 

uy dividini; both sides of the lust equation by A, the area 
L of orosa-Bection, we get 

I /—^^^ (67) 

Such a column as that just discussed is shown slightly 
bent at C D, £g. 37 ; the ends being round, after the natare 
of a ball and socket joint, the bending moment at the 
extremities must be zero. The column shown at E A E F ia 
one of equal length and transverse diniensiona, but the ends 
are fixed. There must be points of inflection somewhere at 
A and B, which points correspond to C and D in the Btmt 
with round ends, there being no bending moment at those 
points. If the curve E A be repeated above E, such that 
E H is the image of E A in C £, then H is also a point of 
inflection, and likewise G ; and the whole curve H E A B F G 
is that which would be assumed by an ideal column of 
length G H, with ends round, and constraint being applied 
at the points A and B to prevent those points deviating 
from the straight line HABG. From symmetry it is 
evident that H A = A B = B G, and therefore E F = 2 A B 
= H B, which is exactly the same as two round-ended 
columns put end to end, and constrained at the joint A from 
moving laterally. Now, the column H A is of equal strength 
with A B, and therefore the two together, end to end as 
above, are of the same strength as one of them alone, but the 
two together are equivalent to the strut E F with fixed 
«tidi ; therefore a column with fixed ends is of the same 
strength as a similar column of half the length with ends 



1 



:ed enda — ■ 
re I 



which shows that of two Bimilar ideal colnmns, the one with 
ends fixed is four times aa strong as that with round erdR 

The above equation for a fixed strat may be obtained 
direct from analyais, but it was thought undesirable to go 
through it here, as it is very similar to that in the footnote 
of pa)>e HI. 

In tbe same wa^ it may be shown that for a strut with 
one end fixed and the other end round, and constrained to 
move in the same vertical line — 

V-'-']^^ (09) 

while if the round end is vrKotistrained so that it can move 
laterally — 

w— 1>- ■ <-o) 

These resuUs are shown graphically in fig. 40. 
Returning to equation (65) and fig. 3ii, the bending moment— 

and 

but d — np, and I - A />• ; hence— 

and f^U^f,.f,\l^Y,^ljy'^ . . (72) 

This equatloQ pennitB of the maximum Btreea / being cal- 
culated tvhen iht ecomtrieiiy (a) of loading it known, or it 
uorniitB (ai to be calculated when / is known. 

As an example, take a stmt A inohea diameter and 10 teet 
louff. made o( material whose Young's modulua is 80,000,000 
Iba. per aq. inch. 'Wliat loada will it stand with oocentnoitiea 



r XrSUXD CO BTBVQTDB&I. DZSiaH. g,*l 

of -1 inch, 01 iucb, and zero. i( a maximum streas of 20,000 
lbs. per sq. in. ia petmiUed ia each case ? 

Snbetitnting 20,000 for / in eqnation 72 ; also 130 for I, 
uid 1 fot p, then finding a in teim^ off and finally putting 
-r ^f^ t ^B have the qaantities in the accompanfiog 
liable. 

Wlb6. I IfiO.OM I IflO.noo I ITO/WO 1 180,000 I IBil.OOO I aoo.ooo 

aini^h -UK ' -osss { -osT? | -M?! 1 '092 1 -am 



'///^///A 




« 



Platting theae unmbera as in fig. 37a, we Sod that when 
«= -1, IV = 156,500 lbs., -when a. = -01, W = 216,000 IbB., 
and when a = 0,W=: 258,000 lbs. 

A better idea of the nature of equation 72 ma; be obtained 
in the foUowiug manner. Take the same strut aB in the last 
example, and calcalate the direct ornshing stresHy, and the 
bending Btresa /"^ sepatately : aBBamingacertatn eccentricity of 
loading, saj -1 moh and various valaes of W. In fig. SB, the load 



i 



APFLna TO 



W hu been plotted horiaontaJly, and ttie cnukifig oirew /*, 
vertic&llj bom the base. Ibis latter mmBt be proportional to 
the load aa the sectional area is constant, hence we get the 




Load W. IIm. 



line A bonnding (he onuhing stress orcIinate<i. Now pM 
above the line O A the beudine stresa canaed br the Tanooa 
loads vith a constant value <a a— •! inch, ana we get the 
middle carve. The total ordinate to this eiurve fn» toe baae 
line gives the mazimam stress in the mataial ^/^ ^ ff 



I 



Bepeat this operation for other ecceatricities of loadiag, 
tbe currea toi only two values of a being drawn. It is 
CTideat that the curves aU start from the origin, aad approach 
nearer and nearer to the asymptote ^ £ on the other side. 
Note that the bending stress with a = '01 inch is very email 
until near the poiat A, when it inoreases with enormous 

Let the eccentcicitj o( loading become smaller still ; when 
it ia extremely small, the curve will almost consist of the two 
lioes A and A B. That is to say, the bending stress ia 
negligible antil the point A is reached, when it suddenly 
becomes extremely great and possibly iudiiite, causing sudden 
failure o( the strut. The load immediately under A ia that 
calculated from Euler's formula (eqa. 67 or 68i. 

It must be noted that, with no eccentricity, the load pro- 
duces only ornahing stress in the material until the critical 
load determined by equations 87 and SB is reached. 
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For very long BtmtB, Enler'a tormnla gives results which 
agree very well with experimect, but for short struts it ia 
very wide of the rcark. This might have been expected, as 
sbort struta. like short beams, offer great msiatauce to bend- 
ing, and long strnts do not ; hence the bending effect will be 
very small in long atrnte, and the stress produced will ba 
almost entirely crushing antil the critical stage is reached. 

The carve in fig. SS shows how far Euler's formula agrees 
with experiment, the dots representing different specimens of 
WTOueht iron that have been tested with round ends. 

This enables ns to calculate the constants in Gordon's 
fohnnla given in the table on page 78. 

E'er very long struts with round ends, the first term in the 
denominator is small oompared with the second, and hence 
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may be negleoted, Eq^aatins the load W in Gordon's formula 
witQ the same symbol m Eoler's formula. 

^ _ tSEI t>EAa^ 
_^ =W = -^ = — ^— 

V 



After cancelling we get 



0= / 



««£ 




1 




r'2 T'f 

Fig. 40. 

For wrought iron, /= 14 tons per sq. in., and E = 12,000 
tuns per sq. in. Substituting these we lind that 

^ == 9i<W ^o' round ends. 
For fixed ends W = ilL^ 



Then c = , 



4 X 8600 



844U0 



I 



I 



rx^ E 

The table on page 78 gives the value of the constants to be 
need with Ooidon'a formala, and it ahoold be nuderstood that 
they have been arranged to represent the minimnm strength 
of Btrnts dedaced from experiment ; for example, in the 
particnlar case of wrought iron struts with ronnd ends, 
e^iperiment shows that the strength of the weakest struts in 
fig. 89 to be represented by the lower curve. Gordon's 
formnia equation (60), when used with the canstants in the 
table on page 78, represents this lower carve. 

Gordon's formula can be most easily used it) the practical 
design of a etrat in tho foliowing manner :^ 

Let W ^ total toad on the stmt in tons applied as nearly 
as possible at the centre of gravity of the ends.''' 

/=z maximam stress permitted in the material -=/'^ + f^ 

y^ := — =^ Qompressivo stress, excluding that dae to 



A =: sectional area of the strut in square inches. 

A„ =z -- ^= a constant for any particalar problem. 

c =^ the constant in Gordon's formula, p^e 78. 

I ^= length of strut. 

and k ^ constant \n A ^ It /fl (see page 1S2). 

Now replace ;>" in eijuation 61 by — , and /by — and 



:=/. 



Rearranging we get 

A» — A Ao =:tePAo. 
• SMitn the eccentricity of loading !■ measureable 



^V Solving this quadratic for A we get 



= 4"[iwi 



I 



I 



.(IS) 



Hence first find the value of Ag , then the valne of d from 
78, and finally, the valne of k from page 162, and 
snbatibnte these quantities in equation 73. The value of f 
to be Dsed in finding Aq must, of course, be the saie working 
compressive stress oC the material if a strut is beiuK desigood. 
Here it should be mentioned that the constants have been 
found to bo used in coojunction with the compreae-ive stress. 
If, as in the case of cast iron, the safe tensile stress has a 
d^erent valne, then a different valne for c must bo found 
before the formula can be made to represent failure by 
tension or the propec area when the tensile stress is uaod. 
Gordon's formula is really an empirical expression, and in 
consequence can hardly be expected to represent the 
individoal factors that assist in destroying a strut, although 
it may and does represent the sum total of those factors, 
when there is no measurable eccentricity of loading. 

lu the other case, when the eccentricity is known, some 
equation containinj; the eccentricity such as 73 or 76 must be 

As an esample, let it be teq^iiired to &od the sectional area 
of a sohd round steel stmt, 10 feet long, with round ends, to 
support a load of 20 tons without any eccentricity of loading, 
if the masimum stress in the material be assumed to be 
6 tons por sq. in. 



. 20 _ 



/ 
= 120 inches and o 



2'5 sq. i 



Substitutiuf; these : 



= 9 sq. in. 
d' where d ^^ diameter =: 3'4 inches. 

The solution of equation 73, when it is desired to find the 
Hectional area, is practically impossible except by a graphical 




ait±r--'.o STAiics, 



3 acoonnt of the 



method, and then it ia f^omewhat tediooa 
secant of a variable angle. 

The following may lead to an easier solution of 
relating to eccentricity of loading. 

The graphical treatment given on pages 04 and 93 indicates, 
' 'o the last paragraph of page 95, that with an 



e pcobic 




I 



ideal Btrut having round enda, the load P ^= 

is practicalhj eanstant for all dejlectiona when the deflection 
is not very great, or when the length of the chord of the 
deflection onrve does not alter seriously. In this case, the 
bending moment P d, fig. 40a, is balanced by the moment of 
EOsistaHce of the material, and whicb most also equal Pd, OS 
long as ^ D does not alter seriously. 



As tfad cross section of tho material i 
together with its elastic properties, this moment of resistance 
must equal Pd (that ia, P % amount of elastic deflaction), 
whatever be the nature of the loading. 

Referring to the strut, fig. 41, whose eccentricity of loading 



the bending moment is Tf (a + d), and the elastic deflection 
produced is d, 7he moment of resistance of the material 
mast be P d, according to the statement above, aud as the 
moment of resistance equals the bending momeat, we have — 

P d = W (a _+ d), 
from which we have 



d = 



T-W 



Alio the bending moment = W (a + d) 
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Let A =: sectional area of the strat, 
and^^^ = direct cxashiiig stre88« 

thenj=/, 

Also let /. = ?. 
Jo A 

then the bending moment r=. fc Ka ^^ — 

Bat in equation 29, page 48, we have 

A- H 

Substitnting here for M, we have 

__ h A afefo 

A/>»(/. -/c) 
h a fc fo 

The maximum stress in the material is 



f — fc + /6 = /c + r 



h afefo 



P" {fo - /c ) 
which may be written, if desirable, as 

(L^ i) (i - A^ = ^ 
v/c / \ Joy p" 

These last two equations have been derived on the 
assumption tnat fb is taken as a compressive stress. If we 
take the tensile sbress as we have to do in cast iron, thea 

For design of a strut, we require to know the sectional 
area, or be able to find it in terms of the given conditions* 

If we write A = kp^, then f^^x 



Valnes of k may be fonud in the table on page 162. 
hot h=^pp wnetep is a constaut wbicb cau generally be 
foand from the least diameter of the atcnt d by the Bqua.tiou 

A ^ --- and therefore »a iJ ^ np, we fiud by subatitutiog 

■— for n that 7 



I 



Yalnes of n will also be found c 
Now/. =_==._- 



Snbatitnte these qnaotities id equations 74 and 75 we get — 

The negative eigu before the bracket beiog naed for 
failure by compression, and the positive sign for failure by 
tension. 

Aa an example, find thn diamt^ter of a solid round Htetl 
strut, 10 ft. long, which will just fail with a load of 20 tons, 
the ecaentricity of loading being 3 iaches. 



Here/=18tonB 


a = 2, i = 120. 


P = 


T = ^'' = 


12-6, and 


14000 X 10 „ ^ 
14400 ** ^■ 






Insetting these in 


the above equat 


on 


weg.1- 




125 ^' 1 / 5 

'20 IB V 


20 
9-7 X 12'5 X p 


-)= 


-,3 x2x/) 
■ 1» 


-^ 



1 his can beat be solved graphioally ; thus, after cancelling, 
ne may write the equation aa 

■625 pt - -^(^P^ - ^) - ■22p - -103 = = J, (say) 



IMUMD TO RBUaXUSl^ DXalGK. 

Than when p = 1 y = -856 

„ p= -1 y= —lis 



Plotting these qnantities, aa u 
▼aloe of p, when y = 0, is -85. 



fig, 4U, we find thkt the 



Then d the diameter — 4 /> = 4 > 
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The validity of eqnation TO ma; bo teBted by oomparing 
the leanltB dedaoed nom it with those dednoed from eqaalian 
72. They will be found to ptootioall^ ooinoide. And, 
further, tne reBnlta deduced from eqnation 76, practioally 
coincide with those dedaoed from experiment when the 
proper valaea of the physical constants have been nsed. 

It is easily demonstrated that an initial " camber " in a 
strat prodnces a result similar to that of displacing the 
point of application from the centre of gravity of voa end, 



w 



The octnal bending mamt 
equating the bending moment t 
we obtain — 






1+ >Jo-- 



- W 



I 
I 



rcaults the same as previously obtained in the case of a 
displacement oE the points of application of the impressed 

All the different causes of deviation from ideal conditions 
have now been treated, except that of a variation in the 
modulus of elasticity in different parts of the same strut. 
This has been most effectively done by Professor Claxton 
Fidler, in a paper presented to the Institution of Civil 
Engineers, and published in the Proceedings. 

But before glancing at the results there to be found, it 
may be as well to see how far the graphic exposition of the 
laws of deflection are applicable to the long column. 

The deflection curve of the ideal column is a curve of 
sines ; hence the corresponding equation may be written in 
the form — 



where i/o : 



the 



To determine its value, put 



deflection, and a some constant. 



ind from the equation, °~ must equal ^. Henoa 



• • 



(77) 
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and the eqiiation to the deflection curve is 

y = yo sin^.a: . 

The bending moment being Wy, the deflection cnrre is 
also a bending moment diagram, and consequently a stress 
intensity diagram ; for the stress 

^^_MA Wyk 

and the area of the half-stress diagram (shaded), fig. 44^ 
JL -i. JL 

- /H. dx.~ r^.dx = ^fyosmZx. dx. 

9 O 

^ W^lyo ^ W.d,Lyo 

irl ^ 2irl 

The maximum deflection yo = O K = the moment of the 

above area about O K, multiplied by -r= = the product of 

d ill 

the above area, the distance of its centre of gravity from 
OK, and j^fOr 

Because the centre of gravity of the area (shaded) lies 
below the intersection of the tangents QT, OT, at the 
extremities of that part of the diagram under consideration 
But— 

|^ = tanOTK = ^when:c-0 
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and 
hence 



^y 

dx 



IT 

jyo 



ayocoaax = jpo when « = O 



j^andKT = i 



'^«^ 




SuUtitnting this value for KT in above, we obtain— 



._. . as previously obtained. 
If it is attemptecf to solve this problem a[FA.phicall7, 
direct, it will be found that it cannot be done in the ordinary 
way ; but if a certain deflection be assumed, the t^silient 
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^H^ EfTECT OF Variation of Elasticity on the Stkknqth 
^H OF A Strut. 

We may now paas on to the consideration of the effect of a 
difTerence of modulna of elasticity ia two different portions 
of the same stmt, and, for the sake of simplicity, we will 
assume that all of the material on one side of the neutral 
surface will have one modulus of elasticity, while all the 
material on the other side will have some other modulus, 
corresponding to the two flanges. Using the aame notation 
as before, the maximum bending moment 

P therefor. /.. W*X- . WAff ./,,»_» . 

This is the maximum stress due to bending only that can 

oocur in the strut. The stress at any particular section is 

given by the length of an ordinate to the curve O Q, fig. 44 ; 

^^ and the average stress intensity /a over the whole length of 

^^L one flange can be obtained from the equation — 




t in length at the twv hiU flusei » com- 

a «( «MWft*e flange - cowpwwion «f cobtsx tango, 

But the diSenwM in length of the fl&nse is represented in 
nU. 46 {*M page 102) by SO, and 

Mil O K S - '^' ^ — diffefence of length of flanges 
H U depth of strnt 

'J'he liifure ha« heea much exaggerated so as to show the 
M<vnral (|uantitinii distinctly; were it drawn to scale. It S 
Wdiilil I* u nitarly lui possible the least transverse dimension 
1/ of thn H^rut, and the strut being approximately straight, 
l.hn (tlffVirflnun ))etween the lengths of the flanges would be 
(ofislbly roprnsunted by SO. 

Tho tuniftnt TO ii drawn at 0, then, because RO is 
normal to T, and K ia perpendicular to K T. The two 
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triangles O B S and O T K are similar, and hence the angle 
O S R =: the angle O T E ; therefore 

yo=OK = TKtanOTK = TKtanORS 

^ rji^ ^ difference of length of flanges 

depth of strut 

= tk.xot7e;-/-[e,-e.+^(e. + e,)] 

From equation (78), 

KT- i 

and E, the arerage value of the modulus, may be substituted 
for 

Ex + E2 
2 

also El E2 does not differ much from £^. After making 
these substitutions, we have— 

y, = Ji— fc P^^Ei 2Ayo 1 
^' irrfE -^'LEa + Ei ^^r?^J 

Solving this equation for yo, we get 



v^ p 



III / 
d ' '' F E, - En 

*/)2E ^LEg + EiJ 



If we call the direct crushing stress of the ideal column 
A, the above may be written — 



yor- ^ 



fi -fc 



•=j"[l7if] <«»' 



Should the strut be composed of two flanges with 
counter-bracing, then 

d 

'*" 2 

approximately. It is in this form that it is given by 
Professor Fidler in the Minutes of Proceedings of the 



I 



lMlsbrteaCCiTilE^iinn,TaLlxxxTi,iMg«891. Now- 
" r JA*- ' S»=Vi- J. <l Le, + E,J 



' /■[/-^■(■-Jirif;)] • • ■ " 

TIii> last eqiutiiMi and the third and fourth above do 
not coincide with Profeasor Fidtei's in ever; aymbol, the 
difference being that he has snbatitnted S ^ for d in the 
denominator, and retained h instead of ;- in the nnmerstor 

of the foorth equation above. He also estimate* that the 
probable limiting value of 

and that of the coefficient — 
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Summary of the Theory of Struts. 

In designing an end loaded strat, the one feature which 
decides the equation to he used is. the eooentricity of loading. 

If this should be zero, then Gk)rdon*s formula should be 
used. It can be transformed into the following (see page 
91). 






,[i w. +^1 



where 



A = required sectional area of the stout. 

A.=^=»25i^ J— . (see p»ge 90). 

/ maximum stress 

A 

Jc =z ~ (see column 5, page 152). Also page 107. 

p = least radius of gyration. 
e =: constant (see page 78). 
I = length of strut. 

For the construction of this formula, see pages 73 to 79 
and page 90. 

Where it is known beforehand that the ratio length to 
radius of gyration is very large, Euler's formula can be used. 
It is 

Where W = load on end of strut. 

E = Young's Modulus of Elasticity. | (see table, 

r = constant. j page 78). 

I = Moment of Inertia of Cross Section 
(see table, page 152). 

The construction of this formula will be found on pages 80 

to 84. 

Should the eccentricity of loading be not zero and measur- 
able, then it is generally easiest to use the following 
equation — 



W 







14, S4, or iliiiUnii n. aadsS^ 

= >*-/« iff 

r ^ eautamt (»• fig. U Mkd taUa, pkge T9>. 

f — - fK»L I = ^ ^ (see pige M). 

& = least HiaUnw from &xis of btrnt to tbe ooter skia 
(see eqnatioD 29 mkL pa^ 46>. 

:= ~ foe ^nnnettacal sections. 

OtlMC form* of tba eoDWa] eqoAtioii siTcn above are 

-L 

to ne equMion 72, p&ge $4, but it is of a 
"~ " ■" not to be oompared with that 



nicotl 



fl equation (81), or 4 lines abore it cm page 

102, maj also be used. It ia verj similar to eqoatioii 76. aad 
represeats tbe streogth of stmts very well indeed. The 
reader sboald consult Professor Pidler's treatise on Bddge 
ConstmctioD for further inform&tion coooeming it. 

The folio wii^ table of aecUons represents Uie dimennona 
of rolled Bteel joist, made bj Messrs. Skalton k Co.. at 
London, with ^ecially wide, jlan^ft, so that thej will be 
a eoonomical for strut porposea. 



iatwBaaal 
Fldler'fleqa 
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Dimensions. 


Sectional 
Area. 


1 

Moments of 
Inertia. 


Moments 

of 
Resistance 

(Modulus 
of Section). 


Least 
Radius of 
Gyration. 


Height. 


Widtli 


sq. in. 


Axis 
XX. 


Axis 
Y Y. 


AxU X X. 


Axis Y y. 


ins. 


ins. 












81 


81 


12'8 


177 


53 


41 


2-04 


n 


9J 


16*0 


246 


73 


52 


2-21 


n 


9J 


16*3 


290 


86 


59 


2-30 


m 


lOJ 


17*9 


344 


102 


67 


2 39 


10| 


101 


19-1 


897 


118 


76 


2*49 


11 


Hi ; 


20-4 


457 


136 


\8i 


2-58 


111 


ni 


21*9 


525 


151 


92 


2 78 


112 


112 


23*0 


605 


ISO 


102 


276 


12a 


Hi 


24*9 


723 


189 


115 


•275 


m 


Hi 


26*9 


846 


194 


126 


2-74 


iH 


ii» 


28-2 


1019 


211 


144 


274 


15 


Hi 


29-6 


1188 


220 


159 


27S 


15J 


Hi 


31'6 


1388 


233 


176 


27:: 


m 


Hi 


33*2 


1638 


242 


196 


270 


171 


Hi 


85-6 


1941 


256 


219 


2-68 


182 


Hi 


37-5 


2275 


267 


243 


2-67 


19g 


:ii 


40*6 


2671 


281 


271 


2-63 


21§ 


Hi 


44'6 


3502 


302 


324 


2-60 


231 


115 


46*6 


4308 


304 


365 


2*56 


23 1 


Hi 


48*8 


5223 


307 


408 


2-51 


29i 


Hi 


62*0 


7270 


808 


492 


2-43 



The Dumerioal value of h is not constant for all sizes 
of the same form of cross-section, as will be seen from the 
annexed table of dimensions of sections of rolled joists. 
The table has been divided into two parts, the first 
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• onUiniiig icction* which are fairly regular— i.t, which 
have a fairly nniform value for J: ; and the second containing 
other aectiona which are generally manafactured, but whose 
■■aliie for t ii not sach as can be ixinveniently applied in the 
above equation. A large value of t indicate* a large area 
of crow-aection for a Kiven radius of fryration, ana conae- 
i|uently the strut will not be so efficient as one with a 
imaller value of t. This indicates, too, that sections with 
mailer value of it than the average may be used in the 

T-§- 




preceding; ecjuation without endangering the safety of the 
strut. The average value of k is 7'5 for rolled joiste, as 
found in the lirst portion of the following table ; and the 
niaxitnum deviation in its value is about 20 per cent ou 
either side of the average. This maximum deviation pro- 
■■ "58 a probable error of about 2 per cent in the area of 
.B-section. 
The dimensions in the following tables have l)een chiefly 
ined from particulars and tallies kindly furnished by 




applibd to 
Rolled Ibom ak 



TA»l.mL-R.«UI«««agB.. 


T*MJi IL-lrrogul.r«=BoM. 


,^ 


1 


■55 

II 


t 


s 


i 


■35 

If 
a.- 
Ill 


• 


4 1) 

G 3 

« Si 
« 31 

J 3) 

5 4 
• 31 

131 il 

IS It 

lej n 


»-7 

S-8S 
T-1 

IS'S 

h 

2S-8 


IB-K 
(2 

rs 


8-6 

fl-7 
7S 

8-4 
«■» 

S 

7-1 
-■9 

IT 


Sbyll 

a* H 

4 a 

41 11 
*i U 

5 It 

s H 

H M 

SI 2 

ei » 

• 4i 

s * 

T Si 
7 Bi 

3 i 

Hi 1 
9 7 

10 fl 
14 S 


-■as 

IT 

3-» 
S-B4 

4-BG 
10-M 

13-a 


T' 

10 'TB 

lO-i 

13-7-1 
9-5 

M 


5-8 
10 

10-S 
Bi 

e-2 



r» .......... ^ 


.Messrs. Dorman, Long, and Co., of Middlesbrough and V 

London. ■ 
in concluding this discussion on the strength of struts, a H 

but no attempt has been made to give any of the constant 1 
quantities relating thereto on account of the great diversity 1 
of relative dimensions. Section K, fig. 47, is composed of a 1 
pair of channel irons riveted back to back, with the rivets 1 
arranged zigzag. For small sections, a single row of rivets 


Dimensions of Tee Iron and Angle Iron in General 
Use. 


1 


TruinenB 
dtmeniloni. 


TbleknWB. 


issz 


Thlcknn. 


6 by S 


.«d( 


S by I 


i... 


B 2* 




a ( 




■ . . 




31 a) 




W '> » 


.'. 


s .s 


i II 


n 3i 




2J 3J 




3i 3 




51 n 


* ' 1 


1 u 

1 




n 15 

li u 
11 u 








1 1 


,\ 1 


■ u > 


1 A 






ij u 


f, f. 
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i 






I 



APPLIED TO STRUCTURAL DESIGN. 



109 



Biilb angles. 


Round-backtid angles. 


8 by 8 




4 by 4 


-3 to} 


n 8 1 




4 3 


iV J 


7 3 \ 


A to H 


SJ Sh 


i i 


&h 3 1 


• 


3 3 


A 8 


6 Si ^ 




2} 2| 


tV t\ 


6 3 1 
5J 3 ) 


ftol 


2i 2i 


i 8 



Ohannel Iron. 



18 


by 3i by ^B 


to fi 


C by 33 by J lo 


§ 


10 


4 


i^» 




6 


2i 


IV 


A 


10 


3 


i 




6 


2i 


/» 


i 


' * 


3 


i 




6i 


21 


i 


fV 


8 


3i 


^ 


1 


4J 


2 


s 


A 


73 


3} 


t'i. 


s 


4 


3 


i 




7 


3i 


h 


1 


3i 


u 


1 




7 


3 


h 













is quite sufficient. Section X is formed of a pair of tee 
irons riveted back to back, but the back is twice as wide as 
the leg is long. The third section N in the same figure is of 
the ordinary plate-girder form, the centraj connection being 
made of a double tee rolled joist ; while the last section P 
is a special form of the American Bridge Company's manu- 
facture. Prof essor Fiddler gives 2*4 as the average value of 
k for this latter section. 4^he object is to make the radius 
of gyration as great as possible with the plate-girder form 
of construction. Fig. 48 shows two forms of the box type, 
of which the section Q is made up of a pair of channel irons- 
connected together by sv paii* of plates. In section S the 
channel irons are replaced by a coiiple of web plates and 
four angle irons. The section fig. 49 is generally used 
1irhei^6 flexui«,^ilL probably' take place in; a vertical direction 
i^h^n' the^ strUt ;s sitiaatie^ a^ shown. jThe central double 
tee^'l^iebe ^tiflehs^ the' stru^ ^nerally, and especially the twc 



r 



boom plates. It is 

1 up entirely by hydra 
shown at C, fig. 50, la known as the Ph<£ 
of AmeriL-an origin, and shows great strength ii 




with transverse dimensions. It is formed of a number of 
sections of mild steel or wrought iron riveted together, the 
number being either four, six, or eight according to the size 
of strut. In the figure the flanges are much larger in 
proportion to the annular body than is found in practice. 

I m 

Frn. «. 

A similar sort of strut, section D, is made from a set of 
Lindsay's troughs riveted together. These troDgba are 
largely used in the construction of the floors of railway 
bridges. In tig. 51 is shown an economical form of stnit, 
consisting of a pair af channel irons connected with diagonal 



bracing. It is to be very frequently met with in bridge 
work or other structures much exposed to atmospheric 




infinences. The open work allows of a coat of paint Leing 
easily applied to both the inside and out^ 



CHAPTER X. 
Examples of Steuts and Columns. 

Example 1.— A movable gentry crane in a machine or 
erecting ehop runs upon a ra^e supported \iy a. number of 
hollow round ca8t-iron pillars. The race consists of a pair 
of rails placed upon two continuous girders, to which the 
columns are attached by bolts, the two ends of each 
column terminating in flanges. The weight of race 
supported by each column is 2 tons, the weight of gantry is 
6 tons, and the maximum weight to be lifted by the gantry 
iB 30 tons. The length of each column is 20 ft. Wiiat is the 
diameter of the column 1 

In hollow columns, it is usual to make the thickness of 
metal about one-tenth of the outer diameter. Let D be the 
outer diameter, and d the inner diameter. The seotionai 
area of metal is then 



t(D^ 



d^) square inches. 



Putting in '8 D for d, the area is given by the expression 
■09a D^. Using the previous notation where ji is the radius 
of gyration of the section, 

«P = D. 

The previouH table of values of « gives SI as its value 
for holfow cylinders whose thickness of metal is one-tenth 
of the outer diameter. 

Also A, the area of cross -section, = /rp' ; therefore 



Then, asBumiug 6 tons per square inch as the working 
stress of cast iron, and obtaining the value of the constants 
from page 78, the several quantities may bo substituted iu 
ecj\iation (7G). 



r 
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The load W = half the littecl weigbt + half the weight 
of gantry + the portion of race anpported by each pillar 
:= 15 + 3 + 2 ^ 20 tODs. The sectional area is measared' 
in square inohes ; hence the length of pillar must be 
measured in inches. Each pillar is rigidly attached to the 
CODtinaaas girder at its upper end, and to the foundation 
Btone at its lover end. At the same time it is generally 
attached (in an erecting shop) at its apper end to the pillar 
supporting the roof, so that it is very similar to a strut 
fixed at both ends ; but as this cannot be relied upon, we 
may asaucae one end to be lixed. Then we find after 
eubstitutiug in the above-mentioned equation that 



- 13 Bq. iDB., and D = 
= ^ = i" nearly. 
;iECTlON 



= 1" nearly, and thick- 



CLCVATION 




The above value of D is that at its middle section. 

Pjllars are sometimes made slightly taper for the sake of 
appearance. If this is done, the diameter at the bottom 
mUE-t be increased slightly, while that at the top must be 
slightly decreased, leaving the diameter in the middle thfl 
same as obtained above. 

Ekaii1'i.b 2.— a water tank is 5 ft. deep, 10 ft. wide, and 
20 ft. toBg. It is supported by six cast-iron colamos, each 
30 ft. long (three on each side). The weight of metal m 
the tank and bearing girders is 7 tons. The tank reata 
upon a cumber of cross girders, which are supported by a 
pair of girders whose length is the same as that of the tank. 
What is the diameter of the columns ? 

The colnmnH are assumed to have flanges at their es- 
tremitiea, which are secured to their attachments by bolts. 
The oolumiiB would probably give way b; a. twodxa^ <vi^ A 



r 
I 



114 

their upper extremitiies, acoompanied by a. horizontal dis- 
placement, as shown in fig. 52 at A B. At the extremities 
the axis must be vertical, because the flanges are seantely 
bolted to the foandatioD iu the one case and the longitndtnal 
girder in the other. It is evident from the figure that tho 
pillar A B is halt the pillar A C, which represents one with 
ends Jixed and maintained in thu same vertical line. The 
reaolt in that a column Huch as A B will bear the same load 
as another colnmn A C of double the length, with its ends 
fixed. But a column which will bear the same load as 
another twice its length, with ends fixed, is a column with 
round ends (see fig, 33i ; hence the column A B is of the 
same strength as a column of the same length with its ends 



Fia. 6E. 

The thickness of metal will bo assumed to he one-tenth 
of the oater diameter, as in the previous example, and the 
constants taken from the tables, page 78, while 6 tons per 
square inch may be taken as the working stress. 

The value of i is 2'7, as in last example, when the thickness 
is one-tenth the outer diameter, and W is the load on one 
pillar. The weight of water contained in the tank when 



tuU 



. 20 > 



10 ; 



; 621 , 



'2240 
Total load uniformly distributed over the two longitudinal 
girders := 38 -1- 7 = 85 tons, or 17i tons on each girder. 
Now, if the upper ends of the girders are maintained at the 
same level, and the girder assumed to be straight and of 
uniform section, as a rolled joist would be, then the amount 
of Joad sastained by each of the outside pillars is three- 



aixteenths of tlie load upon the girder,* the intermediate 
column supporting five-eighths of the girder load. The load 
oil each of the outside piUara would then be about 3i tona, 
whilp that on the centre pillar would be a little under 11 
tons. It would be on exceedingly difficult practical task to 



Hr~~ 






m/_r_Nn 



BO align the colninnB that each would just BQstain the Icftd 
allotted to it, and at the same time it would be equally Kt 
difficult to arrange them bo that they should not sustain 
more than their allotted load ; for, ehonld the centre column 
project, however slightly, above the line joining the three 

■ Tha dinsotion at Ihe centre of s. girder, eupportad at etiub end and 
untlormly loaded, isttlveo in equation (.^las 
_5 WP 
331 BI' 
The defieotloa of the Bame^rder due to an upward ooncentralcd load P 
at its centre ia, by equation (H). 

8 P£' 
3M EI' 

rder at tbe same time, the deflao- 
le individual loads ; or, 

» A ^^Jl - s PI' 

3S4 El 381 EI 
But If the three praps are on the sama level, then thia deAectlon ia zero, 
and honoa— 

6 W - 8 P = 0, 
or, P. the csntral load. " I W, 

IT prapHBupport thFOfl-Btxteenthsor Um 
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e than fiire-eighths 
, md, should it not quite reach that alti- 
Lude, it would not support so much as tive-eightha. Again, 
should the columns be properly aligned, and the bearing 
surface of the girder be not quite plane, the figures aiven as 
representing the fraction of load sustained hy eaca pillar 
will be inaccurate. 

It is, therefore, quite necessary to design the centre 
column to sustain at least five-eighths of the girder load. 
Now, in many cases it is cheaper to make the end pillars of 
the same dimensions as the middle one, although by so doing 
they will be inordinately strong ; but the amount of load 
supported by each will be thereby more nearly equalised. 
This is easily seen, thus : If the conditions are the ideal ones 
suggested above, the area of cross-section is roughly propor- 
tional to the load supported, other circumstances being the 
same ; and, as the lengths are equal throughout, each of 
the (elastic) pillars will be compressed through the same 
amount — or, in other words, the total strain of each pillar 
will be the same, and if the ends were in a straight line 
before the load were applied, they would remain" in u 
stiaight line after the load were applied, and, therefore, the 
imposition of the load would not in any way vitiate the 
conditions of the problem. But if all three pillars were of 
the same dimensions as the middle one, and perfectly aligned 
before the imposition of the load, the sniatler load upon the 
greater area of the outer pillars would produce in them a 
total strain less than that of the outer pillars in the previous 
case of different dimensions ; and the final level of the outer 
pillars being then above that of the middle one, the former 
would sustain more of the whole load than when the centre 
pillar (of greater dimensions than the outer pillars) was in 
pi^rfect alignment after the imposition of the load. This at 
once suggests the following problem : Given that all the 
pillars are of the same dimensions, and sustain the same 
fraction of the load, What must be the difference between 
the altitude of the outer and middle pillars 1 As the load is 
the same on* each, and as all are of the same dimensions, 
each will be strained through the same distance, and the 
relative heights of the ends will remain the same both after 
and before the imposition of the load, and, consequently, 
the conditions will remain constant. 

Let R,, Rj, and Ej be the three equal reactions (fig, 52), 
And let P be the total load on the three columns -then, if the 
centre column be supposed to be removed, HEK will be 



fthe load P being uniformly distributed [aee equation (33)], 
Now assnme the load P is removed, and a single upwiird 
force applied at the centre of magnitude equal to R^. The 
i^orresponding deflection at the centre C F is given by 



the deflection carve, and the maximum deflection at thn 
centre will be C E, given by the expression — 

' 384 E 1' 



UE = 



C F - ^It ^r- fSee equation (l 



y the downward distributed load P and the upward 

concentrated load IC^ are both applied simultaneoualj, the 
reaulting deflection must be the sum of the deflections due 
to both loads separately ; and remembering that the loads 
act in opposite directions, and consequently the deflectiona 
occur in opposite directions, the sum of the defli'ctions 
must be CE + (~ C F), which is CD in the figure. Hence, 

CD-CE-CF.3|j|^'-JjK.f. 

But III - Ra - Ka and P = Ri + it, + E, j 
then, substituting for R^ in the above equation, 

334EI V Z) 1152 EI' 



Uo2 E 1 
below the level of the two end pillars, so that the load 
sustAined by each nillar will be the same. Of course, it is 
as difficult to exactly locate the central pillar end, wherever 
it is suggested to fix it ; and, therefore, it is just as difficult 
to so arrange the pillars that they all sustain the same load, 
as it is to fix them so that the centre one sustains five- 
pighths of the girder load. In each of the cases considered 
the longitudinal girder has been assumed to be iupporttd by 
the end pillars, and not rigidly attached to them, as the 
prohlem suggests. If we go a step further, and rigidly 
uttach the girder to the outer posts, then it is clear that any 
deflection of the girder also uends the outer posts. The 
resistance of the outer posts to bending will relieve the 
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e post of some of its load, aad, in couBequence, tbc 
tbree loads apou tha pillars beoome still more nearly 
equalised. Tbc exa:;t Bolutioii of tbe problem, t&king evor; 
thing into consider at ion, is estremely long and tediouB, aail 
altogether out of tbe province of mxah a work as the present 
one. The above cases have been i;:troduoed for the sake of 
showing bow different conditions affect the final resnlt. 

It is general in practice to make all tbe pillars of tho 
same dimensions, and to arrange thum as nearly as possible 
on tbe same level; it is then pretty certain that the centre 
column does not support more than five-eighths of tbe total 
girder load, and consequently tho outer columns also will 
not support more thau five-eighths of the load. 

Maximum load on any column equals five. eighths of 171 
tons, say II tons := W in equation (73). Then, after 
Eubstituting, we obtain A = ISB square inohes. 

But A = -09 T D", and therefore D = 8J in. 

With long columns, such as those in the above problem, it 
is cuBtom.ary to braoe them together at their centres. 

ExAMPLB B. — A maximum load of 2 tons is to be lifted 
by a hydraulic lift through a masimum distance of 15 ft. 
Tbe weight of cradle and ram is, say, not more than IJ ton. 
What is tlie diameter of the solid wrought. iron ram ? 

The cradle slides loosely between guides, so that the upper 
end of the tarn ia guided in a vortical line, but is not 
Jixed, The lower end passes through a stuffing box, 
which is not sufSoiently stifi to constitnte a fixed 
support. We may, therefore, considor the ram to have round 

Here it will be advisable to limit tho working stress to 
5 tons per square inoh. Ini^erting tbo several values in 
equation (73) we obtain : 

A ^ 4 square inohes, 
■nd, consequently, d ^ 2'3 in. 

Example 4.— The jib of a crane is required to sustain a 
direct thrust of 13 tons. The material is pine, and the 
length from centre to centre of pins is 18 ft. What is the 
diameter of the jib at the centre? 

Tbe safe stress permissible is about two-thirds of a ton 
per square inch; the strut has round ends, and h ^= 12'6, as 

in the previous example, and c = — — - 
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Then, after snbatituting in equation (73), we find that 
A ^= 107 square incbcs, and D, the diameter of Jib at centre, 
= 12 in. approximately. Care mnst be exercised in selecting 
a piece of timber so that, after being espoaed to tbe weather 
and wear and tear for a few years, it will not appreciably 
warp. To provide against snoh contingenoiea, thi diameter 
may be slightly increased. 

As it is uanocessary to make tbe diameter at tbe ends so 
large as that at the centre, wooden struts aire generally 
tapered both ways from the centre, the most effi-oiunt form 
being a curve of sines. This will be dealt with in detail in 
the next example. 

Example 5.— Tl;e maximom load that can come upon one 
ol the uprights of a shear leg? is QQ tons, and its length is 
90 ft. It is made of mild steel plates, butting end to end, 
riveted together by means of cover strips. To find the 
diameter of the upright at its middle- sect ion ; 

The ends are round, and hence c = . . - . The thickness 
7800 
will be small compared with the diameter, and therefore 
the sectional area will be 2 ir r < square inches, without a 
sensible error, when r is the radius of the shell and ( the 
thickness. But if p is the radius of gyration of the section, 



To get p in terms of r we proceed as follows : The moment 
of inertia ![ of the section aboat M N (tig. 53) as axis + the 
moment of inertia I^ about P Q as axis = the moment of 
inertia 1 3 of the section about an axis passing through R 
perpendicular to the plane of section. 

As Ij = Ij from the symmetry of the figure, therefore 

h 




the expression for k, we have — 
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H we I 

Miaiin. Thopl 

d are ■ac M e d hj eonsed ateipH at (be jonita. 

B mnniBiiiii of atna* eomes ^oo khe nvsta. 

n»e nuMunmiu Iwiln iiIinw miiiii the of^Msiteside to thst 
of nMX&mm coB^nHre ctrci, eqoab the uUon doe to 
bendiitg aoij - the oompieniTe afa«ss due to Ute dintA 
tood. 

Now ft = '^= -^ = 1-9 tons, 

and aa fe+fy ^/^= 8 tons per square iscb, 

^ mnflt be 8 - 1-9 ^ 6-1 tons pet square incfa, 
an^ maiiaiam tensile streaa ^fi, — fi = 4'2 tons per sqaare 

Tbia is sofficie&tly low (o allow foe iiTet holes. 

The abaenM of any bending action at the extremities 
leaves the material there under the direct croshiiig 
*tresB /c onl;. Let d — the diameter of the leg at either 
eod ; then 

W« Tdt/,.ord = Tin. 

There are practical difficulties is the way of making the 
diameter of the ends bo small, to say nothing of the sestnetic 
side of the question ; and hence the ends are not made a 
great deal smaller than the centre, but the plates may then 
he gradually reduced in thickness from the middle towards 
the ends. « The exact form of the outline is not of great 
importance. In fig. 63, H F is the centre line of the leg ; 
H O and E F are the radii at the ends, while D C is that at 
the centre. 
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If there were no such tbiog aa bondiag in the leg, thea 
G E voald be the contour ; but as there ia a bending action in 
addition to the direct crushing action, G C E ia the contour 
or, in other words, the piece G C E G is put on to reiis 
biding. But the bending moment diagram is a curve o: 
sines [aee equation (77)], and, conaequently, the moment of 
resistance diagram also ; and if the stress is to be const 
throughout the leg (the most efficient distribution __ 
material), the extra sectional area due to beading must also 
be a curve of sinea. f^ow, the area of cross-section is 
approximately proportional to the radius, and hence the 
addition to the radius beyond the quantity H G must be 
the ordinate of a curve of gines. This very Hat curve 
ctnnot be diatinguished from a parabola or the aro of a 
circle, and hence the latter may be used without error. The 
same applies to the flanges of a strut of other sections, as 
well as an anntilus. 
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CHAPTER XL 

WORKISO StRES 



1 



In all of the expressioss so far obtained to fiive the dimen- 
sions of a piece of material which will sustain the load 
allotted to it, we find the symbol /, which represents the 
stress to which the material is to be subjected. As this is 
by no means a fixed qnantity under aU circumstances, and 
as it ia a quantity whose numerical value has to be deter- 
mined by the designer (partly from known results and partly 
by the aid of his own judgment), some little space will here 
be devoted to the discussion of its relative values. 

To begin with : Suppose we take a piece of material, say 
wrought iron, and place it in a testing machine, to which is 
attached an autographic recording apparatus. Now break 
the specimen in the usual manner, tne time daring which 
the load is gradually applied being, say, from one to five 
minutes. The record of the experiment will be found on 
the paper of the autographic apparatus, an average copy of 
which is given in fig. 54, in which extensions are measured 
to the right from V, and the load is measured upwards 
from X. The first portion of the load— elongation curve 
O A — is a straight line, or so nearly straight that it is 
impoasible to detect an appreciable deviation with the scale 
of diagram there used. Tne interpretation of this portion 
of the curve is, that the extension or amount of stretch is 
proportional to the load which is stretching it. As the line 
passes through the origin 0, it can be represented by the 
equation^ 

y ^ mx, 
where y represents the load, x the extension, and m a 
constant to be determined from the figure. The tangent of 
the angle A X 1= m. Divide both sides of the above 
equation by A, the area of cross-section, and we have — 
, _ load _ w X ex tension 

, . . extension 

and strain = —^-. — ^^ -r- 

onginal length 

therefore stress = t ^ strain x length ■ ^ x strain 



But, from equation (23), 

Btreas = E . strain ; 






E - ^i = 



, tan A OX. 



12 3 J 



In this way the value of E is obtained. To determine 
the yalae of tan A O X with a fair degree of accuracy, the 
[iiechanism of the recording apparatus must be so adjusted 
as to exaggerate the extei>iiiDnB enormously, so that the 
angle AO X is not much greater than about 45 deg. The 
line O A is generally catted the elastic portion of the 
diagram, and the upper end of the straight line A 
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the limit of elasticity, beca'ise at this point the above 
simple relation of stress to strain ceases. Beyond the point 
A the extensions increase very much faster in proportion to 
the load, as indicated by the curve AEGBC. This is 
cneraily termed the semi-plastic portion of the diagram, 
[t must be evident that after the sudden break in thi^ 
i-ontinuity of the curve a' A tiie material undergoes soran 
change in its constitution. Between A and B the material 
appears to elongate fairly uniformly along its whole length ; 
but at the stage in the experiment represented by B the 
specimen begins to give way or elongate, more especially 
near some one particular cross 'Sei^tion ; at the same 
time contraction takes place very rapidly at the same 
sectiou. This contraction of area necessibaces the apooimen 



^H specimen I 

^H time coQtr 
^^L sectiou. I 



Ijuiiig relieved of some of its load, as shown by the downward 
tendency of the portion of curve B C. At C the piece 
fractures. 

The load B K is the maximum that can be applied to the 
specimen, but the Mrets at B ia not so great as ohe stregs at 
<;, on account of the contracted area of cross-section at C. 

If a number of specimens of the same material are broken 
and their load-ex tens ion diagrams compared, it will be 
found that the elastic portions of all the curves will not 
differ much from one another, except perhaps in the length 
) O A, but that in all probability the plastic 
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portions of the curves may show some variation nalea^ 
the whole of the material is very uniform throughout. 
The limit of elasticity at A it would be preferable to 
call the printiHva elastic limit, in contra -distinction to 
the hiE>her limits produced by straiaiug, acoompaoied 
by permanent elongation, commonly called let. If the 
specimen which was broken, and whose record is nivea 
in lig. 54, had been relieved of its load before fraclure 
occurred, the elastic limit would no longer be at A. 
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For esample, assniue that the who'e of the loud was ^M 

relieved after the tracing pencil had arrived at E, The H 

pencil would return along the dotted line EF, and after ^ 



I 



whole of the load had been removed the 
would be permanently longer by the quantity U D'. The 
»et which naB been produced is O F. If now the load is 
re-ajjplied, the pencil will re-trace the line F E, and after 
arriving at E will proceed along the old curve E G. The 
same sort of thing will happen if the load is removed after 
the pencil l»8 arrived at G, O H being the set after the 
removal of the load. On a re-application of the load the 
straight line H G will be retracpd, and then the remainder 
of the curve, until fracture occurs at C. It will be found 
OH measuring the diagram that E F and G H are approxi- 
mately parallel to AO, showing that ordinarily the modulus 
of elasticity E does not vary appreciably, although the 
specimen is strained beyond the elastic limit. With more 
sensitive recording apparatus it ntay be found to vary 
slightly. 

Again, if the load be removed when the tracing point 
ia at E, and then steadily re-applied several times, the 
tracer will simply move up and down the line E F ; or, in 
other words, altnough the specimen is permanently longer 
by the amount of set O F, the range of approximately 
pt^rtect elasticity has been increased, the limit being now 
at E instead of at A. The same applies to GH. The 
material in this new state is elaUicalty stronger than in 
the primitive state. 

In dealing with the testing of a specimen it has been 
assumed that the load has been steadily or gradually 
applied. Such is generally known as a dead or static load. 
The total static strength (elastic and semi-plastic) is not 
sffected by the raising of the elastic limit; but the total 
dynamic strength — i.e., the strength to resist a sudden or 
live load — is materially affected by a change in the limit, 
of elasticity accompanied by permanent set. Such a load 
possesses energy, which energy is spent in stretching the 
specimen. In the primitive state the total work required 
to he done upon the specimen to break it is represented 
by the area O A E G C N 0, (ig. oi. Att«r the piece has 
received a set O F, the energy required to fracture it is 
represented by the area F E G C N F, which is less than in 
the primitive state. Hence the peculiarity that raising the 
elastic limit by giving permanent set increases the static 
elattic strength, but decreases the total dynamic strength, 
of the same specixnen. 



The streas-straiu diagram, Hg. 54, ia similar to those 
obtained in comioercial testing, where the limit of ekuticity 
and the breaking strength only are required ; and a lara 
number of teats have to be conducted in a Kiven time. 1 
the experiment is slightly prolonKod, it will be found that 
the diagram in the region of the limit of elasticity A will 
undergo a change. The true elastic portion is now O A, fig. 
55 From A to B, the strain, though still small, increases 
more rapidly than the atres?, and is accompanied with a 
small set. At fi, a (change of constitution takea place (with, 
probably, a re -arrangement of some or all of the molecules), 
and we have a larger amount of elongation, without any 




in tnchea. 



increase in the load. Between B and D the diagram seems 
to indicat« something like a state of unstable equilibrium, 
and ia generally called the pield stage; B being the yield 

Some experimenters (Professor Kennedy among the 
number) suggest that elongation takes place during the 
yield atage at dift'erent parts of the specimen, more or less 
successively, and not simultaneously. This stage, too, 
marks the beginning of serai- plasticity, which continues up 
to the point £ of maximum statical strength ; after which 
ooiitraction takes place locally, and we have a state more 
ne^.rly ajip roach ing to perfect plasticity. If the load is 
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removed during the semi-plaatic state, and re-applied, there 
occurs a minute set, as shown at H, similar to that from A 
to B, bat the yield stage is not repeated. From tliis it 
appears that the j^ield stage occurs once only during the 
process of destruction of a bar, hut the limit of elasticity 
will always be followed by a minute set, wherever that 
limit may be situated in the diagram. 

To show the effect of time upon the seroi-plaatic sfnge, 
tig. 56 has been reproduced from that given on page !)3 of 
the eighty-seventh volume of the Proceedings of the 
Institntioa of Civil Engineers, and represents some 
experiments carried out by Professor Unwin. All the 
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specimens were cut from the same bar of Staffordshire iron. 
The curve C represents the process of destruction of u, 
specimen in the ordinary manner. The curve D represents 
a similar specimen, bnt with which a pause of four minutes 
was allo'wed after the addition of each ton of load. ThH 
curve E represents the record of another similar specimen, 
when the load was maintained constant for six minutes 
after the addition of every ton, and then completely 
removed. 

In the same volume above referred to, are details of some 
similar experiments carried out by Professor Barr on iron 
wire, in which the rate of applicatior of the load could be 
varied within almost any limits by allowing sand to flow 
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_____ , . conree, gives the rate of application 

W tfe loMd Id lig. S7 the curve A is that obtained when 
tke Mnan wan applied at the rat« of 5'4 tons per square 
{•(fc yn minat«, the cnrve B at the rate of 1^ tons per 
■qBsrv inch per niinDt«, and the carve C at the r&te of liC 
Ua per aqnare inch per uinute. In tig. 58 the cnrve A was 
flM«a6d when the stresa was applied at the rate of 11 ton 

CKIoare inch per minute, while in the zigzag curve the 
wu constant from C to D for 2j hours, from E to F for 
1 boor, and from Ci to E for m hourx. 
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The curves in figs. 5G, 57, and 58 all show that the 
duration of the experiment and the rate at which the load 
IB applied have aome influence upon the behaviour of a 
metal beyond its elastic limit, though previous to the elastic 
limit the influence is inappreciable. They also tend to 
show that beyond the limit of elasticity the metal behaves 
in a manner similar to partially plastic material, or a very 
viscous fluid. By prolonging the experiment^ it is generally 
somewhat easier to perform, and more doctilitj; is generally 
exhibited. This is the case with material in the semi- 
plastic state. 

Sir Wm. Fairbairn found that if a dead load were imposed 
on a bar equal to two-thirds of its static breaking load, the 
bar always fractured after a little time; showing the 



efiect of time npoa the strength of material to be somethiug 
very perceptible in the long run. This same effect, in a lest 
degree, was shown in ligs. 56 and 58. 

Probably this time effect forma a part of what is generally 
termed "fatigue," although imperfect elasticity and viscosity 
have no doubt a good deal to do with it Elasticians have 
not yet been able to formulate a theory upon which they 
are unanimous, or upon which even a fairly large portion of 
their number hold similar opinions, as to the nature of the 
phenomena which generally go by the name of " fatigue of 
material." Fatigue in general may be briefly described as a 
decay in strength due to use. A very suggestive and 
simple experiment for showing the effect of use upon 
material is that described by Professor Tait in his "Proper- 
ties of Matter," p. 219, in which a wire is twisted through a 
right angle to the right, and maintained there for six hours, 
then to the left through the same angle for half an hour, 
and finally bronght back to its then state of rest. Professor 
Tait then remarks : " When left to itself it turned slowly 
towards the right, gradually undoing part of the effect of 
the more recent twist, then stopped, and twisted still more 
slowly to the left, thus undoing part of the quasi-permanent 
effect of the earlier twist. The behaviour of such a wire, 
strictly speaking, is an excessively complex one, depending, 
as it were, upon its whole previous history, though, of 
course, the trace left by each stage of its treatment is less 
marked as the date of that stage is more remote." 

In the Proceedings of the Royal Society of 1865, Lord 
Kelvin describes an experiment illustrating the cumulative 
effect of fatigue, in which he maintained wires oscillating 
for some days. In making a comparison between two 
wires — one of which had oscillated some days, while the 
other had only oscillated a few times — he remarks that the 
arc of the former was reduced to one-half its original value 
in about 45 vibrations, and that of the latter reduced one- 
half in 100 vibrations ; thus showing the diminution in 
elastic recovery of the fatigued material. None of the abova 
fatigue was due to straining the wire beyond the elastic 

It is easy to imagine the result of such an action in a 
piece of material subjected to alternating stresses, such as a 
crank shaft or connecting rod, and it is not unreasonable to 
expect such a shaft or rod to give way under a load which 
does not even approach the limit of static strength. Such is 
by no means an uncommon event. 
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Sonne years ago Wohler set about investigating thn 
behaviour of material under alternating stresses, and 
although his efforts were not crowned with complete 
success, he waa able to prove experimentally that material 
BO treated could not be expected to resist destruction so 
easily as material in the primitive state. Speaking roughly, 
the result of his experiments showed that a load varying 
from zero to a maximum, and then from the maximum to 
zero, repeated a very great number of times, may be two- 
thirds of the static load and still produce the same result 
Also that a load equal to one-third of the static load, if 
allowed to fluctuate between maximum load positive and 
the same load negative, would produce like results. Ap- 
proximately, then, the relative values of a static load, a 
variable load, and an alternating load, are as I : 2 : 3. 

The chief difficulty in accepting Wohler's results as truly 
representative of material in general under the action of a 
iteadily fluctuating load ia that there exists some doubt as 
to the actual rate of application of the load. If the load 
were steadily and slowly applied and relieved, then his 
results could only be taken to represent the efl'ect of 
repetition or alternation in altering the constitution of the 
material ; but if instead during the application of the loadl 
there occurred any jerks or sudden changes in the rate, 
of application, or if kinetic energy were allowed to be 
generated by the application of the load, then the rupture' 
of material would m psrt be due to a kinetic load, and it 
would be difficult to assign to each component its share 
in causing destruction. 

Of the different formulie devised for the purpose of repre- 
senting analytically Wtihler'a results, that of Launhardt,* 
amongst continental writers, and that of Unwin, in England, 
appear to coincide most nearly with experiment. The 
latter includes every possible case of stress fluctuation, and 
until more definite experiments are carried out may be used 
to determine the breaking stress. 

Let/ = the static breaking stress — i.e,,thestressrepre- 
sented by B K, hg. 54 ; 
/mBi =" the maximum value of the fluctuating stress ; 
/uiQ = the minimum value of fluctuating stress ; 
r " the range of fluctuation = /mai - /min. 



^H Then Professor Unwin gives : 

I 
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here c is a constant whose value for wrought iron is 
I'42, and 1*06 tor steel. The value 1'5 is generally u 
the average. For a static load r is zero, aad 

For a load fluctuating between zero and fami, we find 

r =/m(ii and /mill = 'if 



approximately. These results are aenaibly the same as 
those of Wiihler, derived from his experiraeiits. The stress 
/umi ia the breaking stress with a fluctuating load, itecause/ 
has been taken as the breaking gtress with a steady load. 
If the ga/e static stress is inserted for/, then/mai represents 
the corresponding sa/e fluctuating stress. 



CHAPTER XIL 

Effect of Kiketic Load. 

"We will next proceed to consider the efl^ect of a " dynamic" — 
or, more properly, "kinetic" — load. Suppose a coraa/an.( force 
to act upon a piece of elastic material, such as a rod of iron 
or a spiral spring-, and let O D, tig. 59, represent the 
accompanying maximum elongation. Also let OC repre- 
sent the magnitude of this coiiatant force ; then the work 
done upon the material by the force in stretching it is 
represented by the area of the rectangle OCED. In the 
same manner, if D F represent the maximum tension in the 
material at the instant of maximum elongation, OFDalao 
represents the work done in stretching the material (within 
the elastic limit). Hence the area OCED equals the area 
OFD.and OC = DE = EF, or DF = 2-00, or, in other 
words, a kinetic load has at least double the value of a static 
load of the same intensity. 
Proceeding further, assume that at the instant of 
iongatioa^i.e., when the end of the rod has 
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•TTived ±t D — the constant force be reversed in direction ; 
the piub on the material when next comine to rest will be 
represented bjriOC— thus: TheareaO, Fi D, iaarea OFD 
repeated. This represents the work Hone in stretching the 
material, and hence, when relieved of the stretching force, 
will l>e given out by the material in the return stroKe. In 
addition, there is the work done by the force LD, (= OC) 
daring the whole of the reverse stroke. As the material is 
elaatic, the resilient energy + the work done by force will 
be again stored in the material at the next coming to rest, 
which will occur at G,. The total energy spent during the 
reverse stroke Di Gi — area Z + area of rectangle L Qi = Z 



■ of the 




4- Y + X. Work done in compressing the material =- area, 
of the triangle H,G,Oi = X -i-W. Hence 

X + W = Z-|-Y + X 
or W = Y + Z. 

Therefore, HiG, - H, J + JG, -LFi + JG, = D, F, + 
8LDi -2LDt + DF. -40C. 

If the force is reversed again, the pull upon the materini 
at the end of the third stroke equals 6 O C— thus : The- 
triangle H, Gi O, is repeated at Hj Gj O™, the point of no 
resilience being O^. The work done by tfie force during the 
third stroke is represented by the area V + It. The work 
done in stretching the inateriat until it next comes to rest 
is given by the triangle 0|MQ. Therefore we have — 



Work stored in material at beginning of stroke + work 
done on material during the stroke = work done in stretch- 
ing niaterial, 
or TJ + V + r. = R + T. 

and U + V = T ; 

that is, M Q = M N + N Q = M N + H, K = 2M N + Ha Gg 

- 2.0 C + Hi G, + 2.0 C + 4 6 C = 6.0 C. 

Similarly at the end of the »th repetition of the load, the 

corresponding tension or thrust in the material ia— 

2 n times the load or straining force. 

It is evident that after a very short time the stress in the 
material will become so great that rupture will occur. For 




the above state of stress to exist, the time of completion of 
a stroke must coincide with the period of vibration of the 
material itself. This does not often occur, though it is 
quite poasibla This same problem has been solved in a 
different manner by Mr. C. H. Innes, in his treatise on 
"Problems in Machine Design," page 102. 

If the altomating live road is applied, not at the 
beiiinnmg of each stroke, but after the material has returned 
to a state of rest at its position of no stress, the reaulting 
maximum stress produced is evidently double that produced 
by a static load oi the same intensity in either direction. 

Material subjected to a kinetic load, of intensity equal to 
half the static breaking load, mnst fracture after some 
number of repetitions of the load. This is easily demon- 
Btrated ; for, referring to fig. GO, the curve O F G is the 
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load elongation diagram (the inclination of OF being' 
exaggerated). The intensity of the kinetic load is 
represented by OC, and the correaponding elongation by 
E Aa the energy of the kinetic load equals the work 
done in stretching the material through E, the area 
OCDE = the area OFGE, and consequently the area 
O C F = the area F G D. After the removal of the load the 
material has a permanent set OH. The load beirg a^ain 
repeated, we have the area Hi ML N — the area H, G, KN, 
and consequently the area H[ M P = the area P Gi K L, the 
amount of elongation being Hj N measured from the 
position of first rest. The amonnt of elongation beyond the 

Srevioua elongation O E ia the horizontal distance lietween 
1 and K, and the total set after the second repetition is 
OH + H,J = Oi J. Each repetition of the load will be 
accompanied by additional permanent set ; and hence when 
the set has accumulated to an amount equal to the 
elongation OiX, corresponding to the rupture point, the 
material is on the verge of giving way if other circum- 
stances have not previously produced rupture. Here the 
load is assumed to be always of the same kind. 

It may therefore be concluded that a repeated kinetic 
load should never be so great as half the static breaking 
load, if the structure is to be maintained in tact. 

To take another case, let the material be loaded with a 
static load F„ represented by PQ, fig. 61, OQ being the 
corresponding elongation. The area O P Q represents the 
work done during elongation, Nowj suppose that the 
material in the strained condition is subjected to an 
additional kinetic load Fa of the aame kind as i\ ; the 
elongation is now increased from O Q to OB, and the 
maximum pull or thrust in the material is representRd by 
J R. Total work done by stretching forces = area O P U + 
area PSRQ + area PSVT. The total work done in 
stretching the material = area OJE. Therefore 

areaOJR = area OP Q + area TV RQ. 

And after taking away the parts common to both sides of 
the equation, we have left the 

areaJMV = the area T MP, 
and consequently 

JV = TP = VS = F,; 
'Verefore JR = 2Fs + F^, 



therefore J R represents the masirauro tenaion (or thmat, 
aa the case may be) produced in the material by the 
primitive load Fj, and the afterwards applied kinetic load 
Fa conjointly. The effective load ia F^ ^-F^ if both act in 
the saiue direction ; hut if in opposite directions, it is 
Fa - F,. Then the ratio- 
tension 2^2 ± Fi _ RJ 



If the total load is purely a dead load, Fj is zero and the 
ratio is unity ; but should the total load be wholly kinetic, 
F, ia xero and the resulting ratio is 2, a result previously 
I obtained in connection with fig, 59, Again, if the kinetic 
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ty, and in the same 
direction, then the ratio is S, and lastly, should the two 
loads act in opposite directions, and their algebraical sum 
be numerically equal to the primitive load Fi, then the 

effective load = P^ - F^ = F„ 
and hence F2 = 2r, ; 



4 



also the ratio 



2 Fa 



F, 



3. 



But although this effective load Fj - Fi produces the maxi- 
mum result in the way of destruction, it is seldom in actual 
practice that we hnd loads imposed upon structures in the 
same manner. The most common way of applying an 
alternating live load is as a simple load alternately in either 
direction, from the position of zero strain, similar to the 



preasnre on the piston of a donble-actiDg engine. In this 
wa^ the masimDm eflect of a simple alternating live load ia 
twice tliat of a dead load. 
The above reaoltB have been obtained on the asaninption 

that the material has not been etrained beyond its elastic 
limit, bnt the same applies also beyond the elastic limit, if 
the load is repeated a great number of times. This is 
obvious, for each time the elastic limit is exceeded it ia also 
raised in value, and the process may ^o on until rupture 
occurs, though, of course, the material is at the same time 
being permanently deformed to an enormous extent, far 
greater than could generally be allowed in practical con- 
Btrnction. 

The great increase in extension after the elastic limit is 
passed virtually precludes any material being strained 
beyond that limit, during the ii"^H'in{r life of the material ; 
though at the elastic limit the load is only from one-half to 
two-thirds of the maximum posaihle load. 

In his admirable treatise on " Bridge Construction," 
Professor Fidler deprecates the use of the term " fatigue," 
as applied to the deterioration of the strength of material ; 
at the same time he enthusiastically advocates the applica- 
tion of the "dynamic" theory in place of that of fatigue. 
The actual nnnibers* representing that fraction of static 
stress at which material subject to fluctuation stresses 
should fracture, as deduced from Wohler's experiments, are 
Btrikingly similar to those deduced from the dynamic 
theory, but at the same time the majority of authorities on 
strength of materials do not by any means appear to be 
convinced that fatigue does not exist. 

An attempt has here been made to point out the direction 
in which to look for guidance in determining the safe 
working stress to which any particular piece of material 
may be subjected. In general, the number of brands of 
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iron, and the liability of steel to variation by very alight 
variations in its com position, prevent any definite number 
being given as the absolute streagth of any particular metal : 
but there ia here appended a table of average values of 
strength, derived from the most recent practice. ThevalttM 
of the working stress are those when the material is well 
protected from deteriorating influences, such as ruat, corro- 
sion, pitting, 4c., and should there be a chance of any of 
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these occurring, a corresponding decrease in the working 
stress must be made. 

There are other points in connection with the working' 
stress which only experience can determine, and which are 
out of the province of such notes as these. Readers who are 

■ There in no v/el!-defined yield point ioi taeV iion, \imV ^ v™* v>" 
BQUare inch can bo UBed (ot ittut lailute. 



especially interested in this part of our subject should refer 
to the larger treatises (some of which hare been mentioned), 
but more especially to the Proceediugs of the different 
engineering inBtitutiona. 

With reference to the table here given, it mnat be clearly 
understood that the values contained therein are only 
averaae values ; and that one of the larger works on the 
strfmgth of materials must be referred to for obtaining 
information regarding the idioayncrasies of material under 
the application of Htress, For the web bracing of bridges, 
the moat economical distribution of material will be- 
obtained by finding the limits of fluctuation of stress, and 
designing accordingly, t For a full discussion of this partoE 
onr subject, the reader is referred to " A Practical Treatise 
on Bridge Construction," by T. Ciaston Fidler, M.I.C.E. 

Sir Benjamin Baker, in commenting upon the action of a 
rolling load upon the cross girders of railway bridges,* 
intimates that although the load is apparently imposed 
suddenly, experience seems to indicate that it is not of the 
class generally termed as a live load, and that the excess of 
effect above that of the ordinary dead load may be safely 
met in ordinary cases by adding 20 per ceiit to the dead-load 
value of the load, and decreasing the working stress by 20 
per cent. This is roughly equivalent to taking the value of 
the (rolling) load in such cases as about one and a half times 
its dead-load value. This is only one of many oases where 
it is necessary to carefully examine into the real nature of 
the load as far as possible. 

No reference has been made to so-called factors of safety. 
The term is to a great extent a misnomer. The mai^in 
of stress, in the above table, which is set SBido to 
counterbalance faulty workmanship, errors of judgment, 
unobservable or other sources of weakness, is in amount 
about equal to the working stress itself ; thus, the limit of 
elasticity of wrought iron is about 14 tons, and the working 
stress about 7 tons per square inch. But although in a ^reat 
many cases material put into a structure in the primitive 
state would be of little use after being strained beyond the 
elastic limit, on account of the great distortion of the 
structure, and consequent virtual failure for working 
purposes, yet the same structure thus strained does not 
approach tne limit of stTrngtk, and will not utterly collapse, 
with possible injury to lite or limh. While the vKirkiny 
factor will generally be the elastic limit of stress divided 
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by the working stress of the dead load or the dead-load 
equivalent, the factor of safety will be the limit of strength 
divided by the working stress of dead load or its equivalent* 



CHAPTER XIII. 

Roof Teusses. 

The load upon a roof truss is due to the covering, the 
principals, purlins, and rafters, and snow and wind. Taking 
the covering iirst, the following are average values which 
are found in actual practice. The numbers represent the 
weight of covering per square foot of area to be covered in. 

Slate 81b. 

Wood, lin. thick 3*5 lb. 

Lead 81b. 

Corrugated iron, 16 B.W.G. 3*5 lb. 

Stone tiles 24 

Plain pantiles 18 

Slates should not be used upon a roof if the slope is less 
than 1 in 3, as the rain then soaks between the slates. 

The average weight of common rafters is 31b. per square 
foot of surface, while the weight of a timber frame for an 
ordinary roof is about 6 lb. per square foot. 

Messrs. Johnson, Bryan, and Tumeaure give the weight 
of ironwork about a roof with iron principals and purlins- 
as — 

/ span m ee ^ ^\ ^y^ ^^^ square foot of surface covered, 

and the weight of a complete iron truss or principal as 
^ 6 Z^, where I is the length of span in feet and 6 the 
distance between trusses, the weight being in pounds. 

The width apart of trusses may be about one-fifth of the 
span, but the larger it is in general the more economical. 

The weight of snow varies greatly, according to situation 
and locality. In England it does not exceed 6 lb. per square 
foot, in mid-Europe 15 lb. per square foot, and in America 
30 lb. per square toot In England the snow and wind will 
not together strain a roof truss, because the wind blows the 
snow off, if there is any quantity. Hence it is often the 

• See Articulated Stiuclui^ft \iv \Vife k^^^ti^w. 
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practice to assame a load of 30 IK per square foot orn tbe 
whole Burface as lepresentinK tbe ntaximum efiect of the 
wind and bdow. 

•As regards the pressure of wind &loae on a sarface, its 
maximum valne is about 

~ Ik per square foot, 

where v ia the velocity in feet per second perpendicular to 
the surface. In general, tbe direction of the wind ia 
spproximatelj horizontal, and the expression moat often 
Uhed to give the pressure per square foot normal to any 
eurface is that due to Button, namely — 
P, - P(Binfl)i^™»-i 
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ads, and abscissie representing the inclina- 
of roof to the horizon in degreea 
;land the Board of Trade requires bridges 
1 an assumed wind pressure of 56 lb. per 
only under very exceptional conditions 
is ever realised, even on i-ery small 
face exposed to the action of the wind 

•Se. iccendii. 



Not only does the form of the atructure materially afl'ect 
the magnitude of tLe wind pressure, but the form and 
disposition of structures in the immediate neighbourhood 
exert B.n enormous intluenco in modifying ana sometimes 
annihilating it altogether. Home experiments recently 
carried out hy Professor Eemot in Australia show this 
in a, marked degree. A strone blast was created by t 
nn'chanically- driven fan, and the pressures on dift'oren' 
objects compared with those on a thin plate normal to th< 
direction of the current of air. The ratio of the pressure ot 
the object to that on a thin normal plate he called the 
modulus of the object. The modulus for rectangular blocks 
was the same whether the surface was normal to the 
direction of current or not, and was equal to about '8 on the 
average. Cylinders gave a modulus of about '5 when they 
were alone in the current. 

The results of experiments with model roofs showed that 
if there were vertical walls supporting the roof, the pressure 
due to the wind was considerably reduced. In the case of a 
roof whose slope was 45 deg., the presence of the walls 
reduced the pressure on roof by 80 per cent, and with a 30 
deg. slope the pressure was inappreciable. The pressure on 
lattice work was found to approach that on the complete 
surface if the interstices were small, while one girder of a 
bridge tended to shield its companion on the leeward side, 
though the amount of shielding depended upon their 
distance apart. 

Athough 30 lb, per square foot of surface is probably 
ample to allow for both wind and snow, Hutton's rule will 
be used in the first two or three examples of roof trusses 
that are worked out, using 66 IK per square foot as the 
maximum possible wind pressure. From what has been 
said above it is evident that the design of the crescent- 
shaped roof that follows the French truss will be in general 
much too heavy. This also applies to the king rod truss. 
Fresch Truss, • 

A span of 70 ft. (centre to centre of bearings) has to he 
covered by a French truss roof, and the centre tie rod must 
be at least 4 ft. 2 in. above the horizontal line joining the 
centres of the extreme joints. The truss to he made of 
wrought iron, and pin joints to be used throughout, if 
possible without inconvenience. It is required to design. 
The roof, which has to be covered with slate and wood 
sheathing, and is amply protected from wind. It rests 
upon walls. 
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The trtua is shown in skeleton form in the npper put of 
£g. S3, and one side of the same with wood and slate 
covering, and pnrlins in the lower part of the same figare. 
The fixing of the centre lines from the given data niaj be 




accompliRhed as follows: The lines of the two supxiorting 
forces A IJ and A L are set down to Home convenient scale, 
70 ft epart, with their points of application on the same 
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level. The angle of slope, 30 deg., is then set down at both 
ends, the interaection of the two bounding Hues being at 
the point of application at the force F G — that is, the vertex 
of the roof. The length of each slope is then bisected by 
the lines Z P and V W resftectively, and the intersections of 
these lines with the horizontal AS, at a heiglit of 4ft. 2 in. 
above the level of the points of application of the supporting 
forces, give the vertices of the side trusses. The remainder 
of the lines follow at once. The weight of the roof per 
■square foot of area covered by the roof is on the average- 
Slate 81b. 

Wood lining, 1 in. tliick 4 lb. 

Snow (ilb. 

Iron=?^ + 4 = 71b. 



Total 25 lb. 

The principals may be spaced 17 ft. apart, and con- 
sequently the total load upon one principal is 70 x 17 x 
25 lb. = 13 tons approximately, and the total load upon one 
side truss is 6j tons. This is divided equally between 
seven purlins, as shown in fig, 01, the purlins being placed so 
AS to divide each panel into two parts in the ratio of 2 to 1. 
In this way the extreme end joint will sustain (approxi- 
mately) one-seventh of Gj tons plus one-third of the weight 
upon the second purlin — that is, (l-l-ioff) of fij tonp, 
which equals 1"24 ton. The second joints from the top and 
bottom also sustain a like load. The middle joint sustains 
the load on one purlin, together with one-third of the load 
of the purlins on either side of it, or in all I'd ton. And, 
finally, the top joint will sustain double the amount of 
either of the extreme end joints^that is, 2'6 tons. The 
stress diagram, fig. 63, may now be drawn, and the several 
stresses scaled off and tabulated as in the table given on 
page 142. 

• In drawing the stress diagram some little difSculty may 
fee experienced by the novice in finding the point p. The 
stresses cm, am, run, nd, m, and os follow immediately 
from the previous work on stresi) diagrams, but it is at £rst 
sight impossible to locate the point p by following out the 
usual methods. The difficulty may be overcome in a number 
of ways, a couple of which may be given here, as they will 
be found advantageous in deaucing the stresses in other 
indeterminate forma. The direction of s p is known, and 

■Sea Appandii. 




m OniPHIC STATICS, 

the problem will be completely 80lvt.d, if we can fiu<? 
geometrically the point p, or if the megaitude oi e p hs 

:''rom the symmetry of the figure, p will occupy a similar 
position in the triangle ji, q, r to that of the point z in the 
triangle mzn. The point '/ is not yet found ; hence, assume 
any point q^, in e 9 produced, and through q^ draw g, Vi, 

Table of Quantities, Fbench Teuss. 
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intersecting fr in r,, this being parallel to Q R. Then 
through 9l and r^ draw gj />,, and r, ;)i parallel to Q P 
and R P respectively, intersecting in ;>,. Next select any 
other point q^, and draw the triangle ps, 75, r^. The line 
;il Pa will contain the vertices of all the triangles, p, 9, r for 
J. very possible value of t q; and hence the intersection of 
, jij with 2 r Rives the required point p, and the stress 
(jjagram may now be completed. 



r 



We niay, if we like, resolve all the forces acting at the 
point E D N Z P Q in two dirpotiona, along and pprpen- 
dicular respectively to E Q. The components powlli'l to 
E Q cannot afiect the stress in P Z, hecauae they are at right 
angles to it; therefore consider only^ the perpendicular 
ooiDponentB. By the lirst law of equilibrium the sum of 
these components must be zero. The stress in N Z is tenaUe, 
and from symmetry we should expect to find that in P Q 
tpoaile also. That it is teneile may be easily shown thus : 
Becanse PS and US are in the same straight line, there can 
be no resultant force acting at the hinge joining them in a 
direction perpendicular to eithpr of them, and consequently 
the Btreas in F Q must be of the opposite kind to that in 




Q R ; that is, P Q ia in tension. Alan the resolved pnrt of 
E F perpendicular to F fi equals the component of P Q 
parallel to Q E, plus the component of that part of the 
atresB in FvS due to the strut Q R. As PQ and RS are 
similarly situated with respect to Q R, the above two com- 
ponenta must be equal ; and cODS^quently the component 
of the stress in P Q parallel to Z P ia one-half of E P. 
The stress in N Z is Known, and therefore its component 
is known, and equals one-half the component of CD 
parallel to M N. Now, as the three components of de, 
n ;, and p q are all tending to shorten Z P, then Z P must 
be a strut, and the total stress in it must be equal to the 
u of the three components. Hence the point p is found. 
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Another way of getting over the difEealty ia by the 
" Method of Sections." Cut the truss by the line x y (shown 
dotted), and replace the right-hand portion of the structure 
by forces which will balance the stresses in the three 
membera which are cut. The portion of structure which 
remHtns is maintained in equilibrium by the forces a A, be, 
cdjde, e/,/r, r s, and s a ; and the sum of the momenta of 
these forces about any point must be zero. Take the vertex 
of the roof as the point. The moments of the forces /»■ and 
r s vanish, and the only unknown force is a s. Having 
obtained this force, the iiagram may now be completed. In 
the figure the compressive atresaea have been denoted by 
thickened lines. .This is merely a matter of choice, and 
does not affect the drawing of the diagram. 

The struts M N, Q R, and Z P may be conveniently made 
up of a pair of strips riveted together, the strips being 
separated by distance pieces. An elevation and section are 
given at P, tig. 64. If flexure takea place, it must do so in 
the plane of the truss. Let d be the width of each strip, 
and ^ the thickness of same. Then substituting in equation 
(78), remembering that the ends are round, and consequently 



-^[-vr^ 



Then nsing 7 tons for / and i^ tor 7r^S at the same t 
putting in ths load un Z P and its length Id inches for I, 



m-^)- 



If i in. strips were used, b wonld be 1, and from the 
equation we should get i^ = 2 approximately ; and making 

'6((»A-fcp' and d = np = 3-5p 
theretore bd = k , - 
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a Btnall allowance for the rivets, we may put 2^ in. aa the 
niinimum width of the strips. 

In the same way the minnuum width of thn smalier Bf.nita 
M N and Q R ia found to be about 1 in,, if the thickness is 
SBaumed to be g in. Then, if we allow for the rivets, the 
width may be t^ken as IJ in. 

Next, to find the thickness of the distance pieces. Let x 
be the distance between the strips^that is, the thietcneas of 
the distance piece at the middle of stru^^ Then the radius 
<tt gyration (of the cross- section) perpendicular to the plane 
of the truss must not be less than that in the plane of the 

In the plane of truss — 
Perpendicular to the plane of truss— 

«.,.5 

and in this form of section, perpendicular to the plane of 
truss, M = 3. Hence D = 2 approximately, where D is the 
depth of strut perpendicular to the plane of tlie truss. As 
the thickness of each strip ia h in,, the thickness of the 
distance piece must be not less thau 1 in. In the same way 
the distance piece for the smaller struts should not be leas 
than A in. thick. 

The upper member of each side truss is divided into four 
equal parts, the lower one of which (C M) ia the most heavily 
stressed. Now, C M is, when stressed, approximately p»;r- 
penclicular at its upper end to M N, and hinged at its other 
end ; consequently, it is most nearly similar to a strut with 
one end fixed and the other round. The strength of this 
kind of strut is midway between that of a strut with both 
«nds fixed and that of a strut with both ends round ; there- 
fore, c "TrAn' In a tee iron, with the leg longer than the 
cross-piece, the value of k ia about 2'5, and n ia roaghl; 
about 8. Inserting these valuet; in equation (TS) or (61), the 
area A of cross-section is about 4j square inches, Tho 
largest tee iron in Messrs. Dorman and Long's catalogue ia 
6 in. X Sin. x J in., having an area of cross-section of about 
4j square inches. 

This ma^ be used by reducing slightly the ] 
each principal— that is, by reducing the ■'--'■ ' 
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On the other hknd, & tee iron can easily be made np of a 
pair of angle irons riveted togetker. In this way the two 
Migles may be each 4^ in. x 2i in. x | in., giyinK together a 
section of 5 square inches. »'tliis arrangement will be here 
adopted. Tbe value of the bending action of the pnrlins 
siCaated lietween the joints ia exceedingly small, and the 
^inivalent Btreaa in this case wonld not amount to more 
than 3 pf.r cent of the total sCrens, and so can be neglected in 
calcniating the strength of the struts. 

Last lyj the size of the purlins have to be decided apon. 
Thi-se will be bolted to the principals, and will (though not 
necesiarily) be of such a length as to cover two bays of the 
roof. Seven purlins on each side have been suggested, and 
hence the load sustained by each purlin per bay wilt b« just 
shout X ton. and it will be evenly distributed along the 
I purlin. Let W be this wp,ight ; then the luaKtmuui beudiog 
moment at the centre will be --, where / is the distance 
between principals.* This bending moment eqaals the 
moment of resistance of the pnrlin, which equals -J . [See 

ecjuation (20)]. 

Novv, iiialcera of angle irons and joists give, in their trade 
oataloKuea, the weight per foot, the size of cross -section, and 
the safe load which can be uniiornily distributed over a 
piece of the same material 1 ft. in length. This last infor- 
mation saves much calculation in selecting any particular 
■eHion. Thus let w be the load that a joist 1 ft. in length 
will safely carry uniformly distributed ; then the maximum 
bonding mon^ent is— — - aa I is 1ft. The bending 
moment — — ;- ; hence we have^ 

From the catalogue,-^ ""^ ! 
■nd from the purlin 



ft fl 



Now, the right-hand sides of both of these equations are the 
ianin. for the stress / is the same in both ; the moment of 
tnvrtia must be the same, as the two pieLfs of niaterinl »ro 
taken from the same piece, and consequently h must bo the 
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BBme in both. Therefore the left-hand sides must be eqaal, 



1^ Hence multiply the weight OQ each purlin per bay by the 
distance between principals, and look in the trade catalogue 
for the distributee! load w = W I th«t can be safely carried 
by a piece I ft long when uniformly distributed. W / = 
I X 17 tons-feet, and the neareRt section that will sustain 
17 tons over 1ft. is the 4 x 1 j in. rolled joiat, weighing 
8 5 lb. to the foot. 

As an aid in future designs, there is appended a table 
of sizes of irregular-shaped angle irons, an ci another table 
giving the ahove-quoted dimensions and weights of rolled 
steel joists. These have been kindly furnished by Mesars, 
Corman and Long, of Middlesbrough, and will be found in 
all their trade catalogues. 
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lu addition to thfse tables there is also ^iven a table in 
which roBy be found the moment of inertia of the usual 
sections, together with the square of the radius of gyration 
ip''}t the aver»-ge value of the coefficient t. in the equation 
A = l:p\ the average value of the coefficient n in the 
equation n =■ d, and the qnotient moment of inertia 
divided by the distance of the neutral axis from the 
extreme titires, or I ■:- A. The column giving values of i 
will be found useful with equation (?!!). (See pages 152 and 
15a 5or table.) 

SSoii^e details of the several joints Axe shown in figs. 64 and 
'i be hearing shoe is shown in elevation at Q, together 
.._. ihe purlin in section. At R is shown a plan «x\d 
elevation of the joint AM N Z, tig. C)3 ; and the joint A Z PS 
1 plan and elevation at S, tig. ii4. A strut is also 
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shown at P and T, In fig. 65 ia to be foaad a^ii elevation of 
Table of Strengths of Rolled Steel Joists. 
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■mall vertical rod in for the purpose of supporting the 
raembttr AS aad preventinK it frorn sagKinK. In the upper 
part of fig. 65 IS a detail of the joint D E Q F Z N. These 
details do not, of course, belong ezclusivelf to this form of 
truss, but majr be used where convenient. 

The upper cord or principal rafter, &g. 6i^ when of great 
length, IB generally staged laterally by crosB-braoing to 




BtilTen the whole roof, though this has not been shown in th(» 
figures. Some modifications of the French truss are shown 
in fig. 6C. 

In the following table all the sections may bn used as struts, 
and hence the values of k and n are given ; while in general 
only some of the upper sections will be nsed as beams. 
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The average value of k for some other sections will be 
found to be as follows : — 

American Bridge Companjr's double tee section ^ » 2*4 
American Bridge Company's box section k ^ 1'3 






Fio. 66. 



In all of these sections the radius of gyration is approxU 
nately the same about a vertical or horizontal axi& 



^IT IB pr 
shaped 




CkESCENT OE SlCKLE-SHA 



It ia proposed to cover in a shed with a ateel-framed sickle- 
shaped roof, the span being 50 ft. from centre to centre of 
bearings; the outside coFering being corrugated iron of 
16 B-W.O. thickneHS. The shed is exposed to the action of 
the wind in either direction. The rwe of the lower chord 
must not be less than 8ft. The roof is supported on walla, 
and anchored with holdin^i-down bolts. 
Weight of prini;ipal and purlins per square foot of area 



Corrugated iron, Ifl B.W.G 3 5 lb. 

Totall5-5lb., aay IBlb. 

The principals may be spaced 10 ft. apart, thia being one- 
fifth of the span. Then tot^l loaxl per principal = 16 x 50 
X 10 = 8,000 lb. 

The depth of truss at the centre ia taken as one-aixth of 
the span, or about 8 ft., and the joints lie on the arc oE a 
circle. Then, aasumioB; seven bays nr panela in the upper 
chord, and six. in the lower one, with the bracing shown in 
tig. 67, the length of each panel in the upper chord is na 
nearly na poaaibly Oft. The panel load ia consequently 
about 1,143 lb., or 51 ton, due to the dead load only. Equal 
portions of each pinel load will be aupported at both enda, 
and consequently each load at the .iointa will bn 'oL ton, 
with the exception of the two outside loads, which will bi 
only half that amount. A^ the roof is symmetrical with 
regard to the centre line, the aupporting forces will be 
equal The linn of loads d, e, /, ic, can now be aet down, 
and the strnsa diaaram completed for the dead load. Thia 
hns been done in tig, (i7. The point e in the line of loada 
must, of course, be in the middle of the load line, as the two 
supporting forces are equal It will be noticed that the 
two end loftda do not affect the streases in the members of 
the structure. When we come to the consideration of 
oblique forces, such as wind pressures, then they do affect 
the individual members. 




per Bqoare foot, apon tbe nliove panels, obtained from fig, 60, 
or equation (8U), are 4911j., ^0 lb., and 331b. respectively. 
Thn total panel loads due to wind prcBsure are 2 lona, 
1'68 ton, and D3 ton respectively ; and after dividing them 
up Wtween their jointu and finding thf resultanis liy the 
parallelogram of forces, we have D E ^ 1 ton, E F >■ 



im ton, F O = 116 ton, and G H = "46 ton in the 
direction th^re shown. The supporting forces moat next 
be found. The line of londs d, e, f, g, k ib spt down parallel 
Mid equal to the loads D £, E F, F G, and G H, fig. 66 (in the 




atresB diagram the scale is donble of that used for the loads 
in the upper part of the diagram). The left-hand end ia 
assumed to be anchored down to the supporting stmctare. 
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whatever it might be, and the right-hand end is free to 
move horizontaliy ; consequently the direction of the re- 
action there most ue vertically upwards. In roofs of 
considerable length the free end is mounted on rollers or a 
sliding shoe, to allow free motion to accompany changes of 
temperature. 

The pole O is then taken in any convenient position on 
eithi'r side of the load line. The S«s( position tor O is in a 
horizontal line which will about bisect the vertical height 
of the line loads, and far enough away from tfan line of 
loads so that the slope of the extreme radial (dotted) lines is 
not too great, A little experience soon shows the value of 
this selection. The pole O is then jointed to each of the 
extremities of the loads (by dotted lines). Then through 
each space between the loads is drawn a line parallel to the 
corresponding radial line in the manner previously ex- 
plained with reference to tig. 18, forming in the end the 
funicular polygon shown dotted in the upper part of iig. (i6. 
Thus, starting at the left-hand end of the roof, because that 
point is the only one yet known in the line of action ot the 
reaction CD, the first dotted line is drawn through that 
point and across the space E (between the lines of action of 
D E and E F) parallel to the radial line Of, cutting the line 
of action of E F in a. Then through a. and across the space 
F draw n^ parallel to the radial line Of. Continuing this 
process, the line -y 3 cuts the right-hand reaction in S, where 
7 B is parallel to OA. Join 3 to the starting point, and 
through O draw O c parallel to it, cuttii>g c A in c. J oin d c, 
then e d and c h represent the left and right hand reactions 
due to wind pressure. Their values are about 35 tons and 
■87 ton respectively. The stress diagram may now be 
completed in the usual manner. The radial line Orf does 
not enter into the construction at all, fieeause the funicular 
polygon was started through the point of meeting of dc 
and d e. Similarly the load D E does not afiect the stresses 
in the individual members, but only comes in in connection 
with the reaction. 

If both reactions are arranged tolie in thesame direction — 
that is, parallel to one another— then the point c would lie 
in the line joining li to A ; and hd would be that direction. 
Then, if the funicular polygon be drawn afresh, after the 
reaction directions have been put in on the upper part of 
the figures, the then radial line Oe will cut dh in c, and the 
stress diagram may then be completed. This state of affairs 
just described approximates to that of both ends of roof 
fixed. In fig. 68 the stress diagram is drawn on the 
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supposition that the right-hand end of the truss is free, and 
is to double the scale to which the loads are dra\m in the 
Tipper part of the figure. 

The wind-pressure loads being now transferred from the 
left to the right, the corresponding stress diagram, Gg. 69, 
is obtained. This is again drawn to a different scale. The 
^corresponding stresses in the three diagrams are tabulated 
on page 158. 







Pig. 69.— Wind from the right. 

The fifth and sixth columns of this table have been 
obtained by adding the dead load stress, column 2, to one of 
the wind-pressure stresses, the maximum sum being placed 
in column 5, and the minimum in column 6. In the latter 
it will be noticed that nearly all of the minimum stresses 
are compressive, while many of the maximum stresses are 
tensile, thus showing that some of the members will be 
sometimes in tension and at other times in compression 
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if any of them are located in the lower chord, the chord 
must be braced laterally to maintain it in the plane of the 
truss. Now, the span of the roof is 50 ft., and the expansion 
due to fluctuation of temperature of the whole truss is not 
more than about ^^ in. on either side of its mean position, 
and consequently ft is the general practice to fix both ends 
of the truss to Ihe supporting structure, and then the 
change of kind of stress in the lower chord does not take 
place. We may then proceed to design all the members in 
the left half of the roof as if the wind blew from the left 
and the truss were fixed at the left end. The stresses in the 
right half members will be generally small compared with 
those on the left, when the wind is blowing from the left. 
In the same way the members in the right naif of the roof 
may be designed with the wind blowing from the right,, 
and the truss fixed at the right-hand end. The maximum, 
stresses in homologous members must then be the same ; 
for instance, the maximum stress in P Q is the same aa 
the maximum stress in J Z. With this assumption, the 
maximum stresses are — 



Members. 


Stress iu tons. 


Members. 


Stress in tons. 


E P and M J 


- 8*65 


C T and C W 


+ 5-65 


P and C J 


+ 7-77 


HV 


- 55 


P Q and Z J 


+ 1-08 


Q R and Y Z 


+ 1-66 or- '42 


F Q and L Z 


-8-1 •• 


R S and X Y 


+ '51 or - -1 


C R and Y 


+ 67 


S T and W X 


+ 1'76 or - -44 


G S and K X 


- 6'6 


T V and V W 


-1- 1*67 or - -4 



The last eight members in the table are sometimes in 
tension and sometimes in compression, and therefore will 
have to be designed as both struts and ties. The stress 
(varying) in these members may be taken as 8 tons per 
square inch. A verv convenient form for these members 
will be small channels, in which the average value of k [in 
equation (84)] is about 7. The sectional area of the strut 
thus obtained for a load of half a ton is about 1 square inch. 
The sectional area of a channel steel 2§ in. by 1^ in. by i in. 
is slightly more than 1 square inch ; therefore this section 
will do. It gives ample strength in tension also. The ties 
can be conveniently made of flat bars, of which C F and 
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r Using 8 tons per aquare inch as the working streas, and 
putting in the values of the other constants in equation 
(84), we obtain 4 square inches as the required sectional 
area. The T 6 in. by 3 in. by i in. will be suitable. The 
whole upper chord ma^ be made in two or three pieces, 
having bends at the joints. Perhaps the moat convenient 
form would be a rivet joint in the middle of each of the 
members G S and K X (see fig. 70). The corrugated iron 
will be bolted direct to the purlins, which may be of channel 
tie or angle section, and so spaced that the desired length of 
plate may be conveniently bolted to the purlins. 
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CHAPTER XV. 

King Hod Teuss. 

It is required to design an iron " king rod truss," of 75 ft 
span, the purlins to be of wood, and the covering to be slate, 
with wood lining. Ttie ties to be round iron rod, and pin 
joints throughout. The main rafter of each truss to be 
made of tee iron, or two angles riveted together, and the 
inclined struts to be made up of a pair of channel irons, 
riveted together, back to back. The slope of roof to be 
20 de^. 
Weights per square foot of area covered — 

Slate 81b. 

Wood lining, |in. thick 31b. 

Snow 61b. 

Truss and purlins - ^^ + 4 = 7 lb. 

Total 241b. per sq. ft. 

Distance apart of principal trusses — say 12 ft. Dead 
freight of one truss and covering 

- ^So"''— ^ ^'^' " ^y ^^ ^°'^ 

And if the truss be divided into ten panels, the panel load 
is 1 ton. Tbe skeleton of the truss is given in tig. 70, 
together with the dead-load stress diagram for one-haB the 
truss ; the stresses in the other half being the same. The 
individual stresses are collected in the following table. It 
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will be noticed that the gtress in O H and G, H^ is zero, but 
that member is still retained in the Htnictare for the sake 
of supporting the heavy tie rods S H and 3i Hi, and pre- 
venting them from sagging. The vertical memberB are ties, 
and the inclined membCTS are strnta. The stresses in these 
members are not changed bj the impoeition of the wind 
prcsatires. The left end ia assomed to be bolted down to the 
supporting Btmcture, while the right-hand end rests npoa 
r^era, or other arrangements for providing a free end. 
The seveiKl stresses may be tabuated as follow : — 



F.B,.- 
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The wind pressure from fig. 62 is about 24 lb. to the square 
foot normal to the surface. Total wind pressure on one 
rafter 

^24x12x40^^,^ 

2240 ' 

or say 1 ton per panel, where 40 ft is the lenp^h of the 
rafter. The stress diagram for wind pressure £rom either 




' Fro. 71. 

side will be found in fig. 71, the upper figure representing 
the wind from the right on free end, and the lower figure 
the wind from the left on fixQd end. The necessary funi- 
cular polygons are shown in fig. 70 (dotted), the upper one 
being in connection with the lower stress diagram, and vice 
versa. A peculiar feature in the wind stress diagrams is 
that the point h is also the points k^l^myn^ p, and ^, which 
indicates that there will be no stress in the vertical and 
diagonal members of one-half the truss due to wind pressure 
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iklone. Tbas, when the wind blows from the l*ft, there will 
be an absence of Btreaa in the right half of the bntciog, due 
to wind preware, and vice veria. Great care should be 
exercised in finding the point t, otherwise the Btresa diagram 
will not close. 

The diagonals are composed of a pair of channel irons, 
riveted back to back. From the table of valoes of k, xtM 
value for this section will be fonnd to be 9. The value of 
the constant c for wrought-iron strots with round ends 
is i^ig, and the stress allowed per square inch is 7 tons. 
Substituting in equation (T3j, we obtain the following 
results :- 



«.«.,. 


.qU... UuOlBl. 




HX^H,K, .... 


2n 


Two 


chanBila, eub nt x 1} x llucli. 


LHMdL.H, .... 


s-t 


Two 


chRB«l., B«:h Si » It X llrch. 


KP.BdN,P, ... 


fi 


Two 


Dkinul., «ch 4t X 1 X 1 imh. 


QRindQ.n, .... 


i% 


Two 


cbinnali, «<Kh 4 x 1 x j tncli. 


■ ■ 









The principal rafter may be made up of a pair of angle 
irons riveted tog<-ther in the form of a tee. A single tee 
iron will probably not be stronR enough, usiug the 
commercial sizes. The rafter cannot bend in the plane of 
the roof covering on account of the purlins being so many, 
and rigidly secured to the rafter. The value of t {from 
table) when bending takes place in the plane of the 
truss is 2 G5. Then allowing 6 tons per square inrh for the 
stress, equation (78) gives a sectional area of t>7 square 
inchen, assuming the ^nds round and the length of the 
strut t-qual to the length of one panel. There must be a 
considerable margin ot safety on this assumption, because 
the conditions in this instance do not even approauh chose 
of ruund ends. Two angles, each GJ x 3 x g, give a combined 
sectional area of 6 7^ square inches, which will be ample. 

The purlins may he of deal, spaced, say, 3ft. apart. 
Total load sustained by one purlin - 12 x 3 x (17 + 24) lb., 
uniformly distributed. The maximum bending moment in 

pound-inches due to this load ia ^ — — , which equals 



The section ia rectangular, and hence this l&ttcr 



95 = 6 li- 

If 6 = 2, d = 6'ii ; and if b = 2i, d = Gh A purlin 
6 X 2i inches will be suitabla 

A detail of a suitable shoe is given in fig. 64 in plan and 
elevation, together with a detail of one of the joints in the 
lower chord. Such a joint is very convenient to make and 
fit up. A modification of the above truss is that shown in 
fig. 72, sometimes called a queen rod tnias. The struts 
are vertical, and the tie roda are inclined in the opposite 
direction to the diagonal members in the king rod truss. 
In fig. 72, the linea representing struts have been thickened. 
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It is sometimes useful to check by arithmetical calcula- 
tion the results obtained by graphical processes ; and this, 
in many cases, can be easily done by Ritter'a "Method of 
Sections." The process consists of cutting some of the 
members of a frame and replacing the parts removed by 
the forces exerted by the removed parts upon the remaining 
parts of the structure- 

In fig. 73 the letters denote both the length and the name 
of the individual members ; and let A denote the point of 
application of the supporting force B, Also let a (9 7 denote 
the upper ends of the vertical posts, while Bttm denote the 
lower ends of the same poat«. Let the load at each joint in 
the upper chord be w. Now cut the truss by the line 
i»i m„ fig. 72 {x), and put in the forces at the several 
sections with which the removed parts acted upon those 
which are left ; and let the total atreaa in each member be 
denoted by /, wiih the letter of that member as suffix. For 
.example, the stress in the member a will bo denoted 



,e seoond law of equilibrimn— 

R X e - /, X i - 0, 
and M E = 3-ow,/, = R.-l-^ 3t. j£e_ 

TakiDg moments about A, we get — 

Taking momenta about 9, and denoting the length of the 
perpendicular from s on to a by ;>, 
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Also by taking moments about a, we get — 

/fX9'+^x^~Rx« = o; that is, 
/ B Rg - qfi ^ 3*5 we — '6 wt _^ 3 we 

Proceeding in like manner to cut the truss by the line 
m4 714, fig. 72, we obtain by taking moments about A — 

wxe + wx2e-/m x 2« = o, or/m =■ -5- » 

and by taking moments about ^, we get — 

fe X 2p + w X e - R X 2e — 0; 

that is. 



2p p 



Proceeding in this way, we obtain the following stresses 
in the several members of one-half of the stress : — 



Member. 


Btress. 


Member. 


Stress. 


Member. 


Stress. 
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It must be evident that this method is more easily applied 
to a bridge with parallel booms and open bracing. 
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CHAPTER XVI. 

VENTlbATOUB. 



Thus far no mention has been made of the action of the 
wind on vcntilatora, because, in general, a ventilator 
contains more members than are necessary for statical 
equilibrium. These extra members are called redundant 
meubers. There are two methods of dealing with '.he 
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Q tliese redundant members. The accurate method 

s to tind the stress in each of the members, by considering 
the whole of theiii together, and then applying the 
dynamical principle known as that of "least work." 
Except in the simple cases this method in exceedingly 
laborious, and, of course, would not he used in such a 
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trivinl affair as that of an ordinary ventilator. The other 
method is to cut oat the redundant memberB, and find the 
statical BtreaaeB in those that remain. This will here be 
adopted. The load on the ventilator is small, and were it 
not for gusts of wind the original framework would 
probably be ample. Bracing is then introduced to prevent 
deformation under wind pressure. The skeleton of a 
ventilator frame ia shown at a*, tig. 74, subjected to the 
dead load only. The different portions of the dead load 
are conveyed to the roof truss by the three vertical posts 
of the ventilator. The brscing may be arranged as at t/ or 
z, fig. 74 With the wind from the right the parallelogram 
forming the right half of ventilator (omitting the brace 
B] Gi} will have a tendency to be flattened out, and to 
prevent this a diagonal mmnber may be introduced, as in 
I or as in 1/ ; the former in compression, and the latter 
in tension. The magnitude and direction of the wind 
pressures are obtained by finding the wind pressures 
normal to the sloping portion of the roof and the wind 
pressure (horizontal) on the vertical side of ventilator 
G, T,, and dividing it equally between the upper and 
lower ends of the vertical post. We then have at these 
points a pair of forces which can be compounded by the 
parallelogram of forces, as shown at the jnint Ti Gj Ri S,, 
in tig. 74 (z). The resultants only are shown at y, fig. 74. 
The whole of the wind pressures from the right can be 
statically sustained by the right half of the ventilator, the 
members F G, G E, and R S not being required, and can 
therefore be omitted when considering the stresses due to 
wind from the right The stress diagram can then be 
drawn in the usual n 



CHAPTER XVII. 

Knee BEACiNn. 

Whek roof trusses are supported by columns, the eflTect 
of wind pressure on the roof covering and on the side of the 
structure is to tend to deform it, as shown by dotted lines 
at C, fig. 75. This is more especially the case when the 
columns are aesunied to be hinged or round at their ends, 
though the action is similar, but less in degree, when the 
lower ends are assumed to be rigidly fixed. To prevent 
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this d«formatiou the knee braces at D, fif{. 7^, are ioBerted. '. 
The original tmaa will act as a rigid body, and can b? 
treated as such when finding the stress in the braces. If 
the stress diagram is drawn for the dead loads only, or for 
any vertical components of loads, it will be found that no 
stress is produced in the knee braces ; consequently, it is 
only the horizontal components of the various loads which 
have any effect in straining the knee biaces. We may then 
replace the main truss by a single beam, as shown at El, 
(ig. 70. The truss may be assumed to be hinged to the 
supporting colnmns, otherwise the principle of "least 
work " must be used ; and this for the present we wish to 
avoid. The column may be assumed to be fixed at the 
lower extremity if its b^e is large, and well fastened to a 
deep and rigid foundation ; but as this condition is 
sometimes far from being satisfied, we have taken the 
aimplest cas& and the case of maximum stress, namely, 
that of round-eiided columns. At E, fig. 7(!, there is shown 




a couple of braces, but it will be seen that one alone is 
sufficient for static equilibrium by referring to the diagram 
F, where the left brace is removed, and the left column 
merely supports the left-hand end of the horizontal beam. 
A horizontal force is applied in a direction from right to 
left at the top of the column, which is resisted horizontally 



any of the horizontally imprrssed force, and that the angle 
between the cross beam and the right column has a tendency 
to increase under the action of the impressed force ; the 
increase being resisted by the knee brace. The several 
forces on the cross beam and right column are represented 
by arrows at G, fig. 76. If the impressed force acted in the 
opposite direction, the whole of the forces shown at 
would be reversed, and the knee brace would be a strut 
instead of a tie. 

Our principal object in the present investigation is to 
determine the stresses in the truss members, with the knee 
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brace introduced. To accomplish this end with greater 
clearness, the cross beam has been separated from the right- 
hand column in the diagram H, fig. 76, and the whole of 
the forces acting on each of them nave been put in, the 
stress in the knee brace having been resolved into its- 
components in the horizontal and vertical directions 
These components will be represented by fh, and j^v respec- 
tively. The column is divided by the knee-brace joint into- 
two parts whose lengths are a and /3, while the cross beam is 
divided in the same manner into the lengths and <f>. 
Considering the equilibrium of the column first, and 
denoting the horizonta,lly impressed force by A, and conse- 
quently the reaction at the foot of the column by A, then 
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Fio. 70. 



the horizontal component of the force exerted by the cross 
beam on the top of the column must be equal and opposite 
to the horizontal component of the stress m the knee brace^ 
because by the first law of equilibrium the sum of the com- 
ponents in any one direction is zero. By taking moments, 
about the upper end, we obtain from the second law of 
equilibrium 

Referring to diagram F or G, fig. 76, representing the- 
reaction of the left-hand column by E, we have, by taking 
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the resultant reaction at the braced end of beam or truss, 
will be represented by the diagonal of the rectangle, whose 
adjacent sides are fh - h (horizontal), and (vertical) the 
reaction due to dead loads tdus the vertical reaction /v - R, 
due to the horizontal load a. 

The stresses in a structure calculated as abov'e would 
actually exist if the knee braces were designed to resist 
tension only ; but, generally speaking, they are as well fitted 




Fia. 78. 



to resist compression as tension, and so make a stiffer 
structure. 

At first sight, under these conditions, it would appear that 
it would not cause great error to divide the loads equally 
between the two columns ; but upon a little consideration 
it must be manifest that this will only hold when all the 
loads are symmetrical with respect to the centre of the truss, 
and that a wind pressure on one side of the roof only will 
cause a greater reaction on the end adjacent to the wind, 
and consequently a greater stress in the knee brace. 



The method of obtaining the line of loads from which to 
draw the stress diftgram of the trnaa memljers is shown in 
fijts. 77 and 78. For the sake of convenience the wind 
pressures are assumed to be found, and the column is hinged 
at its ends, while the knee brace is in tension. The structure 
as a whole is in equilibrium under the action of the wind 

firesanres and the reactions N A and A C, lig. 77, the dead 
□ads being omitted The reactions must first tie determined. 
Set down the line of loads en. Take any pole and draw 
the funicular polygon (shown dotted in the upper part of 
iigure). The closing line being drawn, its radial companion 
O a is then put in, cutting the vertical reaction na in a. 
Then a c represents the reaction at the foot of the right- 
hand column. It will ha noticed that the funicular polygon 




was started at the point of application of this reaction, that 
being the only point which was known in its line of action.* 
The stress in the knee brace must next be found. In fig, 
78 the columns and kiieo brace have been removed and 
replaced by the forces which they exert upon the truss. Of 
these N A is known from the previous figure. The stress 
AD in the knee brace is most easily found by taking 
momenta of the forces on the column round the upper end. 
In this way the reaction A C (tig. 77), multiplied by the 
length of the column, equals the stress in the knee brsce, 
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mnltipUed by the perpend icolar diatance of the upper enc' 
of column from the knee brace. Putting in the nnmerical 
(jnantitieH, we obtain the atreas in A D, ha. 78. The line a d 
is then drawn parallel to A D from a, and of a length equal 
to that just found above. The point d is thus secnred. Joti^ 
dc, then dc is the reaction of the end of the colnms on th^ 
truss, and the line of loads is completed, so that the stress 
disftram may be drawn. 

Should the column be /i^ed at its base— i.e., aecurely 
fastened to a good foundation by holding-down bolts — the 
corresponding reactions, itc, may be approximately calcu- 
lated. Although the column may bend considerably, the 
upper end and the point of attachment of the knee brace 
Htill remain approxiniately in the same vertical line ; or, in 
other words, the deflection of these pointa will be the same. 
This ia the key to the solution. In fig, 79, let EFCD 
represent the column fixed at D. The bendine moment 
diagram (and consequently the stress diagram if tne column 
ia parallel) due to each load will be a triangle. Let Q S K 
bo the diagram due to the load at F, white H J K ia the 
diagram due to the load at E. These two loads tend to bend 
the column in opposite directions, and consequently the • 
resultant stress diagram will be formed by taking the 
difference of the ordinatea of the two triangles, 'linB is 
the same, as the vertical intercepts of the shaded portion, 
in which the intercepts of the triangle H Q G are, 
say, positive, and those of the triangle S T Q negative, 
TranMerring the shaded area by pure shear to the lower 
part of the figure is the same as plotting a new diagram on 
a horizontal line aa base. The triangle H Q G "^^Jr ^or 
convenience, be divided into the two triangles HRO and 
RQG, 

By the graphic theory of deflection (previously given), the 
deflection of the point E, measured from the tangent at D, 
equals the moment of the area of the triangle H Q G about 
HEjKu'nita the moment of tbe area of the triangle SJQ 
about H E, This is the same as— 

Moment of H R G + moment of R Q G - moment of S J Q 
abont H E, which equals 

Area H R G x the distance of its centre of gravity from U Ji 
+ areaRQGx „ „ „ 

- area SJQx ,, ,> „ „ 

Let a^ be this deflection, then 
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and if Sg be the deflection (d the point F from the 
tangent at D, then, aimilarl^, 

' 2 3 2 V 3 * / 
Sabtmcting the latter equation from the former, there 



becanse the deflection of E and 1< 
Bat from similar triangles 



"and replacing t in the above equation by its equivalent 
^^ we obtain 

2ax + 3a:= = 3 y*, 

and after anbetituting li — l^ for a, and I3 - y for x, we hnd 
Uiat 

In thtH way the point Q, and oonsMjuently the point C, is 
obtained without knowing the magnitude of the lorcea at F 
and E. This point C is a point of zero stress, and cod- 
seqnently a point of inflexion ; in other words, the portion 
E U of the column behaves exactly like a beam of that 
length supported at E and C. Then, in treating a braced 
structure with fixed columns, it is necessary to iind the 
point of inflexion C in the colamns, and treat that part of 
the column between the point of inflexion and the upper 
end as a column with round ends. 

On reference to fig. 77, it will be noticed that the truss is 
exceedingly shallow at the section where great strength ia 
required ; and this absence of depth produces excessive 
strisa in the members located in that region. Should the 
roof i>e very large, and so situated that it cannot be divided 
up into a number of smaller trusses, it is customary to use 
a form aiiiiilar to that shown in flg. SO. 

H^rv it will be noticed that the truss is deepest at the 
sectiOD where the knee bracing occurred in the previous 
roof ; conn' qiiMtitly the ntresses are more nearly uniform 
throughuut ihu truss. The roof principal here shown 
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formed of a pair of girder-shaped rafters, hinged together at 
the vertex, and resting upon hinge or cnp ahaped joints ; 
and it is evideutly well suited to accommodate itself to 
great changes of temperature. The bearings at the base are 
well bedded in good foundations, or are tied together under 




I 



the floor of the building by iron rods. The principal is in 
reality a tbree-hiuged arch, and will be included in the 
investigation of arches in general This form of roof is 
much used for very lai^e railway stations. 



CHAPTER XVIIL 

The QnADBANaoiJJt Trdsb, 

This form of truss (fig. 81) is also sometimes used for large 
spans, notably the station roof of the Central Railway of 
New Jersey, at Jersey City, U.S.A. That shown at E, in 
the figure, has "queen rod bracing, while that shown at F 
has "king rod" bracit^. In the former, the majority of the 
diagonals are struts, and in the latter, ties. If the stress 
diagram ia drawn for the two forms of bracing, it will be 
found that the stress in the braces decreases from the extreme 
ends to some section between the ends and vertex, there 
changes sign, and then increases towards the vertex. We 
shall thus have a certain number of braces in tensici'i, and 
the remainder in compression. It is often convenient to 
maintain all of one kind of bracing (say the diagonals) in 
the samn state of stress, and this luav be done by reverslnij^ 



the direction of the'diagonal bracing at &nd after the section 
where the Btrese changes sign. Thns, in form E (fig. 81), the 
two 'verticals nearest the vertex are in tensioo, the remainder 
being in compression ; and, similarly, the corresponding 
diagonals are in compression, the remainder being in tension. 
To maintain all the verticals as stmts and the diagonals as 
ties, all that is required is to reverse the direction of the 

H diagonals whose stress sign is different from those near the 

^L extremities, as shown in the left half of G. 

In some instances the two forms of bracing aro used 
together, as shown at H (fig. 81), the stresses in which are 
statically indeterminate, and can only be accurately found 
by the method of least work. An Ekssuniption often made in 
practice is that each system of bracing sustains half the load, 
and the vertical posts distribute the load equally lietween 
the two systems. 

It may be interestiog to inquire into the reason for the 
change m kind of stress in the liracing, and for that purpose 
it will be more conclusive to resort to the method of sections, 
A few panels are shown drawn to a lai^er scale in (ig. 82, in 




which B is the left-hand supporting force, and a load of ^ 



and the atreas in any member by /, with the suffis ( for th& 
top member of a panel, and the suffisea d and b for the 
diagonal and bottom mpmber of the panel respectively. 
Now cut the truas through the nth panel — in this caae the 
tifth— and snhatitute for the removed part« the rtreaaes 
eiferted hy them on the remainder of the truas. These are 
shown in the diagram. Let there be N panels in the trues 
altogether. Taking momenta about P, we get — 



f,ix d + vr.x 
or, f^d + t, 



. " 1) ■ / 






Again, taking momenta about N, 

B,(.-i)- "--y-i' ».-/., 



R = (^^').. 



2p, ' 
Subatituting this in the equation for /.,, ^ 



ip,. 



If the booms were parallel, then a would be equal to 
/'„, and d would be aome multiple of (n - 1), say r(n ~ 1), 
and the stress in the ttth diagonal would then be 



l^m + 1 -2»). 



This can never be negative, and decreases as n increaaea^ so 
that the stresses in the diagonals would be in arithueticat 
progreBHion, and would decrease from the extremities to the 
centre of the truss. But with the given truss in tig. 82, d is 
some function of (n - 1)— very nearly a simple multiple of 



I 

I 



it— and o. decreases while />, increues from the extremities 
to the centre ; hence the Btresa in the diagonals will decr^.ase 
much more rapidly from the ends to the centre of the truss 
(fig. 61) than witn parallel booms, and consequently vill 
pass through zero, and change sign somewhere between the 
ends and the centre of the truss. The same holds for the 
verticals, for 



/, = ^ f- (N 
2 L^i„ 



+ 1 - n) - (» - 2) 



which is very similar to the last equation. 

Another form <jf roof truss, in which a kind of tnee 
bracing is introdoced, is that shown in fig. 83. The lower 



IB often assumes the shape of a circle o 




ellipse. The trass is 



B especially used when t 



mUer 

of two trnsaes, as shown in the upper part of t'he tigura It 
in a light and economical form of roof when used us shown. 
Considering a single pillar, it is evident from symmetry 
that one truss acts upon its companion adjoining it, 
horizontally ; the forces being DEand K F for that shown 
on the left of the enlarged view. In i-eality the whole 
truss is made up of three different trusses. Looking at the 
view of one column and a portion of two trusses shown in 
line lines (lowest sketch), it is evident the first two panels 
on either side of the pillar form a cantilever, its extremity 
in the middle view of the figure being the hinge where the 
force H -T is applied. 
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*The three panels on either side of the vertex of the trass 
form a trass of themselves, similar to the ordinary roof 
truss. It wiir be easier to find the forces D£ and EF 
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arithmeticallj. Half the weight of the central trass will 
act at the point of application of H J, and if we denote each 
load by Wy and the horizontal distance apart by x^ while the 

• See Fi«. 88a in tk© JLwwAVx, 
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vertical dUtauce between D E and E F may be denoted by 
L we obtain, by taking moments about the lowest point of 
the roof — 

(3-& u X 2x) + («, X x) = EF X h; 

or, EF = §^ = DE 

The stress diagram may then be drawn, that for one-half 
the complete trius being shown in the luwer part of tig. 83. 



I 
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It will be noticed that there is no stress in the third 
member (from the end), which radiates from the centre of 
the curve of the lower boom ; also there is no stress in either 
of the members attached lo its lower end This portion of 
the bracing is sometimes replaced by a solid web plate. 

On examination of the stress diagram, the Urst two 
diagonals on either aide of the vertex will be found to be 
struts ; and as it is generally desirous to make the struts as 
short as possible, or to make the longest members ties, 
these diagonals should be reversed, together with the 
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'diagonal nearest to the colamns, as shown in the third view 
from the top of flg. 83. The long bracing membera are all 
tiea, and the short ones struts. A spf^inien of this sort of 
truBs may be found in the Liverpool Street Station, London. 



CHAPTER XIX. 

DotTBLB Cantilevbr Roof TRoaa. 

AhoTHKE form of truss largely used for covering the 
platforms of railway stations is that shown in &it. 84. It is 
supported at two intermediate points, wilh a considerable 
portion of the roof overhangincr thi* supporting columns. 
The truss in the figure baa N bracing, and the stress 
diagram is shown below the truss. The effect of wind on 
the truss is shown in fig. 85, the direction of the wind being 
from left to right. The stress diagram for wind pressure 
alone is given immediately below the diagram of the truss, 
the one on the left being drawn with the assumption that 
the right-hand column sustains no horizontal load ■ and the 
right-hand diagmni, with the assumption that the directions 
of the reactions of the columns are parallel to one another. 
The difference is very slight. Referring to the stress 
diagram, fig. 84, it will be noticed that the verticals are 
struts, and the diagonals are ties. The wind pressure stress 
diagram shows that the two diagonals on the right of fig- 85 
are in compression, while the verticals are in tension. 
Should the compressive stress due to wind pressure escefd 
the stress due to dead load, the diagonals must be designed 
to resist compression as well as tension. If the diagonals 
are long, it is customary to insert a second set of diagonals 
(shown with heavjr dotted lines) in the reverse direction, 
both seta being ties. The reason for this will Ke more 
apparent on reference to fig. 84. The figure W X V U 
represents a single panel with hinged joints, and, for our 
purpose, lixed at W and IT. If a force is applied at X in the 
direction of the arrow, it will tend to deform the panel into 
that shown with heavy dotted lines. The dLugonal WV 
will be stretched, and consequently in tension, while the 
diagonal U X must be in compression, if there is one there 



kt bIL But if 'Uiia diasonftl is designed as a tie^ and of a 
good length, it will bend easily before offering niiicb 
resist&Dce to compression ; and hence we may say that the 
diagonal W V is the only one that materially tends to resist 
defonnation of the pojiel. If now the force at X ia reversed, 
the diagonal U X ia the one that effectively resists 
deformation of the panel. As will be seen further on, this 
donhle bracing is more general in bridge construction than 
in that of roofs ; bat ail the same, if by any means the 
■trees in a diasonal is rcTersed in sign, a reversed diagonal 
(generally called a counter-brace) will ensure the stability of 
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the panel. The introductiora of counter bracina must, not bt- 
conionnded with the snp^rpORition of one truss npon its 
com pigmentary form ; the former is to maintain the 
stability of one or more particular pawltk whrn the stresses 
in the diagonals are reverwd (g.-n^raliy by mnans of a 
luovftble loxd), and the latter is a method of prnlucing an 
increase in strength by a moltiplicafon of parts, rather 
than by an increase in the dimensions of the individnal 
parts. It is a common occurrem-e for the cn^rent-ahaped 
truss to be constructiMi with douMe diagonal hrscine. 

N.i hard and fast rule can be laid down as to the fitness of 
any varti»;ul»r truss (or a given gp»ii, except that the arch. 



the quaclrati)tular, or the creaoent-shaped tmsa ia invariably 
need for very lai^e spans, such as terminal railway stations 
or very large public buildings. The examples that have 
been given of the different trusses are not of very large 
dimensions, or for an; very special parpose, and bence the 
deaigns have been exceedingly simple. The reader is 
referred to Mr. Bow's work on "Economics of Construction " 
for the skeleton diBgrams of an almost indefinite variety of 
roofs, and to the pages of Emjineering and the Engineer for 
the actual designs of roofs of every description. 

In the majority of examples of roof details already given, 
the joints have been arranged with pins, and the a 




■8 have all intersected in the same point, at the 
ventre of thp pin ; but it is a common occurrence in trusses 
of small span for the joints to be formed other than as 
already shown, foor varieties of which are shown in fie. 8G. 
That depicted at G must be used for small spans only, as 
induced stresses due to bending would occur in most of the 
members on screwing up the joint, if the ends are not forged 
with scrupulous care to their respective shapes. The lowest 
member is one continuous rod, stretching clear across the 
roof, and consequently cannot be made conveniently in 
great lengths. The joint at E is often used in the "king 
rod" truss, where there are a series of vertical tie rods, and 
another series of inclined struts. 
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CHAPTEB SS. 

Ubtbod or Sxcnoss. 

As we put from the truss of a roof to tb&t erf & bridge it 
it twuito call it a girder, and in general there will be two 
of them, though in railway bridges there maj; be any 
namber. When each girder has pin joints throdghont, and 
friction be neglected at the jointfi, while at the same time 
there are no redundant members — that is, tbere are onlj 
Jost enoogh members to produce statical eqailibrium— or tf 
any one meniber be removed, the Btroctore will collapse ; 
then the stresses in the several members can geDerally be 
determined by ordinary graphical methods soch as those 
previously described. 

But it is oft«n desirable to know the inflnence of any 
definite portion of a load in straining any particular 
m^ni>>er. Tbi* may be moat eaaily determined by tfafl 
application of Ritter'a "Mbthod of Sections," and as it also 
contains the elements of the theory of counter bracing, au 
«xamplo of the method will be now given. 

Take a girder made up of symmetrical N bracing, as 
>.howu in fig. 87, having sii panels, and loaded on the bottom 
boom or flange. The total load at each joint will be made 
up of the dead load due to the weight of the girder, flooring, 
and ballasting, together with the load which is put on, such 
as a body or number of bodies moving over the bridge. In 
the present instance we shall only consider the latter 
element, as the stresses due to the dead load may be added 
on afterwards, and can nearly always be found graphically. 
Another and obvious system of nomenclature is also here 
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introduced for the fint time, namelr, that of denoting each 
member bj a single letter or number situated in a small 
<nrcle aomewhere near the middle of the member. Thia is 
cosTenient when using the method of sections. In &g. 87 a 
girder has been choaen with equal panels, the width of each 
beinK denoted by b, and the depth by a ; also the perpen- 
dicular distance apart of two consecutive diagonals has been 
designated p. Let the several loads be w,, w„ <bc^ not 
necessarily equal, but situat«d at the joints ; while It and 
Q are the two supporting forces or reactions. The stress in 
any member will be denoted by /, with the sufiiK letter of 
that member; thus, the stress in a will be denoted by 




R K= 4 w, + s w, + * ws + * w. + * wj. ; 
and Q = i w, + a 10, + I Mr, + J Wi + S iwj. 

These quantities might have been put down from in- 
spection ; thus, the weight Wi is one-sixth of the span from 
K and five-sixths from Q ; hence five-sixths of tOi will be 
supported at R, and one-sixth at Q. In the some way, 
two-sixths of Wa will be aupported at Q, while four-sixths 
will be supported at B. Now apply the method of sections 
to obtain the stresses in each individual member. 

Cat the first panel on the left with a vertical line, and 
take moments about E : also denote the sum of these 
moments by Mi. From tne second law of equilibrium, we 
get— 

M, -0-/(d - R6, 
and substituting for R from above, we have— 



/.- ■ 



■ (Si 



, = =fap + R6, 



Now cut /, 0, and i by a straight line ; then — 
M, = = R 6 + .f/f. 

^' — ?"--/'■ 

Proceeding in this way, we shall liiid that — 
A = A, and/,- - ft. alao/i 
Again M. = = rf/i + 6/», 



^ J!. 



■f'<K-«-+'-+^" 



This might alfio have been obtained from inspection ; thus, 
the member I cannot transmit any of the vertical force R ; 
therefore it is left entirely to the niflraber a ; in fact, the 
vertical component of fa must be R, The member i cannot 
resist any of the vertiiii component of /n. and consequently 
it mnst be borne by the member : or in other words, 
/:, = K. 
Further, cutting the second panel with a vertical line, we 

Mr = = 2Ri - M',6 - rf/„, 

orA-^(2R-(oJ=^(t7(., + fM^ + fw>. +iw. +3 IP,), 

and Ma — = w, 6 - fhp + /; d, 

or ja =-*.(-;. ((', + : If, + -S JPj + i Wi + i Ws). 
/' 
in 
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,+iw,- \w.) 



p 
la the lame way, for the veitioolB, we Iutg— 

/. - J W. + J Wg + i W, + i W» + * U-. 

/,> = - i uii + J w. + S Wi + S Wi + -! Wj 

A = i Wl + il 16a + * W, + J If, - i Ws 
/w — i Wl + t 1*3 + s »"» + i W* + s Wi. 

&jid for the lower boom — 

A - ^(J M, + ! w, + 3 w, + i «^, + i w.) 

/- = ^(* w, + S wa + S w, + J w, + 

/» = ^(i«,. +3i^, + K<«, + Sl«^^- 
/. -A 

fi = |(i w, + J IBs + S w, + S w* + 
A = ^(^10, + i! toa + J 10., + ! W4 + 



And finally the stresses in the upper hoom members may 
be written down from those of the lower boom members aa 
previously shown. An exarainatioa of tiie above results 
shows th»t in general the stresses in the booms increase 
towards the centre, a result previously shown to be true. 
Also the stress in any member due to any particular load 
increases as the distance between the load and member 
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diminiBbeB ; or the nearer a load is to a member the greate 
will be the stress in it due to that load. And, lastly, the^ 
stress in the booms does not change in kind, as all the terms 
in each expression are of the same sign. 

Now, passing on to the diagonals, and taking any one of 
them at random, aay c, the stress in it fc contains termafiome 
of which are positive and some negative. Now, if /c is to be 
a maximum (negative), the positive terras should be as- 
small as possible, and/? will be greatest when w^ and u-^ are 
zeto. Referring to the tigure 87, and removing for tha 
moment w^ and Vj, it will be evident that the girder is- 
fully loaded on one side of the membec e. Next take the- 
diagonal b. The stress fi, is a maximum (negative) when "', 
is zero or removed from the girder, and therefore when thu 
girder is fully loaded up to that member. It is, then, 
evident that as a load passes over a bridge — a train, for 
instance — the maximum stress of one kind occnrs in than 
member when one end of the load has arrived at that- 
inember. 

Again returning to the member c, the maximum positive 
stress occurs when lOj, uj^, and m, are zero ; that is, when 
Ihey are removed from the girder. In the same way the 

w, are removed from the girder, and this will happen when 
the load moves off the bridge in the opposite direction to- 
that previously assumed. It will then be evident that if we 
L-nnsider any diagonal e, and suppose a load approaches the 
girder from the right, that the negative stress (compressive)' 
increases as the front end of the Toad approaches c, and is a 
maximum when the front end is nearest to r, that is at D. 
The stress wii! gradually change from negative to positive 
as the load passes c, and will be a maximum positive (tensile )- 
when the rear end of the load is jnat leaving c, after which 
the stress will decrease the further the rear end retreats 
from r, until it is zero as the load leaves the bridge^ 

If one load is much in excess of any of the others in the 
immediate neighbourhood, its influence may so mask that 
of the others that the above argument appears to fail, and 
ihe loads must be shifted on to the next position, and the 
stTMS in that member calculated This can be easily done 
hy merely shifting the weights rc^, ip|., &c., along to their 
next positions in order, in the expression for fc the coeffi- 
cients remaining in their present places. In this way th» 
influence of the positions of a series of weights can be seen, 
almost at a glance. 



} 
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The same bolds with the vertical members aa with the 
diagonals. The rhythm rannin); through the table of 
stressea should not be lost sight of, as it enables the 
remainder of the stresaea to be put down after a few have 
been obtained. 

We may aum up the reault of the above diacusaioi) thiia ; 
The maximum, positive, or negative stress in any member 
occurs when all the individual loads of the opposite sign are 
removed. 

It may be worth while noting that the stress in any one 
vertical may be written down from ioapeotion. Thus, take 
the vertical e. The load u'l is supported five-sixths at ft 
and one-sixth at Q. This latter one-sixth is transmitted 
from B through the diagonals and verticals to Q, and in 



BO doing it pulls e to the amount - 
pulls « to the amount S w^, and 



way Wg. 
pulla it to the amount 



O oOo OOP 



? lOj, while the S i". is also sustained by it. The one-sixth 
of Wf that is supported at R tends to compress e ; and if we 
add up all these elements, taking cognisance of signs, we 
shall have the result previously obtained. 

Applying the foregoing investigation to the case of the 
moving loads shown in hg. S8, the numbers there indicating 
the loads in tons (and for the sake of simplifying the 
problem, the distances apart of the loads have been taken 
tbe same as the distances between the joints in the girder 
flange), it is required to find the effect of the position of 
the load on the stress in the member C, fig. 87, and the 
position of the load for maximum and minimum stresses. 
The moving load only is here considered. The loads are 
assumed to approach tbe girder from the right. Let the 
front wheel arrive at D, the middle joint, then Wi and ip, 
are zero, and from the last batch of equations, we £iid^ 



/' 



"(-»« 



^+\«a. 



Inserting the raluea of tct wj, &e., iB this equation, 'im 
!et— 



A- 



= - 4S-tona. 
X the front wheel to C ; the: 
-(- 0-5x4+1 x4+^x 
= - 4i - tons. 
When the front wheel is at B, 

/, = - 5 '^ tons, 



" fr . - tons. 
/> 
Here the sign has changed from negative to positive, 
indicating that the stress hoa been altered from compregaive 
to tensila In the same way the stresses maf be calculated 
for any and every other position of the load, and the 
following results may be tabulated -.-^ 

When the front load is at Wi/c = - 2-tons. 
P 

When the front load is at D, /c = - i^t tons. 

When the front load is at C,/t = - 4^ -tons. 

When the front load ia at B,/c - - 5 -tons. 

When the front load is at A,/c =• - 2^ -tona 



r 



When the aeoood load ia at A, /i = - i - tons. 

V 

When the third load is at A, /c = - i - taaa. 

P 

When the fourth load is at A,/: = i- tona. 
I T 

I When the fifth load ia at A,/c = 2- tons. 

When the sixth load is at A,/e = § - tons. 

From this it will be seen that the largest load of !> tons 
has the predominating inflnence in producing stress in the 
member C ; the stress being a maximum as the 9 tons reats 
on the joint next before it. Aa that load proceeds from this 
position across the girder the stress in C diminishes, and 
passes through zero, at the same time changing aip;n ; then 
it increases up to a certain quantity, and finally diminishes 
again to zero as the last load leaves the girder. With the 
above considered loads, the stress varies from a maximum 

thniat of i} ~ tons, to a maximum tension of 2 ~ tons. 
P P 

It moat be evident that if there are a number of large 
loads intermixed with the smaller loads, there will be 
considerable fluctuation of atrass occurring many times as 
the loads pass rabidly over the girder, and it is not difficult 
to imagine caaea in which the fluctuations are so extremely 
rapid as to be almost instantaneous. 

Aa a load may advance towards the bridge in either 
direction, it is only necessary to oUoulate the stress in one- 
half of the memoara, the other half being similar and 
Bjm metrically placed. 

With a uniform load the calculations become rather more 
simple, and the results can be written down from inspeotian 
after a few have been obtained. 



I 
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ConSTER-BKACING. ^ 



iraces should f 



It ia now proposed to ahow where counter- braces s 
be introduced ; but perhaps it would he as well to tirat show, 
without the aid of a calculation, how it ia that the stress in 
a diagonal may change sign as the load passes over the 
bridge. In the upper part of fig. 8!>, the load is shown 
approaching the panel whose diagonal member ia E F. 
That portion of the load on the bridge is sustained by the 
reactions at the buttresaea. The left-hand reaction tends to 
displace that portion of the i^irder to the left of E F ii 




upward direction, ■while the load tenda to displace I 
remainder in a ((ownward direction. Thia action, which ia 
a shearing action, tends to distort the third panel from the 
right into the shape shown, in which E F is elongated, and 
consequently will he in tension. Now let the load proceed 
across the girder until in the position shown in the lower 
portion of fig. 80. Here the reverse action baa taken place, 
and E F has been shortened, and consequently rauat be in 
compression. Of course, the same action takes place in all 
positions of the loads, but these two positions are perhaps 
the simplest and the most self-evident. In the lower part 
of fig. 89 the contraction of EF may he prevented by 

' bee Aprendvi. 
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inaertinp; the other diagonal, shown dotted, which will be a 
tie. This latter diagonal ia called a counter-brace. The efTeot 
of the dead load in the above cue was not considered. 

Whenever the stresB in a diagonal changeB sign under the ' 
influence of both the live and dead loads together, it is 
customary to insert a counter-brace in the same panel ; 
because, in general, it is more convenient and cheaper to use 
a counter-brace than design the diagonal as a strut, and the 
weii^ht of the strncture is maintained at a minimum. 

Take a girder of the form shown in the upper part of fig. 
'M, whose uniform dead load is assumed at 1-5 tons per ' 
panel, and the live load the same as in the previous example, 
lig. 88. It is required to find how many panels should be 
counter- braced. Call the diagonals a, b, c, &c., beginning at 
the left-hand end. The live loads will move along the 
upper boom, and the dead weight of the structure may be 
aasamed to be concentrated at the joints in the upper boom 
also. There are ten panels, and, consequently, the denomi- 
nator of all the tractions in the previous equations* will be 
10. This greatly facilitates the calculation, as the decimal 
notation can he easily applied. We then have— 



/. ■ 



-CJw, 
I' 



, + -Tw 



+ -Gu 



■ -iv,.) 



•8 It, + 7 H's -H "6 w. -i- -5 M„ + -4 w, -f 
■3 w, + -2 111, + 1 w„) 
/, = - ( - -1 w;, - -2 w-5 + "7 w, + -0 w. -H -5 w, -H -4 Iff, + 
'' -3^, + ■2w, + -lu^,) 

and so on. In each of these equations, if we consider the 
dead toads first, i», := tv, ^ tv,, &c, = I'5 tons ; and the 
numerical results will be found to be as follow :— 

A = 0-75- tons; 



/t = 375 - tons ; 
fd = 2-25 - tons ; 
/i = 75 - tona 



r 
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Not consider the moving loads. By inspecting the above 
eqaations, it will be noticed that the expression which 
contains the greatest number of negative terms represents 
the stress in the diagonal nearest the centre of the span, 
viz., ft. This diagonal, then, has the greatest chance of 
having its stress changed in kind from tension to a thrust ; 
and as we move towards the extremities of the girder the 
chances of changing sign become less, on account of the 
decrease in the number of negative terms. If, then, 
the counter-bracing is to bo inserted at all, it will be moat 
reqnired in those panels near the centre of the span. 

Naming the diagonals from the left abutment to the 
centre in the same manner as before, namely, f, b, e, d, and «, 
■we must first proceed to lind the maximum stress in each 
of these members as the loads move across the girder. Let 
the loads move from right to left and face the same wav as 
in fig. 88. In the previous equation, ior/i put in the values 
of 10], TCa, Jca, assuming the front of the load to be at 
H, Q, R, and S in turn. The values found for /i will be 
respectively — 

5-3 -tons, 8-2 -tons, 7T> -tons, and 72 '■'tons. 
;. p p p 

Now assume the loads to face in the opposite direction, 
and to move on to the girder from the left towards the 
right. The stress in the member e, when the leading load 
is respectively at S, R, Q, and H, will be— 

- 2-9-*tons, - 6-3— tons, - 4 2— tons, and - 3G '*- tons. 

P P P P 

These, it will be noticed, are of a different sign to those 

obtained with the loads approaching in the opposite 

direction. 

In the same way find the maximum stress in the njemljer d. 
With the load moving in the original direction from right 
to left, and facing the same way as in fig. 88, the stress in d, 
with the leading wheel at It, will be— 

U = " (-1 X )'.'. - '2 X «... ~ Z xv^ + -0 w^ + -5 w. + '4 ip. 
P 

+ -3^, + ■2u\ + ■! w,). 
Here ifi = Mj = 1*3 = 0, and 

/ = 10 7 -tons 
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Similarly, when the leading wheel ia at S, 

U = 9-3 - tona, 
P 
and after moving through one more panel, 

fj = 2ft - tons. 

The member c, treated in the sa 

I5'2 -tons aa the maximam poeitii 



results in 

stresa, and - 1'2 ~ aa 
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The second, third, and fourth columns simply contain the 
results alread}? found. The fifth colanm contains the 
maximum positive stresses due to the dead and live loads 
together, which are obtained bj adding the nmnbers in 
column 2 to those in oolumu 3. The last column contains 
the minimum stresses due to the live and dead toads together, 
and are obtained by adding those in column 2 to those in 
column 4. This table sbotrs that at certain times the 

is strained by a tensile force of 8'9C> -- tons, and at 



other times by a compressive force of i'55 - tons ; or. 



never a strut, because the stress in it flactaates between 

IB'2 - und 3'55 - , both positiTe values. To prevent d and e 

becominpt atruta the connter-braces TH and EQ are inserted. 
(See the middle part of fig. 90.) 

It must be carefully noted that both the live and dead 
loads must be considered together in determining the panels 
to be counter-braced. Were there no dead toad, then the 
whole girder would have to be counter-bracetl ; but as the 
stress due to the dead load alone increases in the diagonals 
from the centre to the ends, there will be a diagonal some- 
where between the centre and one end, in which the dead- 
load stress is greater than the live-load negative stress, and 



I 



s R 9 



T E C F" K 

Q H G)C 




consequently this diagonal cannot be negatively stressed^ 
that is, be in compresEion — under any circumstances of live 
and dead loads toRether ; and hence no count«r-bracing will 
be required in that or succeeding panels as the end is 
approached. The counter- bracing being now introduced, it 
is evident that while each counter-brace tends to prevent 
the distortion of its panel, the original diagonal will also act 
in the same way by offering some resistance to compression. 
If the diagonal ia very long compared with its least 
transverse dimension, then it will easilv bend, and oQ'er very 
little resistance to compression, and the counter-brace will 
be the principal factor in resisting distortion of the paneL 
In general, so that there shall be no tendency to compress 
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the diagonal at all, the eye at each end ia eloiigated, giTuig 
the piu a certain amoaiit of play along the axis of the 
member. In this way it ia enaured that each diagonal can 
only act in tension. 

It is also reqniaite, after the co a at«r- braces are inserted, 
to see if they have any influence in changing the atreas ia. 
either of the remaining diagonals or vertioais. Riiferrlnit 
to the lowest pjrt of fig. fO, the counter- braces Q F and H K 
are shown dotted, and a load is shown tending to cause a 
thrust in G H and the next diagonal on the right Aa the 
negative Btreas inGH (without co a nter-h racing) is greater 
than in its next neighbour, the counter-brace Q F will 
always be pnt in if H K is there. The front load wiU he 
resisted by the vertical post underneath it, as the dia^jnal 
F J cannot act in coMpression. The thrust in J K will be 
resisted on the left by a tension in the counter-brace H K ; 
this again will be resisted by a thrnat in H F ; and farther,: 
this will be conveyed to the strut Q G by the counter-brace 
Q F. To the left of Q G a!i the diagonals will be in tension, 
and hence no change in direction of stress will occur. 




The force acting c 
liody X the ac< 
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MouGNT or In'EBTIA. 

When diacuaaing the question of the strength of beamn and 
struts, we often had oacaaion to use the term " Moment of 
inertia," and it ia now proposed to briefly explain its 
meaning, and how it ia obtained. Its value for many 
ditferent sections has already been given in the table 
dealing with the strength of struts; and the values for 
other forma can generally be found in treatises on 
mechanics or strength of materials ; notably Professor 
Kennedy's "Mechanics of Machinery," 
The original idea of the moment of inertia c 



1 a free body — the mass of the free 
aleration of the body produced by the 
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Applying tliiB to the particle in iig. 91 (left-hand side), 
moving in a circle round the centre of motion C, we have- 
Force F = mass of particle x its acceleration along the 

circumference. 
If we multiply both sides of this equation by r, the distance 
of the particle from C, we get — 

F.r. = M X linear acceleration y. r. 
But the linear acceleration = angular acceleration x r ; 

.'. F.r. = M X angular acceleration x r" ; 
or Moment of force = angular acceleration x M.?'.^ 






The last factor on the right is constant for a certain 
particle, if its distance r from the centre of rotation is 
constant, and this factor is called the moment of inertia of 
the particle. 

If we pass from a particle to a composite body, we 
consider the body to be made up of a very lan?e number of 
particles, and then the moment of inertia of the body wMl 
be the sum of the moments of inertia of all the particles of 
which the body is made up ; or, written symbolically, 

Moment of inertia — S m, /•."-. 
In the strength of materials we are principally concerned 
with a section of any particular [liece, and there comes into 
the calculations a factor very similar to the above, viz., 

where a represents a small piece of the area of the section. 
It will be at once seen that this quantity would be of the 
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same nature as the one above, if it were multiplied by a 
thickness and a density ; hence the summation in one case 
is similar to that in the other. The firat ia called the 
dynamical moment of inertia, while the other goes by the 
name of the geometrical moment of inertia. One example 
only will be given of the accurate method of finding the 
latter in the case of a rectangular section. That of all other 
forma of regolar figures is exactly similar, bat often the 
expresaiona are more complicated. In lig, (right-hand 
side) the moment of inertia of the rectangle is required 
about the axis X.X., the line P.P. being a parallel line 
through the cencre ot gravity of the section. Consider a 
very thin strip (shown shaded), distance ?/ from the ax:is 
X.X., and of width dp. Its area is b.dj/., and its 
geometrical momont of inertia abont the axis X. X.= area 
of atrip X j/- = h.d y.ii .-. 
Also moment of inertia of whole section about X X 

= S hy- dy, 

taken between limits - y^ and y<, 

(is P P coincide with X X, then 



irhere d is the depth of section ; and the moment of inertia 
■= area of section x —. 

This is the moment of inertia of the section about an axis 
through its centre of gravity, and perpendicular to the 
dimension d. 

It we write x for the distance apart of the lines P P and 
X X, then the moment of inertia about 
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= moment of inertia about an axis through the centre of 
gravity + area x square of distance apart of axis X X, and 
axis through centre of gravity. 

This is a property which is often useful for finding the 
moment of inertia about an axis parallel to another axis 
through the centre of gravity. 

In fig. 92, let the area of the small shaded element be a ; 
then its moment of inertia about K K as axis will be 



e way, its moment of inertia about G Q will be 



Ettt ay- + ax- = a (x- + i/^) = a )■^ 

which is the moment of inertia about an axis through K 

perpendicular to the plane of the paper. In the right-hand 



e of fig. 92, the lamina 



perspective with the 




above axui R It ptirpendicular to its surface, and piercing it 
at the point of intersection of the axis KK and GO. 
Aa every other element has the same property, and as the 
moment of inertia of a whole is the sum of the moments of 
inertia of its parts, we may write the following equation :— 

I^ + h = Ik 
where the suffixes denote the particular axes about which 
the momenta of inertia are reckoned. This equation enables 
the moment of inertia of the area of a circle about a 
diameter aa axis to be easily determined, when that about 
an axis perpendicular to its plane is known. 

A very near approximation to the moment of inertia 
of any plane area may be obtained about a given axil by 
splitting up the area into a number of striiia parallel to the 
above axis, and then adding up the quantities thus— 



r 



where a denotes the area of one of the atripe, and x the 
distance of its centre of gravity from the above axis. 
Generally, the moment of inertia is required about the 
centre of gravity of a section, and in that case the centre of 
gravity ia required to be found. Experimentally, it can be 
found immediately by simply hanging up the lamina by a 
piece of ootton or string, the latter being continued beyond 
the lamina, &nd holding some weight to keep it taut T- 




points in the lamina covered by the string are noted, anj 
afterwards joined. The same is repeated with some other 

{lOint of Buapension, and the intersection of the two lines 
hns found gives the centre of gravity of the section. It is 
generally much quicker to calculate the moment of inertia 
than to find it graphically ; but aa some prefer the graphical 
method, it will now be explained, 

' Let it be required to find the moment of inertia of the- 

shaded section, fig. !)3, about an axis through its centre o£ 

•See iJbo Auti6iil«. 
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gravity, which shall be perpendicular to A B. Divide up 
the shaded area into a number of narrow strips perpen- 
dicular to A B. The division lines are shown rather tine. 
Mark on the centre line A B the centre of gravity of each 
strip. This is done in the ligure by a round dot. Through 
each of those dots draw a line perpendicular to A B. These 
are shown dotted. Now, if G is the centre of gravity of the 
section, and 

are the areas of the strips respectively, beginning at the A 
end of A B ; also if 



approximately. The narrower the strips are, the more 

accurate will be the iinal result. In the figure they have 
been taken very wide, so as not to introduce many lines. 

The first operation is to find the centre of eravity G of 
the cross- section, and this is done by means of the funicular 
polygon, as explained in a previous article.*' Each of the 
spaces between the dotted horizontal lines is labelled, and 
the line of loads (areas in this case) c n drawn, where c d 
represents the area a, to some scale, say ij square inches to 
the inch, the shaded figure being drawn to a scale of, say, 
ith full size. Take any pole {preferably so that O X 



line through the intersection c, n^ of the closing lines of 
the polygon passes through O, the centre of gravity of the 
section. Now, it has been previously shown that the 
moment of the load c d about the axis through G is given 
by H X c, di— that is, by O H x the intercept cut-ofi" on 
the axis by the two lines in the funicular polygon, which 
meet in the dotted line through the centre of gravity of the 
load (strip). In the same way the moment of the second 
atrip about Q is O H x t^^ «j, and the moment of the third 
strip OH X Ci A, and so on for all the strips. 

For the sake of rendering the figure less implicated, the 
intercepts c, di, di Hi, «i /,,&&, have been repeated in the 
lower right-naud comer of the figure 
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_eQ the draaghtsmao ia used to the method. Take another 
pole Oi ; the distance Oi X,, being in the originftl diagram 
of leogths, will represent a length to a scale of --thfull 

size — that ia, the real distance O, X, is x times the number 
of inches in Oi Xj on the drawing. Complete this second 
>ole diagram, and draw a second funicular polygon (to thfi 
_eft of the shaded section), whose sides are parallel to the 
radiating lines in the second pole diagram. These sides 
produced will cut off intercepts e^ d.^, ds ^b. "tc. In the 
same way as before, the moment of Ci d, about the asia 
through G is c^ d^ x 0, X^, and the moment of n, m^ ia 
ng m^ X O, Xi. But the moment of c, t^i about axis 
through G is Cj (f 1 x r ; therefore 

Csds X Oi X, =c,d, X r,, 
Again, it has been shown above that 

c,d, X OX - C(i X r„ 

ana, after multiplying these two equations together, we get 
Cjiio X OiXi X OX = cd X f," = moment of inertia of 
upper strip about axis through O. In the same way 
dae2 X O^Xi X O X is the moment of inertia of the second 
strip, and as the moment of inertia of the whole equals thp 
sum of the moments of inertia of the parts, c^n^ x O; X, 
X O X is the moment of inertia of the whole section about 
axis through G, But in the diagram each part is drawn to 
a reduced scale, such that the quantity represented by X 
is the number of inches in X on the drawing x j/ square 
inches ; also the quantity represented by O^ Xi (being in 
the diagram of leneths) is the number of inches in Oi Xj on 
the drawing x x, the result being linear inches. Further. 
the intercept e^ n^, bein^ in the diagram of length, will 
represent the number of inches in e^ n^ on the drawing x x 
linear inches ; and the moment of inertia of the section will 
then be given by the number of inches in c^ no on the 
drawing x the number of inches in Oi X^ on the drawing 
X the number of inches in X on the drawing x j;^ y. 

The moment of inertia may for many dynamical purposes 
be easily found experlmen tally as follows : Attach the body 
rigidly to a length of wire, so that the wire produced would 
approximately pass through the centre of gravity of the 
body, and that the wire represents the axis about which the 
moment of inertia is required. Twist the wire slightly, and 
note the period of oaciUation of the body. Now attach 
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rigidly to the wire some simple form of X-ody whose moment 
of inertia is known or can be easily calcalsted. This is in 
addition to the body whoee moment of inertia is required. 
Let the moment of inertia of the unkcown boaj be 
represented by i, and that of the known body by L Now, 
the period of oscillation of a body T is connected with its 
moment of inertia I by the equation — 







T' =<=! 
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Badius or Gybatiok. 

Let the moment of inertia of a body be represented by 
M k' ; then, 



and, in the case of a: 



= 71 



This quantity P ia called the radius of gyration. In the 
case of tne recUmgle previously alluded to, we have 



CHAPTER XX in. 
Maximum Bending Moment with Moving Loads. 



^ Max 

^^F There are two problems in connection with the maximam 
^^ bending moment : one to find the maximuin Lending 
moment at every point for every position of the moving 
load ; and the other, to fiod the position of the moving load 
for maximum beading moment at any point or in any panel 
of a girder. We will begin by considering the former of 
these problem B. 

Jc has been previously shown in connection with the- 
Krsphical determination of bending moment,* that the 
bending moment at any point in a beam for any giveui 

t position of the loads was given by^the intercept cut-ofi by 
the funicalar polygon on a vertical line throuffh the point, 
in question x the Horizontal pole distance H x the scale* 
of Ipngtha X the scale of loads. Referring to fig. 04, the- 
bending moment under the load D E is given by (a x OH 
X scale of lengths x scale of loads. 

The funicular polygon for that position of the loads is 
shown in the ligure by the full lines klu/ji, while eg \a the 

(line of loads ; alsoc/ia the reaction at the left abutment, 
and gj that at the right abutment. Now, whether the loads 
move along the beam, or the beam moves nnder the loads in 
the reverse direction, the relative movement and effect is 
precisely the same. In any case the funicutnr polygon will 
always remain in company with the loads, because its 
corners nre determined by the vertical lines through the 
loads. The loads and their relative distances apart are 
quite independent of the length of the beam ; hence the load 
line will always be the same wherever the load is situated ; 
and as the pole O is selected at random, it is independent of 
the beam, and consequently the pole diagram is entirely 
independent of the position of the loads along the beam, 
except the last drawn line Oj, which determines the reactions; 
and therefore the shape of the Jower contour of the 
funicular polygon will always be the same wherever the 
loads may be situated, but the closing line kl will depend 
upon the position of the loads along the beam. 
Let the loads move along the beam from their preeent 
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iitKio siTATrua, 



nosition towarda the left. This is the same as keepiag the 
loads Btationarj, and moving the beam through tne same 
distance to the right. This has been done in the tignre for 
the sake of deameas. The verticals through the ends of the 




vm are also drawn in, cntting the polygon in Jt^ and ^i. 
e closing tine ia now k^ l^, shown dotted, and the reaotiona 

I ex and j7^. The bending moment at any point will be 
fen by the intercept cut-off by the tunicnlar polygoi 
yaulj^x OHx 80*le of lengths x scale of loads. " — 






the bflam be shifted into different positions, and a corres- 
ponding number of closini;; lines drawn, the bending 
moment may be found for all positions of the load. This 
will be moat conveniently accomplished by keeping the 
beam stationary and shitting the funicular polygon and 
loads. Under the beam, and parallel with it, draw 
J line ^2 '2 (lower part of tig. !>4), and plot y^ Zg equal 



1 



) the 



get 



as those of the funfcular polygon kj/sul. Now draw the 
funicalar polygon again for some new ])osition of the loads. 




and transfer the ordtnatea to the lower part of the figure. 
After a number of repetitions of the process, let a curve be 
drawn through the upper extremities of the ordinatea ; that 
carve will be the curve of maximum bending moment 
for all positions of the loads. To do this quickly and easily, 
draw the beam, the verticals through the ends, and the base 
line k^ U on a sheet of drawing paper. These are shown 
by heavy lines W Y Z X, fig. 95, Then draw the funicular 
polygon kysul,¥i%. 94, on a sheet of tracing paper, together 
with the vertical dotted lines through the loads and a 
horizontal line, such as the bottom line of the beam which 
is also to be found on the drawing paper. This last line is 
simply for reference, and is shown doited in fig. 95^ The 
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pnds of the polygon should be prolonged for some distance. 
Now put the tracing {raper on the drawing^ paper, so that 
the horizontal dotted line on the tracing coincides with the 
underside of beam, and the end vprticali W Y and X Z 
will cut the funicular polygon. Draw the closing line 
of the funicular polygon on the tracing, and plot the 
intercepts on the base line Y X. The polygon ia shown in 
thin lines. Now shift the tracing paper horizontally into a 
new position. The end verticals will now cut the polygon 
in two new points, and a second closing line can be drawn, 
and the ordinates plotted on Y Z, as before. This is repeated 
tor a number of positions, and a number of points are found, 
as infig. 95, reprtsenting the upper ends of the ordinates. 
Draw a curve throuah the extreme points, and this is the 
curve of maxinum bending moment. It is shown with a 
full line in fig. 04. 

P O 

R,C7^^ — ^~^R 



Via. aa. 

We will now find the position of a given set of loads to 
produce the maximum bending moment at a given point in 
the span. Let there be a single load v> situated at any 
distance x from the right-hand abutment. The bending 
moment at D, fig. (16, is Ri ;, which equals "'^ ^ If the 

weight be unity, then the bending moment is j z, which is 
the equation to the straight line C E, whose ordinate 



3 represBnted by the ordinate 
to the line K E. Tte ordinate N P gives the bending 
moment at D, caused by the load unity immediately over N ; 
and the moment at D, caused by v) in the position shown, is 
given by v> times N P. 
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I Now, if there are a series of loads on the girder, as shown 
in fig. 97, some of which are on one side of the point D and 
some on the other side, let Gi be the sum of the loads on 
the left of D^ and G2 the sum of those on the right, these 
resultants acting at the centres of gravity of the weights on 
each side, and let the figure K E C be the bending moment 
diagram at D, with unit load at any point along the girder. 
The bending moment at D due to the load G2 is 

G2 X y2> 
and that due to G^ is 

Therefore total moment at D due to all the loads together 

« M = G2 2^2 + C^l yi. 



ono . Doo oO 




Fia. 97. 

Let the loads move towards the left, through a distance 
d X ; then y^ becomes 

y2 + d 2^2, 

and y^ becomes 

Vi - d yi, 

while M becomes 

M + (^M, 
and 

M + c^M = G2 (2^2 + ^ Vi) + Oi iVx - d yy) 
and, subtracting the previous equation from this, we get 

rf M =» G J . (^ ^2 "" C^l . c? ^1. 



■.dU-Gi.—.dx 



Jf M is a mazimam, then 



and the qaantity within the bracket h 



0, and therefore 



and if Q denote the total load Oi + Oj, 

G G1 + G2 _ F C + P K , 



_ These t-wo last equations express symbolically the eondi- 
tioa that the point in question divides the loads in the same 
ratio as it divides the span ; or, if written thus — 



K C F"K F"C 
shows that the average load per foot on either side of the 
point is the same as the average load per foot on the whole 

A further problem in connection with the maximum 
bending moment is to find the position of any one of a givi>n 
number of toads, so that the bending moment uDdtr that 
load shall be the greatest possible under that load. 

In fig. 98 the loads Wm it's .... »v .... icn 
are shown on a girder of total span I. The two reactions 
are K[ and Rg, and the distance separating B, and it', is x, 
that separating v, and wg is .r,, and so on, until that 
between Wa and Kg is x,i. All the lengths except j: and 
Xn are invariable as the loads move over the briasie. The 
left reaction is obtained directly by taking moments about 
the right-hand end, thus — 

R,l = wy{xi + x^ + j:, . . . . -f J:n) 

+ ti>i (xs + Xi + x^ . . . . + x«) 

+ W3 (leg + *«+■*■•■• ■ + Xn) . . + ?(',> m. 
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irhich may be written 

Ri '^ J Fa?! Wi + X2 {wi + W2) + a?8 (^i + ^2 + ^i) 

• • • . + a?n (tl>i + t^2 • • • • + M^ ) J 

The bending moment under the weight wr is — 

Mr = Hi (x + Xi + X2 . . . . + «r-l) 

- Wi (Xi + X2 . . . . + Xr-l) 

- W2 (X2 + X^ . . . . + a?r-l) 
• . • . — Wr—1 Xr-l 
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w. w, w, w, 

O OP o 



Q 




Fio. 98. 

which can be written — 

Mr ^ Rl (x + Xi + X2 . . . . + Xr-l) 

- a?i Wj - a?2 (^i + ^2) - ^8 (^1 + ^s + Ws) 

.... - Xr-l {Wi + U^2 + W>3 . . . . + Wr-l). 

For a maximum moment under wr 



dMr 

d X 



= 0. 



Remembering that in the above equation all the terms are 
constant except the first, then 



O 



dM 
d X 



= Ri + (a? + a?i + a?, . . . . + xr-\) ^-^. 



d X 



The quantity in the brackets is the distance of the load 
jDr from the left abutmenti and which we may call 2. Also 



I 



I 



the above expression for Ri contains only one v&riable 
namely, xa, wnich increoaea as x decreaaea ; therefore 

Ji-i {■., + ... + ». .... +...)-- ^'. 

dxn I dx 

fiabititnting in above, we get 

Ri - - ('"i + wb + 'Pj . . . . + W.0 = 0, 
and ^ _ Ri I 

to, + lOg + Wj . . . . + U'» ' 

Bnt R[ contains a term (the last one) which has one factoi 
a variable, namely xn. For this substitute ita value 
I - {x + X, + x^ + x^ . . . . + ;r»-i), 
and the last equation becomes after replacing 

zhy X + x^ -^ z„ . . . . + xr^i, 

and ?p, + IBs + iTj , , , . + w« by w. 

X + x^ + X2 . . . . + Xr-^ = 

— [Xi toi + X2 (wi + Ws) + X, (IP, + w, + Wj) ... 

+ {t - (X + T, + X, . . . , X»-l)} 

{w, + Wa 4- . . . . + w, }] 

or, 2k = i - [(Xi + 37; .... 4-Xn-l) 

+ (X^ + Xi . . . . + JTr-l)] 

+ 1.[T^ wi + Xs (wi + wa) + ar^ (w, + ip^ + Wj) . . . . 

+ iCn-i (Wi + Wa . . . . + w,-i)] 
After dividing through by 2, add to each aide 

{x^ + x^ + Xj . . . . + ar-i), 
and the above becomes 

^=2" i(^i + ^s +^a . . . . +^-i) 

+ ilxi + X3 + Xi . . . . + 3;r-l) 
a(Wi + Ms + Wj . . . . + Wn) 
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The value of the first bracket in this expression is the 
total length of the loads from end to end, while the value of 
the second bracket gives the length of the loads from the 
left-hand end up to the rth individual load under which the 
bending moment is being considered. The maximum 
bending moment under the rth load is obtained by sub- 
stituting for El its value, 

in the previous equation for Mr, which gives maximum — 

Mr = ^ XiWi - a?2 (Wi + W2) . . . 

- Xr-1 (Wi -f- 2^2 • • • • + Wr-l) 

It will be noticed that Mr depends upon z and the number 
r of the individual load from the left-hand end. Also that 
in the equation for z all the terms are constant for a p^iven 
system of loads except the third. This materially f acihtate? 
calculation. As an example, let 

Wi =: 6 tons, W2 = S tons, w^ = 7 tons, 

w^ = Wi = We = 5 tons. 
Also let 

«i = i^3 = 8ft, a?2 = J?4 = 7ft., and x^ = 6ffc. ; 

while the total span of tho girder is 60 ft. Inserting these 
values in the above equation for z, and fiading the different 
values of z for maximum bending moment under the first, 
stcoad, third, and fourth loads respectively, we get — 

Zi = 21-6 ft, 22 = 25-5 ft, ^3 = 29 ft, and ^4 = 32 ft 

With th«8*^ different values of 2, the corresponding values of 
Mr are 278 foot-tons, 327 foot-tons, 359 foot-tous, and 306 
foot-touR respectively. The greatest of these maxima is 
that under the third load when that load is 29 ft from the 
left abutment. Referring to fig. 94, it will be noticed that 
the maximum bending moment curve approximates to a 
parabola, and the error will be very small if a parabola is 
drawn through the end of the ordinate 359 foot-tons, and 
through the two ends of the girder. 

This method will be found to be the quickest for deter- 
mining the maximum bendins: moment that occurs in any 



I 



■r Gi - 17'4. 



ais 

heani or girder, for generally an inspection of the probtein 
will be enough to locate it as under one of two loads or one 
of three load 4. If the number of loads be very great, and 
irregularly placed, then it may be ae caay to determine the 
loaximuDi bending moment graphically. The second method, 
namely, that of finding the poaition of the loads for a masi- 
inura moment at any point in the span, may be used to 
'■heck calculations. Thus, taking the numerical example 
just given, the position of the loads for a maximum moment 
at a section 29 ft. from the left abutment is that already 
found, namely, when the third load is over that sectton. 
For in that case 

31 _ G ^ Gj_ _ Gj_ 

60 " i 'z 2'j' 
For this to be possible the third load must be over the 
section in question, for if Wj be to the right of the section, 
Oi will he less than IT'4, and if vi^ be to the left of the 
section, O, will be gr«at«r than 17'4. 



CHAPTER XXIV. 

Desioh of Platb Girdkr. 

It is required to design a at«^l plate girder to carry o 
half a gantry crana Spin, iOtt.; maximum load lifted, 30 
tons; weight of gantry, 3 tons ; maximum deflection to be 
not more than one five-hundredth of the span, and the girder 
to be iiah-bellied- 

Lt has been previously (page 60) shown that the deflection 
of a girder can be expressed as 
c/r- 
rfE 
where / = majtimum working stress ; 
I = length of sptn ; 
d = depth of girder ; 
E ^ Young's modulus of elasticity, 

— !l,000 tons per square inch for bnilt-up wronght 

e " a constant depending on the form ot girder. 



It has been shown that if the girder is of uniform width 
and uniform strength, loaded at the centre, c = ^ ; but if 
the girder is of uniform width, depth, and strength, c = i. 

The esse in qaestion does not coincide with either of these 
cases, but is somewhere about midway between them, so 
that we may take c about '3. 

It has been shown in connection with working atresa that 
if a load come suddenly on a piece of flastic material, the 
maximum stress produced is double of that which wonld be 

firoduced if the load were applied steadiiy, or as a dead 
Dad. In the gantrjr under consideration it is probable that 
sometimes the lifting chain will slip slightly round the 
object it is lifting, and thus produce the sudden doubling of 
the dead-load stress in the chain and girders. Assuming the 
maximum permissible stress to be 9 tons per square inch 
over the net section, then the working stress would be 4i> 
tons per square inch. 

Putting tnown quantities into the above expression for 
the deflection, we get 

40 ^ ' 3 X 4-5 X 40 X 40 
500 0000 d 

and rf = 3ft. 

This is for centre of span. 

It is castomary , in designing a girder, to assume that the 
bending action is resisted wholly by the flanges, and the 
shearing action wholly by the web, and in each case the stress 
is assumed to be uniformly distribated over the section ; 
the flanges to include the angle irons, but no part of the 

The above asaumption may be shown to be approKimatfly 
*rue, thuB : Take the case we are now dealing with, fig. 'M. 
The area of parh fl-snge will be found to he, approximately, 
13"5 square inches, and the centre of gra\*ity or each flange 
is at a point about 17'5 in. from the neutral axis; hence 
moment of resistance of flanges 

= 2 X ir'5 X 13 5 X 45 = 21400 tons-inchea 
The moment of resistance of the web, assuming a thickness 
' of fin. at mid span, 

X 4& X g X 35 X 35 = 345 tons-inches. 
Hence, in this case, the moment of resistance of the flanges 
i_ „pgr sixty timea that of the web, and consequently the 
r is very slight in neglecting that of the web. 
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With regard to the Hhearing stress, to show that it may 
be assumed to be constant throughoot tmj transverse section, 
consider the stress on the end of the element E A B C D F, 
&g. 100. Its area = b . d k. Total stress over shaded end 
= f^ , b . d k . from right to left in direction. Total stress 
over opposite end = f^.b .d h. from left to right. Resultant 
of these two end stresses = (/j - f^)b .dh ia a, direction 
from right to left Let M^ and M^ be the bending moments 
at distance x^ and x^ from the left reaction ; then, from 
preriona worK [equation (29)], 



»-/; 



conseqaently resultant atress on element 

from right to left AlflO reanltant atraaa on Q M N K T G 



-/(M, 



'/' 



whenjCa - aii is very small, and equal to li a;. 
areaaTK 

_ resultant force on QMNKTG 



=/ 



GTK 

'dyi.h.k.dh 



But ~, — = shearii^ force at distance x from left reaction 

dx 
= F, say, and 



f b.h.dh. 



— moment of area M N K T about neutral axis = m, say, — 
area M N K T x distance of its centre of gravity from the 
neutral axis. 
Then, shear streaa over GTK 

Fm 
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when 6 =» T K, F = shearing force over whole transverse 
sectioD, and I ^ moment of inertia of section. But a 
shearing stress is always accompanied by another shear 
stress^ of equal intensity, in a plane at right angles to that 
of the first stress, both planes being perpendicular to the 
plane of distortion or flexure ; consequently in the above 
beam ai any point T, the shear stress at a point in a 
vertical plane is equal to that at the same point in a 
horizontal plane, both being perpendicular to the plane of 
flexure. 

Thus, in fig. 101, the shear stress at the outer fibre = o, 
because m — o. At B it is 

F moment of end of top plate about neutral axis _» » . 



* This is easily seen, thus : Take a block of material, shown sha'^ed in the 
sketch fiir. 103. We can produce a sheHring stress in it by attaching it to 
two other pieces of material at its opposite f ^ces, as shown, and then applying 
two equal and opposite forces Pj a' d P,. By the first law of equilibrium, these 
two forces together do not tend to translate the shaded material, but they do 
tend to turn it about an axis perpendicular to the plane of the paper. This 
; couple can be balanced by an equal and opposite couple produced by the forces 




Fio. 103. 

Qi and Q,. Let I be the length of the block, t its thickness, and d its depth ; 
then, by the second law of equilibrium, 

Q, {-Pid»0. 
Let fj^ be the shearing stress in a horizontal plane, and f^ that in a vertical plane, 
then Pi = P, = /;^ X 2 X «, and Qi = Q, =/, X d x t. 

Substituting in above for P^ and Qi, we find that/^ = /^ and it was shown just 

above that either of these cannot exist alone ; hence, at any point in a piece of . 
material, there must be two shearing stresses perpendicular to each other, and '. 
perpendicular to the plane of deformation. < 



F loo nient of enda of twonpparplati'a about a 
I 8 

at d it is 

F ^ moment of ends of three plates , , 

1 s '''''■ 

Juat below D it is 

E^ ^ moment of three plata ends ^ j j . 




just below E it ia 

F momen t of area above E abont agiB 

just below O it ia 

F moment of area above Q abont axia 



and at K it is 

F ^ moment of area above K about a 
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The curved lines are portions of parabolas. This diagram 
shows at once that the assumption before mentioned is 
approximately correct, that the web is chiefly instrumental 
in resisting the shearing force due to the load, and that 
it is approximately unuormly distributed over the web 
section. 

The effective depth of the girder is taken as the distance 
between the centres of gravity of the flanges. With this 
data we have bending moment = moment of resistance of 
section, or (fig. 99) M. ^ Fd where F is the total stress over 
one flange section. But if A represents the net area of the 
section of one flange, and / the working stress, 



and 



/A = F, 

^=A = — 
fd 4-5 



M 



M 



X 36 162 



square inches. 




Fio. 100. 

Now, if the gantry is situated at a distance x from the 
left-hand end of girder, the left reaction will be 

w (I — x) 
I 

where to is the concentrated load. The bending moment 
will be a maximum under the load, and therefore 

Mmax — W (^ - a?) J, 



which is the equaticui to a p&rabola whose vertex i! 
epoD and axis vertical. When 



= 1080 tons-iocbes. 
But there irill be a certain amount of bending moment due 
to the weight of the girder itself, and this may be deter- 
mined as follows : Let w be the weight of the girder in tons, 
= the ratio of span to depth of girder, and c = 1,200 ; 




This weight is, roughly, uniformly distributed over t 
span, and consequentTy the bending moment is 

^ = 210 tons-inches. 



I 
I 

I 
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Adding this to the former raomeiit, we have 2,1!)0 tons- 
inches as the maximum bending moment at the centre of 
ipan. Inserting it in the above equation for A, then 
A 2190 _ 



lli2 



'i sqaare ii 



This will have to be made up of platea and angle irons. 
The width of the girder is not limited ; hence take 8 in. as a 
convenient width. 
Try two iin. plates with a pair of 3 x 3 x ^in. angles. 



Total grosa area <= I4'6 „ 
The diameter of the rivet is given by the equation 
il - 1-2 JJ, 
-where t is the thickness of each plata With | in. plates d 
= '74 in., or |in. The rivet cats throngh three plates and 
one wing of an angle at the same section, and as there are 
two rivets, we have, for the area to be deducted on acconnt 
of rivet holes, 2 x § x Ig = 2^ square inches. After sub- 
traction there are left 12 square inches. This is too little ; 
hence try three i inch plates. 



Gross area = 17 5 square inches. 

Using above equation we find that d = '85, or say, | in. 
Area to be deducted on account of two rivets = 35 square 
inches. After subtraction, we have left 14 square inches. 
This will do. 

In the compression flange the rivets do not appreciably 
weaken the nange, and consequently they may be left out 
of account. Two i in. plates with two 3 x 3 x Jin. angles 



-niW he fluffioient, but ahouJd there be found a difficulty in 
Hirsngtiig bolt holes to attach the rail race for gantry, then 
:tj X n| K jl in. angles m&y be used to advantaKe. The area 
•f flange would then be 14i square inches. These will be 
Bsed if Decessary. 

I With these flange areas we shall have stress intensity x 
flocticnal area == F ; 



or Btreaa = -r 



^ 4'36 tons for tension flange, 

- = 4'25 tons for compression flange. 



4 



a what follows by ft and /c respe-'- 




Next consider the web thickness at the centre of span. 
As the shear stress is approximately nniforni over a vertical 
section of the web, we shall have niaximnm shear force at 
I centre of simn = shear stress x area of section. 
' The maximum shear force at mid span will occur when 
I the load is just on one side of the centre— !>., when the 
I reaotiona are approximately equal Then total load on one 
I girder 

- ?*±J = 16 6 tons. 

Shear force at centre >= 8'26 tons. Them will be no shear 
__foroe due to the weight of girder, because the weisht of 
ia uniformly distributed over the span. Let f oe the 
■ of the web; then 8-25 = f, x 35 x (. 



I 



If i ia I in., /« — '03 tons per square inch. If the reaiat- 
ance of the Pangea to shearing be also taken into account, 
the average shear Btresa ^ will he leaa than this amount. 

It has been mentioned before that at any point in the 
web there are a pair of shearing atreaaes of equal intensity, 
at riehtanglea to one another. These equal shearing streaaeB 
produce direct tensile and compreaaive stresses of equal 
intensity, inclined to the shear stresses at 45 deg.* We 
shall thus have strips of the web in compresaion, such as 
C B, fig. 99, and consequently have to secure that these 
strips do not buckle similar to a column. Equation (83), 
previously ^iven, indicates the limit of direct cmahing 
stress permissible without bnckling, it being remembered 
that all of the strips in question are fixed at their extremi- 
tiea, Md their lengths = depth of web between angles 
X ^ 2 Using the values 

/'=7ton3, c^^^ V = -^. 



; = 29 X ^2, and ( = P Jl3, 

we find that /< = '67 ton, which means that if the shear 
stress in the web at the centre ia not allowed to exceed '57 
ton, there will be no chance o£ buckling in the web. This 
thickness of web will do at the centre of span. The above 
value of / allows of a good margin of safety, in fact 
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tons per square inch, 



where d = depth of ireb plate. With thU formula /<■ = 
1| ton per square inch. 

As the huokling stress ia not reached in the web, there 
will he no occasion to put in atiffeners t« the web near the 
centre of apan. At the estremitiea let the depth of web 
plate be 18 in. That part between the angles will be 12 in. 
deep, and aasuminB a ^ in. plate, we get as the aafe crushing 
atress 2*07 tons per square inch. 

Also /i X f X 11 = maximum shearing force at end of girder, 
= 1(1-5 + 175 - 18-20 tone ; 
therefore/i = 2 7 tons per sqnare inch. 

This is considerablj^ greater than 2 tons ; hence try a I's in. 
plate instead of tha § in. plate. Then 

fc = 3'85 tons, and/, = 2-3 tons. 

A A in. plate -will be adopted without atiffeners, but, of 
course, a | ia plate could be used if stiffeners were intro- 
duced. Intermediate sections ma;f also be examined, to see 
if atiffeners are required in their neighbourhood. 
Next, to get the pitch of longitudinal riveting. "' 



rivets prevent the flanges from eliding longitudinally over 
3 web. *Take a small piece of the girder at one end, as in 
. 103, of length equal to the pitch of rivets, p inches. 



the web. *Take a small piece of the girder at one end, ai 
103, of length equal to the pitch of rivi 
a for the equilibrium of it we must have 

F <J = R ;>. 

K -will be Rreatest when the load is near that end, and -will 
equal 18'25 tons. At the ends d = 19 in., and F will equal 
the resistance of the rivet to shear, because all the stress in 
the flange has to be transferred to the web, through th» 
rivet. The rivet will shear at two sections ; hence 



F-ax2x7!< {|)2 - 5-3 tons 




I 

I 



/, >c A X i = S-3, 



Si.- 



167 t. 



According to the experiments of the Eeaearch Committee 
of the Institntion ot Mechanical Eagineera, the bearing 
etreaa may be double of the shear st'eBS of the loiterial. 
If there should be any preference shown for any definite 
bearing stress fi., then 
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If 14 tons bearing stress is allowed, js = 4'8 in. 

IE 12 tons bearing stress is allowed, p = iia. 

A pitch of 5 in. will do in this case. To get the length of 
a cover plate for a joint in the flange, proceed thus : 

Net area of one plate = | (8 - 1^) =- 3i square inches. 
Maximum total tension in plate = '3j x 4'3B = 14'2 tons. 
This is re9ist«d by n rivets on each side of the joint, and 
each rivet is in single shear ; therefore 



U'2 = 71 X ^ X a)= 



lUSt be six rivets on each side of joints. These 
two rows, longitudinally ; hence ' 



length ot cover plate is six pitches, o 

It will be necessary to know the section beyond which the 
third plate in the flange is no longer necessary. Let this 
section be situated y feet on either side of mid-span. At this 
section net area of flange = 18'4 — 3'25 = 1015 square 
inches. Total stresses over flange = 10*15 x 45 = 46 tons. 
The contour of the loweredgeof girder is roughly a parabola, 
in which y^ = iax, when y is horizontal ordinate from 
centre, and x the vertical ordinate from a tangent at the 
vertex. To get the value of 40, take the pointy = 20 ft:., 
X = ntt; then 400 - 4a x 1*5, and 4a - 266; also y- = 
266 a:. But the depth of the girder 



therefore, moment of resistAiice 

= 46 (3 - |1) tona-feet, 
= bending moment, 
= R Q - j; J + bending moment due to weight of g 

= 11 K (I - y) toDB-feet, 

therefore bending moment 

1-IW (I \ (l ^ \ 

Then, as moment of Ksiatance 1= bending moment, 

•45(400 -rt-«(3-|i) 

and 12-8ft. = y. 

That ie to eay,the top plate must extend at least 12 ft. 10 in. 
on either aide of mid-span. 

If plates are at hand 26 ft. long, the top plate ma^ be put 
in without any joint, and thus a cover plate for it is not 
required ; but should so long a plate be not procurable, then 
it would be convenient to makf^ a joint at mid-span, and 
continue the upper plate on either aide for 3ft.j more or 
leas, the extra piece to act as cover plate to a joint in the 
second or third plate ; while the cover atrip to the joint in 
the tirst plate may be extended for about 3 IL on either side, 
to act as cover strips to the two remaining joinla in the 
second and third plates. 

There will be one or two joints in the anuJea, according to 
convenience, Net area of one angle ^ 2g square inches. 



1 



Total Btreaa over angle section = 2^ 
= the number ot rivets on either 



on either side of joint ; then 



■ ©"^ 



n = 3-9, or 4 pitches. 

The joints are shown in fig, 104 ; the parts cross-hatched 
indicate the lengthening of plates to act as cover strips. 
There must be some joints in the web. Let F be the 
shearing force at the section where the joint is required. 
A cover strip will be put on either side of the web. Let n 
be the number of rivets on either side of joint ; then 



&^ 



After getting n, see if the bearing stress is too great. 



Some people prefer to obtain the length of fiange plates 
(traphically. In the case of parallel flanges, proceed thus : 
Set off the span C D, fig. IOj, and draw the hendini; moment, 
diagram, which in the figure is the broken line CEFGHD. 
The maximum moment occurs nnder K, and consequently 
the greatest number at flange plates will occur under K. 
Let the net area of fla,nge be 20 square inches, of which 
angles take up C square inches, and three equal plates, each 
of i'Gd square incnea From K set off K N to any con- 
venient scale to represent G square inches ; also N P = P Q 
^ Q R = 4'EK'i square inches to same scale. Join li O, ana 
through Q, P. ami N draw lines parallel to K G, cutting K G 
in S, T, and V. Through V, T, S, and G draw lines parallel 
to C I), and through C, a, h, e, d, and D draw vertical lines, 
thus forming by full lines the outline of the plates. The 
verti'-als through C and D must be continued through the 



angle iron (i.e., the depth KY) and throngh the oext plate, 
4>ecaase the first plate is alwajs continued throughout the 
ilength of the girder. 

If the girder has other than parallel flanges, the method 
•of procedure is slightly extended. When the flanges are 
parallel, the bending moment diagram is also the diagram 
'of total flaoge streas — i.e., a diagram which indiotea the 
■quantity F in the discussion on the plate girder. Now, 
F X depth of girder = moment of resistance, 
= bending moment, 
J jT _ bending moment _ M 

depth of girder d ' 

and it is this quantity F which determines the thickness 
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and number of plates in a flange, and the length of all the 
individual plates. 

In 6k- 106 the depth of the girder varies, that at Q being 
Q S. The bending moment diagram is tne dotted curve 
passing through e and C, so that the moment at Q S is ^iven 
by qs. Now, if the Sangea were parallel, the total flange 
streSB F would be represented by q s, and wonld equal 
9 8 -H Q R, or moment -^ depth. But in the case in question 
the depth varies and eqaals Q S, and the total flange stress 
F equals 

moment qf _ q»_ QK qs TV 
depth "QS QS QR Qit QH 



= total flange stress with parallel flanges 



and can bo represented by 



TV ^ 
QS" 



TV 

'qs' 

I 
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In this way the full line curve through r and t is con- 
structed by simply multiplying the ordinate of the bending 
moment curve by the fraction — 

maximum depth of girder 
depth at section under consideration* 

The full line curve throuprh r and t is then used in the same 
manner as the curve C E F G H D in fig. 105. 



The "Latjnhakdt-Weykauch" Formula, 

An expression for the safe working stress, which is often 
used, especially in America, is that due to Professors 
Launhardt and Weyrauch. 




Let / denote the working stress, which may be used in 
designing a structure, when the stress fluctuates between 
^iven limits, which may be called maximum and minimum 
stresses respectively. Also let a represent the constants 5 
for structural steel and 4 for wrought iron. Then 



/=a[l + 



minimum stress 
2 maximum stress 



I tons per square inch. 



I 



I aetample, take the case of a load varymg between 
^0 toDS (tension) and ID tons (tension). The ratio — 

2 maximam 2 x 30 

and if steel U the material used, we shall then have 

/ = 5 {1 + i) — 5S tons per square incL 
If the load had varied between 30 tons and 20 tons, then 

f •= 5(1 + ^ ~\ = 6j tons per square inch. 

Also, if there had been no variation of load, then 

f — 5 (1 + ' -) = 7'5 tons per square inch 

If, now, the load fluctuated between 30 tons in tension to 
10 tons in oompressioo, we most get 

/ = 5 f 1 - r~ — ^j = 4J tons per square inch. 

I tension to 20 

/ = 5 ( 1 - ^ — .,a) = 3j tons per square inch ; 

but Bhonld the load vary between 30 tons in tension to 30 
tons in compression, then 

/ = 6 ( 1 - ^ ^) — 2\ tons per sqnare inch. 

These results agree 

Wijhler, previously mentioned. 



CHAPTER XXV. 

MaBONKY STRHCTUKKa. 

The several members of a masonry structure are connected 
b; mortars of some description or other, whose chief purpose 
is to completely fill up the space between two adjacent 
members, so that the pressure between these members shall 
be uniformly distributed, or shall vary uniformly. Mortars 
certainly are capable of resisting tension, especially those 
kinds which go by the name of cement ; but it is very amali 
in comparison to their capacity to resist compression. " 
if the permissible tensile stress were great, the adhi 
the member to the mortar is small, and com 
tensile capabilities of the mortar would be _ 
unless some special provision were made by which the 
mortar could lay hold of the member. To bricks having a 
coarse surface the mortar clings much more tenaciously than 
to those having a smooth surface, suth as pressed bricks. 
The following are considered to be the safe working stresses 
per square inch to which the following material may be 
subjected, expressed in hundredweights : — 



» 
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In the preceding table the concrete is assumed to be of the 

composition of 6 to 1, while the Portland cement in the first 
column is supposed to be neat. Mortar made with hydraulic 
lime will withstand a tension of "1 cwt. per square inch. 

With ordinary materials at hand it is customary to design 
structures which are important, or whose collapse may 
cause injury to life or property, with the assumption that 
BO part mayj under any circumstances, be strained in 
tension. ISut in the case of enclosure walls and other similar 



I 



stmcturos tenaioD is often allowed, and if of any consider- 
able am oont, hydraulic lime mortar or cement ia naed at the 
wpakeat aectioBS, 

The conditions, that a strnctnre ma; be stable, are : That 
it must not overtam about any joint ; the intraaity of the 
-working stress in tension and compression mnst be within 
the limits of atresa prescribed as safe ; and that there muat 
be no sliding of one block over another at any of the joints. 

Let us take the general case, and refer to fig. 107, where 
two blocks are in contact, their mutual surfaces having the 
line G D aa a trace in the plane of the paper. Aasnme 
tension possible, and that the surfaces are in contact 
throughout by the aid of cement or other luateriala. Let 
the resultant force with which the upper acts on the lower 
block be represented by R, having its point of application 
at a distance y from C and x from the centre of cravity of 
the section G. Resolve R into components H and X, parallel 
and perpendicular to C D ; the:i H tends to make the upper 
block slide over the lower one, while the component N 
produces a variable normal stress over the surfaces in 
contact. At G, the centre of irravity, introduce two equal 
and opposite forces N[ and N-, both equal to N. Equi- 
librium ia still maintained. N and Ng together produce a 
couple whose moment is given by N j-, while N; produces a 
uniform stress over the section equal to N, -;- the area of 
section. But from previous work we have found that 

N a; = C I [see eq. (20)], 

because the stress is assumed to vary uniformly ; and where 
i is the atresB produced by the couple at a distance /( from 
the centre of gravity of the section, and I is the geometric 
moment of inertia of the section, about an axis in the plane 
of section through and perpendicular to the plane of the 
paper. The stress /, being plotted on the baae line Ei Eg 
for different valuea of A, gives the diagram E, F^ Gi^Fj 
En, where ordinates below E, Ej represent oompreaaion, 
and above, tension. Also draw K, E^ parallel to E, Ej at 
a distance from it representing, to the aame scale, the direct 
rouipressive stress N^ h- area or section. Then at the point 
Ej we have the resultant compressive stress fc ~fx "^ fi-\ 
and at E^ the resultant tensile stress /t = fi - ft- ^^ no 
tensile streai is allowed, then 



Sabstitating from the above eqnation for /i, and -^ for 
•j, we have 




This meaiiB, that in the case of a rectangalar (Kction, foi 
example, the resultant force R exerted by one block upon 
its neighbonr muat not cat the section at a point nearer the 
ontside edge than one-third of the depth of the section, if 
there is to be no tension, and if the streaa varies uniformly 
over the whole section. As this may happen with r^ard to 

•See AppendU, 
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ither edge, tbere remaioa a space, in this case eqnal to 
ne-thtrd of the depth, inside of which the resultant mnsb 
__ ftsB, conaiatent with stability under tho above conditions. 
This 19 senerally defined by sayiog the resultant mast 
pass through the middle third of the eeotion if it is rect- 
angular, the mi-ir/ie/oiirfft. if circular. In tho lower portion 
of fig. 107 A B is the middle third of G, D^. The resttltant, 
as shown at X, indicites a stable structure, while that at 
X, or X, indicates iostability. 

As an example bearing upon the foregoing diacussion, take 
the wall, fig. 108, whose height is 4 ft., made of ordiaacr 
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stock bricks, and with good mortar, which will safely with- 
stand a compressive stress of BO lb. per square inch, but will 
not resist tension. It is required to find what must be its 
thickness so as to be stable under a wind pressure of 331b. 
per square foot. The weight of 1 cubic foot of the wall is 
120 lb. 

It has been previously assumed that the gtreu variei 
vniformly over the whole of any horizanlal section of the wall 
anch as M N ; consequently the stress at M will be zero, and 
a maximum at N, and the resultant of the wind pressure T, 
and the corresponding weight of wall W will be R, and will 
pass through a point in M N at a diatance of — ^~ from K. 
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where T is the total wind pressure in pounds over ei piece o! 
■wali 1 ft. long;, A inches high, and ( inches thick, and which 
weighs W lb., its centre of gravity being at G. 



: ^Ib., 



But 
^P w being weight of 1 cnbic foot ; and 

I T_px*-xnb., 

^^ where P = wind pressare per square foot ; therefore 

r 



thifl equation from the given data, we get 



Substituting ii 

= 21-4 in. 

We also have the relation : Moment of wind pressure 
aliout the middle poitit of M N = moment of resistance of 
that section about same point ; or, 

T.^-i./,.b.l'; 

where /t is the atreaa due to bending, and b the width of 
piece <a wall in question = 12 in. Bat if there is no tension 

at M, then at N, /& will equal 

and as A + / ^ A 

(he total omshing stress at K, then 
/c = 2 A 
Substituting in the above equation, we get — 

/■. .E* 
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and patting ia the known quantities, 

/, = ^-° ^ ''^ ^ ^'*' 1^- PS' square iuch. 

Thia stress is far below the maximum permissible of 50 lU 
per square inch, and conseqaently the material is not being 
used to the greatest advantage. At present we have no 
stress at M due to a wind pressure of 32 lb. per square foot. 
Suppose the wind pressure to increase, then, as there can 
be no tension at M, &e. 108, the material there must give 
way, and the joint will begin to open, as shown on the 
right-hand side of the fi){ur^ and bearing will take place 
along a portion only of M N, such as Q E, the stress at Q 
being zero, and that at E being fi. In thia caee the stress 
will vary uniformly over Q E ; and as the point Q moves 
towards E, the point F, where the resultant cuts the joint, 
will also move towards E, bpcause under the given condi- 
tions R must pass throuRh F, and F E = one-third of p E. 
The shifting of the point F towards E increases the stability 
of the walJ, because N F is thereby increased, and conse- 
quently the moment of the weight of the wall W x N F ia 
also increased. Therefore we may say that the opening of 
the joint increases the stability or the wall up to a certain 
limit, and thia limit will be seen immediately. As Q moves 
towards E, the stress at E due to bending increases, and 
therefore the total crushing stress fc increases. This may 
go on until fc reaches the limit— 50 lb. per square inch — in 
this particular cnse ; in others, the limiting crushing stress ; 
after which, if Q still moves on towards E, the atress at E 
liecoming greater than the limit, the material there wi)i 
begin to crush, and the joint will give way altogether. 
This reasoning will account for the stability of masonry 
structures containing cracks of considerable magnitude. In 
the ligure the opening of the joint is much exaggerated ; it 
will in most cases remain undetected. The problem which 
now presents itself is to Jind the thickness of the wall 
consistent with stability when the windward side of the 
joint is permitted to open until the stress on the leeward 
side reaches the maximum allowed. The centre of gravity 
is shown at Gi, and we shall have moment of wind pressure 
about F — moment of W about F = ; or. 



TA 



= W 



c NF = W(| - Z) . . . . (C) 
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moment of wind pressure - moment of -weiRht of wall ■ 
moment of resistance dne to bending only = O ] or. 






. . - (D) 



where fii is the stress due to bending, and equals ^fr. From 
the figure, 3 Z = (i = Q K 
Substituting in equations C and D, we get the relations 



„ fi - ^^A. 1 

"^ L lasMi /, J 

12 A V 1296 /■„ J 
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Takinji; the numbers just previously used, we find that 

t = IS in. Thus, while with the assumption that the 

resultant must pasa through the middle third, the least 

thickness consistent with stability is Sl'4 in., and the 

cruahine stress A = 66 lb. per square inch. The 

Fould not collapse if made only 13 in. thick, when the 

lum stress would be 501b. per square inch. 

It will also be found that 



2592/c 



(F) 



With the numbers before used, z = "67 in. Equation (I 
may be easily obtained thus ; — 

The vertical load which produces direct stress / over th 
area of contact at joint is W. The area of contact i 
3 Z y h, and in general b may be considered as 12 in. fc 
the sake of convenience. 






/ X 3Z > 



= W; 



Snbstitutmg, wti get 
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And replacing I by its equivalent in equation (£), we get 
/^ / i2ipPA 
^ = 2592^ /l- ^"/^ '*** 

In general it is more convenient to proceed in a slightly 
dift'erent manner to find the thickneas of a wall or buttreaa. 
Though the result ia practically the same. 

Let it be required to design a pillar 7 ft high and 18 in. 
wide, to withstand a throat of 800 lb. inclined at an angle 




of 00 deg. to the horizon, the material used being commoti 
brick and mortar, in which the safe atress is 60 lb. pet 
square inch in compression, and zero in tension, and the 
weight of one cubic foot about 120 lb. On account of the 
height of the pillar it will be most economical to increase 
the thickness near the base, and at other sections as required, 
as shown in fig. 111. Let the thickness at the top of the 
pillar be 14 in. It is first required to tiad how far down 
r.his thickness maybe continued consistent with stability, 
in fig. 109 let Ci D, be the section below which the 
thickness mast be increased, the distance of C, D^ from the 
top of the pillar being 4 ft 
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Weight of 4 ft. of pilltu: (when w = weight o£ 1 cnbic foot \ 

This will act vertically downwards throogh the centre of 
gravity of the mass at Qi- Find the resultant R, of the 
SOOlb. throat, and the weight of 840 lb. Thia may be done 
thus : Produce the line of action of the 840 lb. backwarJn 
Tintil it intersects thp line o£ action of the 800 lb. in a. Set 
oSti/j to represent 3401b., and through '> draw lie parallel 
to, and to represent to the same scale, the thrust of 800 lb. 
Join a c, then a e represents the resultant Ri of these two 
forces to the same scale. The line of action of It] cuts 
C[ D, altogether outside the base ; consequently the pillar 
is unstable under all considerations, and it must be 
thickened higher up than Ci Dj. Try the section C^ Hj at 
ft distance of 2 ft. lo. from the top, tig. 100. The weight of 
the piece of pillar above C^ D^ 

and the resultant R^ of this force and the 800 lb. is found to 
be df, which intersects Ca Ua in m. The distance Cs i* = 
l'25in. by measurement = Z in the discussion of the 
previous problem, equation (G) or (H). We next require to 
tind whether the maximum stress fc at Ci is greater than 
■GO lb. per square inch. In the previous problem it was 
shown that when no tension is permitted the maximum 
stress fc is double the mean stress — i.e., double the uniform 
•compressive stress over the bearing area, due to the vertical 
component of the load acting through the centre of gravity 
of the area of contact That area is 18 in. long (the width 
of pillar) and 3 Z broad =- 3 Ca « ; because the resultant cuts 
the base such that Cu u is one-third of the depth of contact, 
or one-third of the depth over which there is any stress. 
We then get 

r area of contact = vertical romp onent R ^ 
area of contact 
„_ f vertical component of R, ,i,, 

'*'-' 3ZVb. " ^^> 

where b is the width of pillar. But as/; = 2f, then 
fn ■= 5-S-1 ^ vertical component of R 




< 18 



= 30 5 lb. per square inch. 
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This is considerably below the limit, and will be adopted. 
Of coarse, some other section might be tried, a&j at a depth 
of 3ft, from the top, if desired. After C- Dj let the pillar 
be thickened by one brick, say 4Hn., as shown in fig. 110, 
the section C, D, being the same" as C. D^ in fig. 109. The 
resnltant R^ of the weight of the top block ana the tfamst 
is shown. Try the section E, F., at the bottom of the 

fillar, and see if it can remain without farther thickening, 
he weight of the lower block is 
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R, in i. Set off <. « 
parallel and equal to !■ 
and cuts E3 F; " ' 



. OS before, eqnal to l,(>601b., and hj 
lij ; then ij represents their resultant, 

^^ „ — ^3 . 3 .„ .. E, C = 2 = J in., and 

f, = gj c verti«U^component of R , ^ 214 lb. per sq. inch. 

This is too great ; hence try the section E^ F,, fig. 110, at a 
distance of 3 ft. 6 in. from C4 D4. The weight of material 
in C4 F4 is foand to be 1,200 lb., and the vertical component 
of R* is 2,500 lb., and z = \\ in., while fc -- 74 lb. per aqaare 
inch. This also is too much ; hence try a depth of 3 ft. from 



APPLIED TO STBTJCTUBAL DESIGN. 



245 



Cs Dfi, fig. Ill— that is, at the section E5 Fa. The weight 
of the material C5 Fb is foand to be 1,1041b., and the 
vertical component of the resultant E5 is 2,3201b, while 
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Fio. 111. 

Z measures 1*5 in. Inserting these values in the above 
equation, we find that 

U — 57 lb. per square inch. 

This i^ill do, and the completed pillar is shown in fig. 111. 

It will often be found that the process of trial and error, 
under special conditions, will determine dimensions with 
quite enough accuracy for practical purposes, and give 
results without the use of long and tedious formulas. 

Stability of Chimney Stack. 

A round brick chimney, shown in section in fig. 112, is 
built of good brick and to the dimensions given in feet in 
the table on next page. It is required to find what wind 
pressure the chimney will withstand, when the stress on 
the windward side of a section is assumed to be zero, and 
consequently the resultant will pass through a point at a 
distance of one fourth of a diameter from the centre of 
section. The weight of 1 cubic foot of the material of which 
the chimney is constructed is 100 lb. 

The height of the chimney is 125 ft. above M N, and is 
made in three sections, of lengths shown in the figure. The 
thickness of brickwork is constant for each of the three 
pieces into which the chimney is divided. The average 



ratio of inside to outside di&meter throughout the length of 
the chimney is about 7 to 10. 

Let P be the wind preeaure per square foot on a plane 
sarfaceaituatedperpendicnlar to the direction of the wind, 
then it is foand bj experiment that the efTective pressure 
on a cylindrical surface is one-half of the pressure P. The 
point of intersection of the resultant and a horizontal 
section is called the centre of pressure, and it is the point 
about which the total moment of resistance of a joint is 
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!iera This point is at a distance Z from the leeward side of 
the chimney, and from the previous table of different values 
of Z for various sections, we find in this case 'L = I d where 



section H K. 

Moment of wind pressure about centre of pressure i 
H K = average effective pressure per square foot over a 

axial section 



pounds-feet 



= 3550 P pounds-feet. 
Moment of weight of top piece of chimney about the 
centre of pressure = weight of top piece x — . 
- <!") + (0 5- - 7-25^ 1 

X 100 X — pounds-feet. 
= 21)2,000 pounds-feet approximately. 
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As the total moment of resistance of the section is zero 
aboat the centre of pressure, we shall have for the equi' 
librinm of the top piece of chimney^ 

Moment of wind pressure = moment of weight of top 
piece ftbout centre of pressure. 



ftnd 



3550 P - 



74 lb. per square foot 



-|K 



i-O 



^AB the pressure of the wind is not assumed to reach this 
mAgnitnde^ the chimney is safe against overturning at the 
joint H K. Next find the i . 

leeward side of the section. It has been sfiown that 
the maximum stress/c is double the mean pressure/ caused 
bv the direct weight of the structure above. 

: weight of chimney above H K 
^J9o' - 7'25') X 144. 



stress /d 



/'■■ 



< 110500 



< 2-25 X 1675 > 



= 51"5 lb. per square inch. 



This is well within the limit, and hence the upper section 
of the chimney is stable so far as the maximum stress is 
concerned. Now treat the chimney down to the joint C D. 
Moment of wind pressure 



^V 249 

^H Moment of the weight of chimney above C D about the 
^H centre of pressure 



= ^ [110500 + ^{<i!5L 

( 40 X lOol pounds-feet. 



Putting in 11 ft. for d, and equating the two momenti 
above, we get 

P = 4'J5 lb. per square foot. 

2 X weight 2 x 275500 q. ,, 

/( = s — =.. - = ~ — — - = 8o lb. per sq. vn. 

area of aection -w /ip'_ osw 14. 



P /'I2-25 + 8-25\ ,„ 125 j i . 

= ^ (^ ^ -J >; 12o X — pounds-feet, 

md the moment of the weight about the centre of pressure 

= - [weight of two top aections -H weight of third section] 

.!?|5 [275=00 + l{ ai'-?g L+ J825--8-5-) | 

X 45 >: 100] pounds-feet 
= 1040000 pounds-feet ; 
md 40200 P = 1G4O00O, 

)r P = 41 lb. per square foot. 

Further— 

. ^ 2 X ^^'S^t*' above section 
" area of section 

2 X 536500 ,„„,, . , 

= = 1201b. per square inch. 



If the lower courses are set in Portland cement, the above 
stresa will not be excessive, and the chimney will be stable 
at every section. It is not necessary that any other sections 
in any particular piece should be tested, because if the lowest 
is safe, those above will be more so. It is fnrther of no use 
to test for the tendency to slide at any section, as the 
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rincliDation of the resultant to the horizon will never be 
Buiall enough to permit of a horizontal component that 
would be great enough to produce Bliding. 



Stability of Enclosdke Wall. 



1 enclosure wall, 10 ft. high, is built of ordinary brick, 
and to the section shown in fig, 113. It is 18 in. -^ick, bat 
the huttreaaes are 4^ in. thicker than the wall. It is 
required to investigate the stability of the wall, assuming a 
certain amount of tension on the windward side. 

Take a piece of wall between the centre lines of two 
alternate buttresses. In this piece there will be a section 
of plain wall 8 ft, long and 18 in. wide. There remains 
three bits of wall which, when added together, form a 
flection of 27 in. square, and symmetrical with respect to the 
neutral axis of flexure. 

an direct stress /due to the dead weight of the 



= [(S X I'o) + (g-25 X 2'25)J 10 x t 

[(8 X 16) + 2'25"] X 144 
when 10 = 110 lb. per cubic foot of material. 



7'5 IK per sqnare incl', 



The moment of wind pressure about the lowest joint = 
moment of resistance of that joint ; 



-fi[<i^ 



< AH- (A X s7'> -\ 

y, J 



Now, /[, the permiBaible tensile stress, equals A ~/'; 
therefore A =/i +/ =/i + 7'5 ; 
and for ordinary mortar and brick 

/i ^ 7 lb. per square inch ; 
hlBO for hydraulic mortar and brick 

/( = 14 lb. per square inch ; 
and for cement and brick 

/( = 60 IK per square inch. 
The best hydraulic mortar used with good bricks, and 
allowed some months to set, will resist a tensile stress of 
about 40 lb, per sqnare inch. 




Substituting these values tor ft 
we get "="- 



. the preceding eqitatioi 



Ordinary mortar, P = 921b. per sqnare foot 
Hydraulic mortar, P = 13'5 lb. „ „ 

Cement, P = 425 lb. „ „ 

Stability of Masonry Dams.-- 
Given the profile of the masonry dam shown in lig. 114. 
in which 1 cubic foot of material weighs about IGOib., or 
'075 ton, the dam being 10 ft. thick n.t the top, and increases 
to 585 ft. at the base. It is 72 ft. high measured from the 
base, and there must be no tension on the water side ; 
Deither must the line of resistance pass anywhere outsid>^ 
*Ba* jLVpendix. 
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the middle third of a horizontal Heotion when the r 

is fnll or empty. It is required to investigate the stabilitji 
of the dam. 

The section lig. 114 is divided into six parts by horizon- 
tal dotted lines 12ft, apart; and as the lengths of these 
lines are required, they have been scaled oH', and fonnd to be 
13-5 ft, 18 ft., 24 ft,, 32'5 ft,, and 44 ft, taken in order down- 
wards. Consider a piece of the dam 1 ft long — i.f., 
measured in a direction perpendicular to the section ; then 
the weight of any portion, included between two adjacent 
horizontal dotted lines, will be 

•075 X 'l^JH X 12 X 1 tons, 

where h„ represents the length of the upper horizontal line, 
and hi represents the length of the lower horizontal line 
bounding the piece of section in question. Substituting 
for the different lengths, we obtain for the weights of the 
six individual parts, reckoned from the top, lO'G tons, 142 
tons, IStl tons, 25'2 tons, ^i'3 tons, and 4(j tons. These 
loads will act at the centres of gravity of the several 
portions which are shown by very aniall circles. The centre 
of gravity will lie on the line joining the middle points of 
the upper and lower horizontal lines bounding a piece of 
the section, its distance from the upper line is given by 
the espresBion 

12 . ^^' + ^" ft* 

• Let G be the centra of gmvitj ol tlia gjien area, flg, lis, and lot A be Ita area. 
lito let X be the dlitanee ol G nam G. The eqaaUoa to tbe elr*lght Hue B r u 



d n c- the buigcnt dI tbe incKnutioa □{ 

KF toCD - i 'j - l J^. 
king momoiite about C. we gut— 

V, CD 

D' pi " ''■ -I- *i"| 



r 
I 



Having located the centres of gravity of the eix portions 
of the daoi section, the next thing to be done is to lind the 
line ('/ reehtance when the reservoir is empty. On the 
right-hand side of fig. 115 the centres of gravity U,, G^, 
and G3, of the three upper portions of the section are shown, 
much extended horizontally, for the pnrpoae of more easily 
distinguishing the several quantities. The horizontal thick 
lines indicate the assumed joints represented by dotted lines, 
tig. 114. Let Wi, Ws, W3, ifec be the weights of the six 
portions of the section ; then the centre of pressure of W^ 
and W^— or, in other words, the point in which the resultant 
of Wi and VV^~ cuts the second horizontal dotted line, fig. 





and 
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Wi + Wo + W3 + VV4 



and BO on for as many as may be required. Plotting these 
points in fig. 114, and joining them with a curve, we get the 
full line carve C D, fig. 114. This is the line of resistance 
■when the reservoir is empty, and it lies wholly within th« 
middle third. The dotted curves indicate the limits oE 
the middle third ; therefore the dam is stable when the 
reservoir is empty. 



It IS next required to draw the line of resistance when 
the reservoir is full. In tig. 117 we have the weight W 
of each piece of the section acting through its centre of 
Brevity, together with the water preaaure P over ita surface. 
These two forces will have a resultant R acting through the 

¥oint in which the two componenta P and W intersect, 
he subscript numbers denote the block referred to taken 
'n order from the top. Only a portion of the dam is shown. 
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it being drawn to a latter scale than Sg. 114. It must be 
understood that the resultants R^, li^, iax, fig. 117, are 
dne solely to the weight of, and pressure on, each block 
separately ; for instance, R^ is the resultant of P^ and W,, 
the pressure of water on the third block and the weight of 
the third block only, the weight of the blocks above not yet 
being included. These resultants are very conveniently 
obtained by setting down the line of weights C E, fig. 116, 
in which C D represents Wi, D K represents Wj, and so on, 



Farther, draw _C Q to represent Pj to the 



?7' 



iregenting P^, and i 



B Bcale ; also 1 



. tili_ X Y representa P^. 



vertical 
(shown dotted); and through D draw D Z parallel toCQ. 
and K N paraUel to C T ; alao H parallel to C U, and G M 
parallel to CV, and FA parallel to CX: and, lastly, EB 
parallel to C Y The lines C Y, C X, ic, have not been 
drawn in the figure, as they are nnnecessary. The diagonal 
C Z is the resultant of Pl and W,. The diagonal C N is tha 
renultant of F,, W„ Pg, and W^ ; therefore the diagonal 
Z N is the resultant of Pg and W,. 
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In the same way, C is the resultant of P„ W„ Pj, Wj, 
¥3, and W.,j consequently N O is the resultant of Pj and W„ 
Similarly, O M is the resultant of ?< and W4. From this 
lignre the resultants R„ Hg, &o., can now be put down, aa 
shown in fig. 117. What we are finally seeking is the point 
in which the resultant of all the forces above any joint cuts 
that joint ; for example, the point in which the resultant of 
Pl. W„ Pj, Wg, P3, and Wj cuts the third horizontal dotted 
line from the top, fig. 114. Beginning with the top block, 
the resultant of all the forces acting on that blocK is R,, 
fig. 117. The forces acting on the second block are Pn, W^, 
and Rj. The resultant of Pg and Wj, is R., anG the 



resultant of R^ and Ro is S3, which pasBes through the 
point of intersection of Ri and R^. The resultant Sj ia 
C N, tig. IKi. The reaaltant of all the forces acting on the 
third lilock— that is, the resultant of Pi, W„ P^, Wj, P„ and 
W3— is S„ fig. 117 ; that is, the resultant of S^ and R3, and 
acta through the intersection of the lines of action of these 
two forces. Similarly, S4 ia the resultant of S., and R.. 
The points in which Ri, S^, S„ &c., cut their respective 
joints are indicated by arrow heads, tiR. 117. These points 
are on the line of resistance when the reservoir ia full. 




These points being joined up, we obtain the full line C G, 
which, as shown in fig. 114, falls wholly inside the middle 
third, but touches the limit near the lower end of the 
dotted line C E. When drawing figa. 114 and 117 the scale 
ahould be considerably increased to that in the illustra- 
tions; in fact, the larger the scale, the more accurate wi!l 
be the result. Also the dam should be divided into as 
many parts as ])03sible by horizontal lines. In the case in 
question only six parts nave been selected, so as not to 
involve the figure in too many lines to be intelligible. 



Masonry Ahcueb. 



It iias been previously shown that if a. linkage be loaded at 
its joints with vertical loads, and supported at the ends, aa 
shown in fig. 118, the etresa in each link is given by the 
force polvgon shown on the right of the figure, and the 
horizontal component of all the links is the same, and is 
represented by the horizontal line O H. The member C 
is shown as a strut to maintain the two ends apart, but the 
equilibrium would not be disturbed if the link D were 
acted upon at its upper extremity by a single force equal to 
the resultant of the two there shown, which resultant would 
ftct in the same straight line as DO. This would be the 
direction of the reaction of the pin on the link if the link 
were simply suspended on the pin without any such member 
as C 0. The vertical components of the reactions, namely, 
D C and C G, are obtained in any case by drawing through 
O in the force diagram a line parallel to C O in the link 
diagram. In this particular case, because the two ends 
happen to be on the same level, the line through O coiocides 
with O H, or, in other words, the points c and H coincide. 
Then d e represents the vertical component D C, and r r) the 
component C G. The members D 0, E O, F 0, and G O are 
in tension. If now the linkage be turned upside down, as 
shown in the lower part of fig. 118, the same loads being 
used as before, the equilibrium of the system will not be 
disturbed if the links are capable of sustaining compreHsion, 
The force diagram is shown on the right, that also being 
turned completely round ; the member Ci O^ being now in 
tension instead of compression. In fact, the stresses are 
reversed throughout, though not altered in magnitude If 
the member C^ Oi be removed, then there must be applied 
at the ends a pair of opposite forces which will do the same 
as the member Ci Oi. The system of links just described 
forms an ideal arch, or, more correctly speaking, the line of 
resistance of it ; for on referring to fig. Hi', a system of 
links C, D, E , . . . K are shown loaded at their joints. 
About the linkage is described with dotted lines, blocks 
of masonry forming an arch, the joints of which are all 
perpendicular to the links. Now, it is evident that the arch 
will behave exactly the same as the linkage in supporting 
the loads, if we assume that the weights of the blocks are 
included in the load shown ; for take any individual block, 
say the third from the left. It is shown separated from the 
rest in the centre of the figura The thrusts T, and T^, 
together with the load Wg, are in equilibrium, the same as 



in tne linkage, and the thrusts T, and T^ act perpendicnlBrl 
to the joints in the masonry, and conseciaently there can be 
no tendency of any of the blocke to slide relatively to one 
another; and further, if the compressive stress is within! 
the safe limit, and the centre of pressure nowhere passes 
outside the middle third of a joint, the masonry arch is 
stable, and the line of resistance will coincide with the 
system of links, in a manner similar to the reservoir dam. 
As no tie can be inserted between the ends, the reactions R 
and S must act in the directions alluded to in the previous 
figure, namely, in Di O, continued, and G, O, continued. 
It is not necessary that the joints should be perpendicular 
to the line oE resistance, bnt they must not deviate from 
that position through an angle greater than the angle of 




reiKtae, which is sometimes called the angle of friction. 
This ia not likely to occur in an arch as usually constructed! 
In arches generally the space between the two curved 
lines, fig. 120, is called the arch ring, while the end stones 
S are called tpringers. The arch stones v,v are called 
voussoin, and the joints between them bed jointa. The top 
of the arch ring is called the crown, while the extrados ia 
the convex surface, and the inCrados the concave surface of 
the arch ring. That jwrtion of the intrados near the 
springers is sometimes called the soffit, and the strocture 
between the arch ring and the roadway is called the 
f/xindrels. The rise of the arch is shown in the figure as A, 
and the clear span as S. The actual span Sj is slightly 
greater^ it being the horizontal distance apart of the eoda 
of the line of resistance. ^^ 
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Now, if a body be acted npoa by a set of forces, the 
reactions called into play by tfioae forces, and the internal 
forces in the body, irili be the least posaible. This is 
aometimea stated thns : If forces which are together in 
equilibrinm upon or in a body or stnictnre be classitied in 
two ByfltemB, called respectively active and passive forcea, 
which stand to e&ch other in the relation of cause and elfect, 
then will the passive forces be the least which are capable 
of balancing the active forces, consistently with the physical 
condition of the body or structure. For the passive forces 
are caused and brought into play by the application of the 
active forces to the atructnre, and they will not increase 
after the active forces have been balanced by them, and will 




therefore not increase beyond the least amount capable of 
balancing the active forcea. 

We may therefore conclude that as the force which one 
member of a structure exerts on another is a minimum 
with any specified loading, then the horizontal component 
of the thrust in the arch ring must be a minimum with that 
loading, and consequently the line of resistance will be that 
which, consistent with stability, gives the horizontal com- 
ponent a minimum value. 

In fig, 121 only that portion of the arch is shown to the 
left of the point at which the curve of resistance is hori- 
zontal ; and therefore at this point the thrust in the arch 
ring equals the horizontal component H. Let the loads on 
that part of the arch be W,, W,. W,, &a, their sum being W, 
and let their horizontal distances irom the point of 
application of R be represented by x^, x^, x^ and 



HA - Wa; = 0; 



which shows that if the poaitioDS of the toads remain tha 
wme, and the relative magnitndeE of the loads Wi, W^i'Wj, 




(be, do not alter, then the horizoatal component variea 
directly aa the sum of the loads. 

Let the loads and their positions remain constant ; thea 
Wxia constant Now suppose those loads to aot Boceessiveiy 
oa the two different linear arches, fig. 121, of heights A^ and 
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H A = W 3T - constant - H^ A^ = Hj h, ; 
therefore H, : Hj : : A^ : Aj. 

Thus the horizontal component varies inversely as tiie 
height or rise of the arch. In the npper part of fig. 121 
produce H to cut the line ot action of W, and draw the lines 
KL and L II to represent the forces H and W resppctively. 
J oin K M, and through the point of intersection of H and W 
rlrsw a line parallel to K M. This will be the line ot action 
of R, and will cut the bearing surfai-e of the springer at the 
end of the line of rpaistance. If L il ia divided into parts 
having the ratio W,, Wj, ic, and each of the pointa of 
division be joined to K, then the sides of the tunicnlar 
polygon are parallel to these joining lines. 

In fig. 122 let it bo required to draw in the arch ring 
between the points 3 and 4, ao that thfre shall be a definite, 
horizontal component H, with the loading given at the top 
of the figure. The ordinate to the irregularly curved line 
gives the intensity of the loading at any point. This 
diagram has been divided by vertical lines into ten parta 
having the same horizontal breadth, and the area of each 
of these ten pieces will represent, to a certain scale, the 
load on that portion ot the arch ; and consequently the mean 
ordinate of any one piece gives a measure of that load. A 
little circle indicates the centre ot gravity of each piece, 
and a vertical dotted line has been drawn through each of 
them. Bow's notation has been used, and the line of loads t, 
b, . . . . m drawn, the point n in it heing at present 
unknown. Set ofi"the horizontal distance H from the load 
line a, m, drawing the vertical dotted line that must contain 
the pole. In that line take any pole d, and draw in the 
radiating dotted lines Oi a, O, /', kc, and afterwards 
complete the funicular polygon 1, 2 in the usual manner, 
including the closing line J, 2. Through Oi draw O, « 
parallel to the closing line ; then a, n represents the vertical 
component of the reaction at 4, and m, n, the vertical com- 
ponent of the reaction at 3, the same aa in a beam problem. 
Now, we took any pole Oi, and obtained the funicular 
polygon 1, 2. It any other pole had been taken, we should 
have obtained another polygon difi'erent to 1, 2 : but aa we 
have not altered the position of the loads, we shall get the 
reactions in the vertical direction the same as before, namely, 
1, n and n, n. That ia to aay, wherever the pole Oi i? 
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elected, the point n reinaina unaltered in positioa. Now, 
the full line 0[ n ia parallel to the cloain^ line 1, 2, The 
closing line of the funicular polygon which we require to 
draw ia 3, 4, and as the point n remains unaltered for all 
polee, am as the Dew line corresponding to Oi n must paaa 
ihroueh », draw n 0^ paraUel to 3, 4. The point where it 
cutfi the vertical through O^ ia the new pole O^. Craw in 




the new radial lines and a new funicular polygon, which if 
started at 4 will end at 3, this polygon being the line of 
resistance of the arch, sometimes called the linear arch. It 
will be observed that the lower funicular polygon ia simply 
the upper one distorted by pure shear in a vertical direction, 
the angle of distortion being Oi n O^, aiid conaeqnently 
the vertical ordinates of the two are tfie same, or ?j, = p^. 
This might have been anticipated from previous worlc 
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dealing with the graphic determination of bending moment, 
for, wherever the pole is selected, the vertical ordinate is 
a meaanre of the bending moment ; and as the loitda are 
unaltered, the bending moment cannot vary ' and as the pole 
distances in both cases equal H, the vertical ordinate of tJie 
f unicnlar polygon must be the eame. In this way the lower 
polygon mignt have been plotted by simply transferring 
the vertical ordinates from tne upper polygAi to the line 3, 4 




As a preliminary to the next problem, it will now be 
shown thai the ratio 

Hj. = ^ 

not only holds good for the points in two linear arches >t 
which taose curves are horizontal, but that the same is true 
for any other pair of points in which a vertical line cMts 
two fanicular polygons which terminate in the same pointji, 
these points being in the same horizontal line. In tig. 123 



ttiere are dr&Arn two fmucnlar polygons through X and N, 
corresponding to the two horizontal components H, and U^, 
' ' ' ' <iO, and q O2. The closing line X N being 

_._ x)th polygons, the lines o Oi and ffOj ■will 

coincide. Let n> = A^, and ri — Ag. Consider the points 
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of application of the load K G to each of the arches — i^., 
the points u and a respectively. UBing Bow's notatiosi the 
thrnst iOi in the member E O, can be resolved into its 
two rectangular componeats, tn horizontally and t« verti- 
cally. These we may designate Hi and V^ respectively. 
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For the equilibria m of the piece of arch between u and N 
we must have, hy the second law of equilibrium — 
Moment of H, about N + moment of V. about N = Bum 
of moments of forces KG, Q F, F E, ED, and D C 
about N ; or — 
H, X «&) + (V, xbJiS) = (KG X iN) + (aF x SN) + 

(FE X 5N) + (ED X N6) + (DC X 7N). 
And with similar treatment of the point a in the lower 
arcb, uBing auQix: 2 instead of 1 — 

(Ha X ab) + (Va x 6 N} = (KG x 6 N) + (GF x SX) + 
(FE X 5N) + (ED X 6N) + (DC x TN). 
The right-hand sides of these equations are the same ; 
consequently 

(H, X ub) + (V, X 6N) = (Hj X ab) + (Vb x 6 N). 
The latter bracket on each side of this equation is tiie 
same, for, on referring to the pole diagram V i, the vertical 
component of K O^ is i g ; and Vj, the vertical component 
of K O2, is also kq; hence these equals may be removed 
from the equation, which then becomes 
H, X w6 - Hj X aft, 



Hi 
HI " 



ab 



but 



Similarly for any other joints, thus : 



ul, 



1,5 



3, G 



,&c. 



And the same, of course, holds between, the joints. It may 
also be noticed that as 3, 5 : 1, 5 : : 4, 6 : 3, 6, and, there- 
fore, the lines 1, 3 and 2, 4 wiU intersect X N in the same 
point J. The same relation exists with any other pair of 
correspondinp; lines. 

Problem : Given the springer points 2 and 3, fig. 124, and 
a third point a in the linear arch, loaded as shown with any 
loads, it is required to draw the linear arch. 

Produce the lines of action of the loads as shown by dotted 
lines, includine lines through the points 2 and '-i. Set down 
the line of loads c p, and take any pole O,. Join this pole 
to the points Cj d, gj . , , . p^ and draw the funicular 
polygon 3, 4 with sides parallel to the polar lines, as usual 
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Draw the closing line 3, 4, and tht^n the companion parallel 
line Oi?. The point q divides the line of loads into tvo 
parts, auch that c q represents the vertical component of the 
reaction at 3, while p q represents the vertical component of 
the reaction at 4, exactly the same as in the bending moment 
prohlems. In these latter, it will be remembered that the 
vertical reactions were thas found whtrever the pole Oj. waa 




talien ; and as the ordinat« cnt-off by the fnnicirlar polygon 
was the same as long as the horizontal pole distance 
remained constant, if we draw q 0^ through q, parallel to 
2, 3, and eqna! to Hj, we can then draw another funicular 
polygon 36 2 (shown dotted) with sides parallel to the radial 
lines O2 e, Og d, ic., which must pass through 2, and whose 
vertical intercepts are equal to those of the polygon 3, 4. 



But the poly )fOD 2h3 does not pass through the point a 
as desired. Using the resalt of the discuBsion iiain Viatel j 
preceding this problem, we have 

6« : an : : Hi : Hs 
a being & point on the required funicular polygon. Set ofi 
ft equal to qO^, and join al; then through h draw 6u 
parallel to at, cntting 2, 3 in u. Then suie the required H ^, 
and the distance 17O3 ia set ofT equal to su. This is evident, 
for by similar triangles 

6s M* _ H, 
as^ St U,' 

A third polygon is drawn, whose sides are parallel to the 
radial lines O, c, O3 d, &o., and this polygon will pass 
through a and 2, the horizontal component being H^. 

In an actual arch, in which the loads are continuous, the 
polygon will be a continual curve, which will pass through 
the comers of the given polygon. 

If the springing points 2 and 3 are not on the same level, 
the process is the same, but it must be remembered that gt 
and s-u are still on the line 2, 3, and not horizontal, rs shown. 
After having obtained the line of resistanee, or linpar arch, 
with'maximum and minimum load)>, symmetrical curves 
must then be drawn, so that these lines of resistance shall 
be altogether included between them. These symmetrica) 
cnrvea are the limits of the middle third of the arch ring. 

A very short method upon the principles here set forth 
of drawing the linear arch through three given points is 
shown in fip. 125. The points are 2, 3, i The line of 
loads ck being drawn to some convenient scale, and any 
pole Oi assumed, the funicular polygon 5, 3, G is drawn, 
commencing with the member GO through the given 
point 3. The line a 0, is then drawn parallel to 5, G, and 
ea, ak are the vertical components of the end reactions. 
Draw 3, 7, 8 through 3 vertically, and join the two given 
points 2, 4 ; this will be the closing line of the required 
linear arch. Through a draw a O parallel to 2, 4, and take 
the point O in it puch that H : H, : : 3, 7, ; 3, 3. This is 
easily done thus : Set down Q S and Q R equal to 3, 7 and 
3. 8 respectively; aiso QT equal to H,. Join RT, and 
through S draw SV parallel to RT, cutting TQ in V 
Then Q V ie the ^.'quired H. Set off H to the right of the 
lire of loads, and the vertical through its extremity cuts 
a O in O. This is the required pole. After drawing the 
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radial lines, the linear arch 2,3,4 is then drawn, commencing 
with either of the points 2, 'i, or 4. In general, with 
granite vouaaoirs, i£ p be the radius of the circle which 
toachea the topmost point of the intradoa, and the inaide 
facea of the springer, then depth of keystone at crown 

= '25 Ji, + "5 span + "Sft 

For ordinary stone arch work multiply thie result by i, 
and for brickwork multiply by J. 

The depth of springera is the same as depth of keystone, 
except for excessive spans. la small arches the depth oi 
keystone is often taken as 

Jl-2 radius of curvature of aoffit at crown 
for single arches, and for a aeries of arches the constant 1'2 
is replaced by 1'7p 



CHAPTEU XXVr. 
The Peinciple of Work and Miscellaneous 

Let a force F be applied at the end of a piece of elastic 
material, whose transverse sectional area is A square inchps 
and uniform, while its length is I inches and Young's 
modulus of elasticity is £. The sign of F is positive if 
tensile, and negative if compressive, and any extension due 
to the force F will have the same sign as F. 

The elongation of the material nnder the action of the 
load F " strain x length ; but 



and conseqnently the extension 



:^ " the extension prodaced by a load oE 1 )b. 
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la equation (a) it i 



vident the average load 



because the load is grndnalljr and steadily applied without 
shock of any kind. We may put the matter in another 
way, thus : Let a scale pan bs attached to the material, and 
let aomB finely-divided subatancp, auch as sand or shot, be 
steadily poured into the pan ; the material will stretch aa 
the load increases, and as the load is uniformly increased 
from zero to F, the average must be 



h O 



■i 



2 



It may be argued that the potting on of a load ia a 
different operation to the pouring in of a finely-divided 
substance such as shot ; buC npon a little consideration it 
will be seen that the two are identical. Take the case of 
putting a weight on an ordinary spring balanco ; say the 
weight ia 10 lb., and is held in the hands. The spring 
stretches as the load is applied, and when the balance 
indicates, say, Gib., the remiiining 4 lb. is upheld by the 
hiinda. Hence, at every point in the elongation, some part 
ul the load is supported by the hands, beginning at zerc 
elongation with supportini? the whole of it, and gradually 
allowing the balance to take more and more of the weight, 
until the hands support none ot it at maximum elongation. 
This is what takes place when a load is steadtly applied to 
any elastic structure. 

Now, from the principle of the conservation of energy, or 
what is sometimes called the principle of work, the work 
done upon a atracture by all the external forces equals the 
work done in deforming the members of the structure 
This principle will be applied to solve some of the problem 
which follow. 

Consider the hinged frame D B C, fig. 12G, in which D B 
is 5 ft., B C 7 ft, and D C 10 ft. ; also the sectional areas of 
D B and B C are 1 and 3 square inches respectively. Let 
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the points D and C be maintained in their reapectivn 
positions— i.e., the member D C mnst be absolutely rigid. 
For convenience in calculation, let suffix 1 relate to D B, and 
suffix 2 to B C. It is required to find the vertical defleetion 
of the point B. Work done in extending 

DB = !!■„. 

where F, representa the total stress in D B. [Vide 
equation (a). J 
In the same way, the work done in extending 



the work done by the external force 

where 5 = the vertical deflection of B. Then, aa the work 
done upon the frame by the external forces equals the- 
work done in deforming the members of the frame, 
W. F," _,_ F,2 



i?) 
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t 12 



= T.W 



" E Aa 12000 ^ 
The total stresses Fj and Fg must be found by ordinary- 
statical methods. The triangle of forces at the point B is 
shown in fig. 126, and as the triangle of the framework and 
the triangle of forces are similar, 

Fi ^ DB ^ • 

W DC "' 

Inserting these values In equation (0), we have— 
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The same result might have been obtained thus : 
ExfcenBionof DB = F, m, = 2-5 x lii, = -012511 
Extension of BC= - Fj »ia= -35 x t/u- - "00? 

In the npper part of Sfc. 126, drawn to a macb larger 
aoale, are the extenaiooa B G and B Q, representinE 0125 in., 
and - '0082in. respectively. Throngh G draw G N perpen- 
dicular to B G, »nd through Q draw Q N perpendicular to 
QB, cutting GN in N. The point B is deflected by the 
load W to the point N, through a vertical distance B R, and 
the horizontal distance R N. The former, if measured oflj 
equals *012in., as found above, and the latter equals 0051 in. 

Another and useful method of finding R N, the horizontal 
deflection, is as follows : Put on a force H, acting at B in a 
horizontal direction, fig. 127, from left to right, in addition 
to the load W. The work done hy K on the structure will 
be— 

2 ^ 
whpre !;. = horizontal deSection. 

The work done by H on the structure must equal that 
done in delorming the individual menibera of the structure, 
and it is this quantity we must next Hud. 

Let two forces, P and Q, act in the same direction and 
together upon a piece of material, say along its axis. The 
work done 

- » (P + Q)= « - i (P + Q) (P + Q) m 

.^'(P + Q)» + 9(P + Q)„ (,) 

= work done by P + work done by Q. 
Hence the work done by one of a number of forces on a 
member equals the product of m and half the force in 
question into the sum of all the forces acting on the member 
Referring to tig. 127, and considering the stresses in D B 
and B C due to H alone, we find, after drawing the triangle 
of forces X Y Z, the angle 

Ihe .ogle 

S = ^ - C. 
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And further, because in any triangle the sides are propor- 
tional to the sines of the opposite angles, then 

H ^ JV_ ^ IV 
sin Z sin X Y 

and putting in the equivalents of the angles, we have 



H 



Fx^ 



Fs^ 



or. 



8i^(C + D) sing-C) BinQ-D) 

H Zii= JV. 

sin B cos C cos D' 




Fio. 126. 



Now, from trigonometry we get 

sill B = j^^l^Q VS(S - DB) (S - BC) (S - DC) 

where S = half the sum of the three sides. 
In this way we find 

81^ B = ^^ J 11 (11 . 5) (11 - 7) (11 - 10) = -93; 

*1«^ cosG - ^DCi+CB^ - DB2 __ 

"^^ — 2^rrrcircB~~- ^' 

and ^ J. _ DC^+DB^-BC^ _ ... 



1 the above equation, 

= ■95H, andFo^ - '82 



R 
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It has also been previously found that the total streaa in 
D B and C B dne to W alone are l'\ = 25 tons and Fa = 35 
tons rpspectiveiy. Now, in D B we have streaa due to both 
ioada W and H = F^ + F,' = 2'5 4- D5 H, and in BC we 
have - Fs + Fj' = - S'S + '82 H ; the nefrative aign 
ahowing that W tends to shorten BC, while H tends to 
lengthen it. 

Now, from equation (7) we get — Work done bv H on 
member D B equals the continued product of m^, uolf the 
stress dne to H, and the sum of the stresses due to H 
andW, 

■!>5 H , 



- {F, + l\') m. 



■ -95 H) i 



■82 H , 



and the work done on B C by H 

= ^ (-Fs + F3') TOb - '^^^ (-3'6 + -82 3); 
and from the general equation of work we have 
H jj = 'SSH (g.g _|_ ^,5gj^^ ^ :82H ^^g.g ^ .82H)Bi2 ; 

or, Sn = -95 {2'5 + -95 H) m^ + 82 (-82 H - 3 5) nis,. 

Now we require to find the horizontal deflection of B 
with W alone — that is, when H is zero ; hence in the last 
equation put H = 0, and there remains 

. ^ (-95 X 25) _ (-82 X 3-5) x 7 ^ 
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3000 



: -0051 ii 



Further, let D still remain rigid, and let a bar, I square 
inch in section, connect B to T, of the same material as that 
in D B and B C. The structure now contains one more 
member than is required for statical equilibrium, and it is 
required to determine the stresses in the members B D, 
EC, andBT. 

Let the actnal stress in B T be represented by H ; then we 
may remove T B and replace it by its stress II, ae shown in 
tig. 127, on the right. Using the same notation as in the 
previous example, we must n a ve^ Stress in D B is F, due 
to W alone, without H, and -Fj' due to H alone, without W. 

Similftriy, stress in BC is - Fj due to W alone, and -Fj,' 
due to H alone, the negative signs indicating compression. 
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Kow, the member B T is one of a system which is a con- 
eervative system of members, and conHCquently the work 
(lone by any one member is stored up in the others ; or in 
other words, the work of the wholeaystem remains constant, 
and is unaffected by any individnal member. Hence the 
work done by any member on all the members of the aystem, 
including itself, must be zero. It may be seen more easily, 
thus : The work done iy a member is that amount which 
it gives up_ to others, and ia consequently negative from that 
point of view. The work done on the other members is 
received by them, and is consequently p(»itive. Further, the 
work done by the one member eqaals the work done <iv. the 
remainder of them, and the total work done on the system 
of members {%.e., on all of them) ^ minus that given out 
by the one plus that received by the remainder, = zero. 
Therefore, we may state that the work done b^ a redundant 
member on the whole stractnre (including itself) is zero. 
Tt will be nsefnl to tabulate the results as they are obtained, 



Member. 


-=A 




■lone. 


. 


Work due to H alono = 
X elongation x "J."™ 


BT 


<)3n 


2-B 


-■82H 


■oias - -OMTS u 

-■0082-1MlflH 
■0032 H. 


[-■«llilH + -(«W.',n').i 

(■0067H+'MlMH')Ki 

■0032 H> >: 1 



The length of the E T is 3 ft 3 



; and, oonseqaently, 



4000 AE' 
Also in Column III., the stress in BT due to W alone is 
zero, as the stress in BT does not now exist as a stress, 
it being replaced bj^ an external force H. The negative 
signs in Gommn lY. indicate that the stresses in D B and 
B C due to H alone are compressive. The total stress spoken 
of in Colnmn V. is the stress in III. added to that in IV, 
This sum ia multiplied by the corresponding value in IL, 
and placed in V. As we require the work done by H alone 
on the whole structure, we must multiply the quantities in 
V. by those in IV., and place the products in Column VI. 
The work done by H on the whole structure is the sum of 
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the qaastities in Column VI., and from above this sum 
must be zero. Therefore, sum of quantities in Column VI. 
= -0092611- - 0052 H = 0, or H = '502 ton. 

Having obtained the numerical value of H, we vaaj then 
draw the polygon of forces, and thus deduce F[ and Fj. 
In this way F, = 2 tons, Fo = 405 tons, and the effect of 
inlrodacing this extra member was not to materially 
strengthen the stractare as a whole, but rather to weaken 
it : for while it relieved D B oE half a ton, it added about 
half a ton to BC; and if this latter member were in the 
first plai» only designed for a stress of 3'5 tons, the 




introduction of the member BT would tend to destroy the 
structure by overloading B O. 

Another, but slightly diti'erent, method may be adopted 
to find the stresses in a structure which contains redundant 
members. In connection with the masonry arch, it was 
shown that the internal forces in a structure brought into 
play by the application of external forces were always a 
minimum. In the case of a structure made up of elastic 
material with hinged joints, the internal forces are the 
the members ; and consequently each of these 
minimum. The work done against these stresses is 
n by the sum of all the quantities, J F- m ; conaequently, 
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the work done is a minimum, because F is a minimnm. If 
the work of deformation ia a minimum, it is afaown in the 
Differential Calculus that the tirst differential coefficiei.t of 
the work done is zero. Of all the quantities that come into 
the expression for work done, the onl^ ones which are 
independent variables are the streaaeB in the redundant 
members ; for if they did not exist, the remaining stressea 
are all determined, and when the redundant members are 
introduced, the stresses in all members are affected by the 
redundant members. Hence differentiate the espresBion 
for the work of defonnation with respect to each of the 
stresses in the redundant members, and eqaate each to zero. 
This will give as many equations as there are redundant or 
superfluous members, from which their stresaes may be 
determined. 

Applying this to the atmcture, tig. 127, we obtain for the 
wors done in deforming the structure from the previous 
table, the sum of all the quantities— (stress due to W + 

stress due to H) x s ■ Thua work done by all 

forces on structure 

= (25 -■95H)(-0125- ■O0475H)+-(3'B + ■82H)(-0082+'0019H) 
+ -0032 H^ = W, say. 
Then = 1^ = (2-5 - -95 H) ( - • 00475) 

+ (-0126 - -00475 H) ( - 95) + (3 5 + 82 H) y -0019 

+ -82 (-0082 + 0019 H) + 'OOOi H, 

from which we obtain 

■01852 H - 0104 = O; 
or H ■= -66 ton, 

the same ae obtained previously. 

In the last example only one superfluoua bar or memher 
was introduced. We will now proceed to investigate the 
problem in its general sense with any number of reaundant 

A series of articles on this subject appeared in Engineerinn 
during the latter part of 1894 and the early portion of 1S95, 
by Mr. H. M. Martin, Wh.Sc. and numerous articles have 
appeared in the Engineer between 1B86 and 1803 inclusive 
from the pen of Mr. Max Am Ende, M.I.C.E., all of which 
are well worth reading. The method of treatment in what 
Immediately follows is that adopted, and so well described, 
by Mr. Max Am Ende. 
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m = 2j - 3, ^ 
ere m is the nniuber of memberB and j the number of 
joints or nodes. In fig. 128 there are 9 members and 6 joints ; 
therefore, by the above equation, there are no snperfluoas 
members. In the figure the members are numbered, and a 
pair of eqnal and opposite forces F F are applied at the 
points X and Y. 

Consider the etress in an3r member, say the rth nroduced 
by the forces F. Let Sr denote thia stresH a '" ' 



rth pro< 

! tr the 1< 




of that member, while Sir will represent its extension. At 
the same time, let Ar be the sectional area and E the 
modulus of elasticity. In the figure, we may replace any 
member, say number 2, by the stress in that member. 
Taking momenta about the point a, we get 



or S^ = ||F = CsF (y,) 

where Cj represents the fraction ac ^ a h. In the same way- 

Ss = Co F, and Sr - cr F. 

The coefGcient c may be always found from statical con- 
sideratioDB alone, and it repreaenta the stress in the member 
due to an applied force of unit magnitude in the place of F. 
If the structure be elastic, the points X and Y will 
Approach each other, and the dififerent members of the 

1 ■ Get ivveodix. 
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Btnictnre will be deformed. If itt denote the alteration at 
length X Y, then the work done by the forces F on the 

Btruoture will ba 



uid will be poBttive, becanae the points X and Y move in 
the direction of the forcea. The work done against the 
stress in any member 



and the work done in deforming the membera of the 
Btrsctnre by the force F will be 

Hi'iFSij + c.YSh +C3FS/, + &c.] 

As all these quantities oE work are done by the stresses in 
the several members, the whole will be negative in sign 
relative to the work done by the forces F, beoanse move- 
ment takes place in a direction opposite to that in which the 
stresses act.* 

The principle of work saye that the work done by the 
e.rtental forces equals that done against the internal streises ; 
or, if the proper signs be attached to show how the work is 
done relative to the forces F, the (itm of the external and 
internal ivnrk is zero ; or 

0=^-Sl,- l[c,il, +CsSl2 + e,Sl, + &cl 



If now we replace the forces F in fig. 128 by a 
superfluoaa member, as in fig. 129 (the structure being 
hinged at X and free at Y), the work done by the internal 
stress in this member will be negative, because the point Y 
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■ Thoro ihould b« no dlfflonlty in dcterr 
thD ntTk done by ths lonet Tit riiaUf 


nii^ing the aign of tho work done, tor 
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movea in the oppoeite direction to that in which the itra 
IB applied. The above eqaation will then become — 
O - 8i«+ ei«S?, + Ca'S^s +Ca''Si3 + c,«Sij + &c . (!) 
-where a is not an index, bat simply implies that the 
coefficient e refera to the member denoted hy the saffix in 
relation to the soperflnous member X Y, whoseatreas ' "~ 
thus Ci' represents the coeiEcient 

in fii;. 1S8. In the same way c^'' woald repreaeot the aams 
coefficient connecting a second Buperfluoaa bar with member 
number 2— that is, it is the atreaa in member 2 prodat^d by 
unit atresa in the anperflnons member b. 

Now let the structure, fig. 129, be acted upon by the 
external forces P, Q, ikc, and let there be superanoaB ban 




in it (not shown), whose streaaea are represented by 
F'' , F^ , F' , ^c Let R represent the streas in any member 
produced by the external forcea, without any superfluous 
member beine in the structure. 

Then the whole stress in any member, say number 1, di 
to the external forces and the redundant members together, 

will ^^ r. , ^ , 

Si = Bi + Si" + Si* + S/ + iic, 
where the letters a. 6, ic, denote the superfluous memben 
producine those stresses. 
But it Baa been shown that 

,S^n=c,''F«, 8i''=d,''F*, and Sj' = c,« F' ; 
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^H therefore 



J - k'a + .72"F«+ C2*F''+ C2'F"+ &C. V. ...(() 
3 = Rj + CsaF"+ Ca*F»+ Cs'F' + &oJ 

and ao on for all the members. 
It has also been shown that the extension of any member S t 
= strain x original length of member 
stress intensity ^ , 

-^ — "' 

_ total stress J^ 
sectional area £ 
= S X ^ = S m, say (f) 

For every snperflaona member we shall have an equation 
similar in form to {^), and, therefore, in the present instance 
we most have the equations— 



O ^ Sib + c,* Sii + Cj* Sli + C3* B/3 + ic > . . (7,) 

O = iic + C,' III + Cj" Sis + Cs" ^^3 + *c,J 

Andsoon for every sapcrilaoas member. Substituting from 
(i)in('?), we get— 

O = S„ mo + c," Si mi + Ca" Sj m^ + c^" S3 m, + Ac. 
O = St. m^ + c/ Si mi + Cj' Se m„ + e/ S,, m^ + &c 
- St mc + Ci= Si Ml + tfi" Sa nia + Ca" S3 Ma + &c 
And further sabstitnting from equation (i), we have — 
O = S. m„ + c," m, (R, + Ci- Sa + Ci* Si + c,= S. + &c)' 
+ Cj" ma (Rj + cs" Sb + c^* Si + c^' Sc + Ac.) 

+ Cs" m, (K3 + Cs'Sn + C3* Si + Cs< Sc + .fee) 
+ 'feO. 

Similarly, 

O = S(, mj + cji- m, (R, + c," S, + e/ S* + c,' S. + Ac.) 
+ Ca' mj (Rg + Cj" S« 4- Ca' S» + c/ S. + Ac.) 
+ C3''m3(R3+c,*Sa + <;3*Sj + VS. + Ao.) 
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and SO on for as many equations as there are auperflaotis 
bars. If there is only one auperfluoua bar A, then Si, So, ita, 
will be zero ; and the last equation (0) will give the etresfi 
Ss in the bar, it being the only unknown quantity in the 
equatioh. For R,, lU, R^, Ac, are found graphically, or can 
be calculated Btaticaliy, they being the stresses in the 
members 1, 2, 3, &&, due to the external forces alone. Tfae 
coefficients c^" , c," , &q., can also be found from the 
dimensions of the structure ; and in,, ni;, &c., the coefficients 
of extension, are also known when the dimensions of each 
member are given. For only one superlluous member 
equation (9) becomes 

O = Sa Mb + e^" m, (Ri + c^" S«) + c^" m^ (Ra ^Ca-Sa) 
+ Ca'<ms(R5.+ Cj'*Sa) + i-c. 

+ R, m, Ci« + R. m„ Cj" + Ra m^ e^" + ic 

Should it be required to find the change in the length 
X ¥ under the influence of the external forces alone, 
without any superfluous members at aJl, we simply replace 
the redundant member A between X and Y by a pair of 
external forces S". as in tig. 128, Then, as 31 now takes 
place in the dire'^tion of the force, the work done by the 
force will be of opposite sign to that done in deforming the 
members of the structure. The quantity^ Sla = So. ma will 
now be negative, and the last equation will becc 



B/a = t 



, (R, + c 

m, (R3 4 






m. (H2 + c^" S«) 



As we want to find the deflection under the condition ot 
the external forces P, Q, tkc, alone, Su must be zero, and the 
above becomes— 

8 ;„ = c," nil f^'i + '^a" "'! I's + ''■■-i°' ™3 ^'3 + ^°- 
If there are redundant members i 
deflection will be obtained in the 
those members. 

As a numerical example of the foregoing, take the canti- 
lever in the upperpart of tig. 130. It is loaded at its lower 
extremity with Wi = B tons ; it is hinged at O, and tied 
back at D. The points C and D are maintained at a 
constant distance apart, which is equivalent to saying that 
the member 9 is absolutely rigid, and therefore its extension 
is aero. It is required to find the atresB in each member of 
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the Btractare. The first thing to be done is to discover 
if there are any rednndaat members in the stmcture, and, 
if so, where they are situated. See what members mnv be 
discarded without deatroyli^ the structure. The membera 
a, 2, 6, and 5 may be so removed, and we have left the 
stmcture shown in the lower part of the figure. The 
members 5, 6, and 2 can only be strained when a is strained, 
and there appears to be four redundant members. Tho 
necessarj members are given by the equation ■■■■■■ 

wt = 2j - a 

Mere the nnmber of joints is six; hence ni = 9 ; and as there 
are ten members in the structure, there can be only one 
redundant member. As 5, G, and 2 are of no use without 
a, then a must be the redundant member. It will be 



^ 3 4 




noticed that if 8, 7, and 4 were removed, the structure 
would not collapse ; in fact, the structure is made up of two 
similar structures, one containing the members 1, 8, 4, 3, 7, 
and 9, fig. 131, while the other contains the members 1, 2, 6, 
5, 3, and 9, the load being applied at the point where 2 
meets (i. These two structures are superposed one on the 
other, and connected by the member a. Following out tha 
method' previously discussed, we remove the superfluous 
'£m Appendix. 
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H bar a, and replace it by two forces eqaal to the Btresa in it ^M 

■ acting at its estremtties. Call these fon^ Sa. It will be ■ 
H most convenient to record in tafaalar form the results of H 

■ the numerous calculations made. ■ 

H TaBLB KbFKBSINO to FiGtIBBS 130 AND 1.11, H 
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In the accompanying table, the first column contains the fl 
numbers which denote the several members, the second the 1 
length of the members in inches, and the third the sectionftl ■ 
area of the members. In the fourth column is given the ■ 
values of m, and the fifth contains the stress produced in H 
each member when the redundant member has been H 
removed. The sixth column contains the stress in the ■ 



I 
I 



members produced by Quit force applied at M, fif;. 131, 
while the seventh colninn gives a similar value when unit 
force is applied at N. The eighth column contains the sum 
of the numbers in the two previous colamns. 

Using the quantities given in this table to substitute in 
the equation (»), namely, 

= Sam„ + c,'^tn^ (R, +c,-'&.) + c^- m^ (R. 4- Cj' S„ ) 

+ Cs''ffl3(R:, + tfj-S™) + + + e^'^MniR^ +C2<'Sa), 

which reduces to 

o ^ _ CjamiR, +C2<'m-iRs +e3''m,R, + 4- + c» °WnR, 



e obtain 



Sa = -445 Wi = -445 X 5 = 2-22 tons. 




lo Gnd the stresses in the individual members, replace 

3 ti^ 1Q1 U« O-OO tf^^ft n»yl if «>T-A k»nl4.:^1« »11 l.L» ^»,~.l 
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H The third column fiives the streBses in members dne to 
H W, - Sa applied at N in a downward vertical direction. 
^ This ia given by the product oE 

{W, - Sa)and ^. 

The true stress in any member is the sum of the nambera 
siven in the second and third columns of the last table. 
The last column contains the stresses in members when the 
member a is assumed to support half the load Wj, It will 
be observed that the true stresses are not far from those, 


Member. 


K"a, 


tonn ' 


iiT^ffi™ 


Stresa Id ■ 


1 


-** 


'H! 


3-2 


-' 


5 
> 

s 

5 


obtained by the assumption mentioned above in this par- 1 
ticular instance, but they may vary very considerably from H 
those values if the transverse dimensions of the redundant ■ 
member are mnch reduced. ■ 
It may be instructive to solve this same problem by the ■ 
method of least work. Divide the structure, as shown ia ■ 
fig. 131, and let the upper portion be loaded at M with ■ 
Sb tons, while the other portion is loaded at N with a force ■ 
of W, tons downwards and Sn tons upwards, or a net force ■ 
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produced by the upper load Sa alone in the different mem- 
bers will be found in the third column of the following 
table, jand the stresses produced by the load (Wi - Sa ) are 
given in the second column. The sums of the numbers in 
these two columns are given in the fourth column ; while 
the work done by each stress is given in the last column in 
the form— 

2AE 2 • 





Stress in 
member 

produced by 
(W,-8o) 

alone at N. 


Stress in 

member 

produced 

by So 

alone 

atM. 


Total stress in 
member. 


.. AB 

> 


Work done in 

straining member 

s= (total stress)* 

i X !?. 

1 -^ 


1 


2(Wi-Sa) 


Sa 


2W, -Sd 


tAo 


(2J57, -ga)«X »A„ 


s 



-(W,-So) 


Sa 
-2Sa 


So 


vhxf 


So* X „U 


s 


-(Wi+8a) 


Ts'on 


(W, + Sa )2 X ,Aj» 


4 


-(W,-Sa) 





-(W, -So) 


Tshis 


(W, - Sa )« X xk'ab 


5 





Sas/2 


So-v/T 


■B^lf 


So* X ,io 


6 





-Sa\72 


-So\/T 


. loVo 


So» X j„\„ 


7 


-(W,-Sa)v^> 





- (Wi -y So v^ 


u^6n 


(Wt-So)= X xtArw 


8 


(W^-Sa)v/'^ 





(W, - Sa y/2 


lis 


(Wi-Sa)2 X,45 


9 





Pa 


Sa 








a 





So 


So 


viv 


Sa» X j^,jf 



The sum of all the quantities in this last column is the 
work done in deforming the structure. If this is differen- 
tiated with respect to the stress Sa in the redundant 
member, the differential coefficient must be zero. Let U 
denote the total work done ; then 

U = (2Wi -SaV-^ + Soi . (Wi + S a )^ . (Wi - So )^ 

3600 1800 3600 1800 

Sa^ Sa^ ( Wi - Sg )^ (W^ ~ Su )^ . Sa^ 

640 1060 1060 640 1200' 



Collecting the qnantitiea, ftad differentiaUng, we get — 

O = ^-^ = - -OOO^U (2 W, - So ) + ■00779 So 

+ -000554 (W, + SO - "00632 (W, - So ) 
and Su = "45 Wi approximately, 

R result similar to that obtained by the other method. 
The alight difierence between the two numbers, '45 W| and 
'445 W., is due to the fact that these calculations have been 




done with a pocket calculator, a form of circular slide rule, 
and numerically exact results have not been aimed at. 

If in the cantilever in the last example a second superfluous 
member (b) is introdnced, and at the same time the structure 
be loaded at two joints as shown in the lower part of fig. 
132, the stresses in the members, including the redundant 
members, may be obtained in the manner previously 
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indicated in connection with equation (fl). Let the second 
load be denoted by W^, and the stress in the bar bhy Sb; 
also let the sectional area of this member be 4 square inches. 
Remove the superfluous members, and replace the member 
(a) bj unit stress acting at its extremities on the structure 
in the same way that Sn would do. This unit stress produces 
stresses in the several members represented by the symbol 
(H with the suffix number of the member ; e.g., the stress so 
produced in (5) is t-,", the suffix a denoting that the unit 
stress is applied in the same manner as Sa. The difi'erent 
values of c" are given in the sixth column of the following 
table. Now remove this unit stress and apply it in the 
position of the member b, and in the same manner that S» 
wonld act. The stresses c'' produced by it in each member 
are found in the seventh column of the table. The fifth 
column contains the stresses produced by the external loads 
W, and Wq when the aaperiluona bars a and 6 are removed 

Table in Conhection with Fig. 132. 
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Insert the aeveral values found in the table, in tfee 
folio winK eauatio&B, which are simply equations If)) 
repeated, with the terms that are not required left out :— 
O = a.m« + Ci-Mi [Ri + Ci-Sn + Ci*S6] + Ca-OTj 

[Us +Cs<'Sa + Cs»S6] 

.■3"»i, [R3 + fB"S. + 6./S,] + + +c,-m, 

O = S(.m + e,*mi [Ri + e^''Sa. + e^z-Sb] + e^^'m^ 

I's'-WstR. +C3''S« + t'^'Si] -f + + C.I'm, 

1 we obtain the following aimultaneoua equation — 
■01503S.- 005186= ■00664Wi - -OOITTWb 
- -0072 S<i+ ■0069 St = - -003 W, + -00012 Wj, 
which Bivea S,^ = -45 W; + '28 W^, 

and So = '035 Wj + 118 W.. 

If the load W^ were removed, the second superfluous bar 
{b) would have little efl'ect in altering the stresses in the 
members ; hut if the load Wg were replaced and Wi 
removed, it then exerts considerable influence on the 
remainder of the structure. The load Wj does not 
appreciably aflect the stress in {b), but the load W^ a&'ects 
both a and ^ to a much greater extent. 

Lattice Gisdek with One SuPBEFLcogs Member. 

In the upper part of fig. 133 is shown a short lattice 
girder, loaded at the joints of the lower boom and supported 
at its extremities. A much longer girder, or one having a 
greater number of diagonals, is generally to be found in 
actual practice ; but the principle of solution is identical in 
both cases. The girder has been loaded at every joint to 
bIiow the influence of every weight on the stresses in the 
members. The structure contains one more member than is 
required for statical equilibrium. This is shown in the 
equation m ~ 'ij - A. 

Either of the end posts may be removed without the 
collapse of the structure. Let us remove number 17 ; it will 
then be found that numbers 5 and 13 are then useless, and 
we get the figure shown in the middle of fig. 133, Its 
uppearance is peculiar, bnt if Wi = W^ = W^, the several 



Btreases are given in the stress diagram on the right in the 
naual manner. But as it is more interesting to studj the 
effect of every individual load on the structure, the atreases 
have been calculated by the " method of sections," and 
where necessary the ordinary polygon of forces. These 
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stresses are to be found in the fifth column of the following 
tabla The members 5 and 13 are now replaced, and the 
streas Sa is inserted in the place of the redundant bar 17. 
(This stress is put in, in the positive direction, and if the 
nnmerical value is negative, it shows the stress is the 
opposite to tension, namely, compression,) The stress in 



membef produced by nnit stresa applied in the place ol 
■ ■■ " "^ -' of the following table. The 



Sn ia given in the sixth col 
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\ft(w, + w,) 


v; 


1I»0(W, + w.,> 


-Ml 


17 


6 




•ODoe 










,. 


« 
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soo (W, + V!,) 


■0005 



seventh column ib the product of the numbers in the fourth, 
fifthj and sixth, multiplied b; one million for the sake of 
getting rid of the cyphers after the decimal place. Inaerting 
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the several quantities in equation (P), and not forgetting to 
divide the sum of the quantities bj one million, we get— 

= ■OOO.-i S„ + -Ol&l? Wi + -0038 W. + -004G5 W^ + -OlSSa S. 
which reduces to 

S„ - - -04 Wi - -265 Wj - -325 W, ; 
the negative signs showing that each load helps to pat the 
rerlundant member in compression. 

For the sake of comparing the results obtained by 
aasnming the girder to be composed of two simpler girdera, 
and those obtained by the more correct method, a further 
table of comparative stresses has been made, and is given 
on page 2DI. The second colunm contains the stress in each 
member produced by the stress in the redundant member, 
namely— 

S„ = - 'OiWi - ■2(J5 Wa - -325 W3. 
This is obtained by multiplying the stress Sa by the 
coefficient c" in the sixth column of the previous table. 
The third column gives the actual stress in each member, and 
is obtained by adding together the qoantities in the second 
and third colnmns. The last column contains the stress in 
each member when the girder is broken up into two 
elementary girders, as shown in the lower part of fig. 133. 
A comparison of the stresses thus obtained with the actual 
stresses will show at once how very wide of the mark they 
are. This column has been put in because it is so often 
stated in text-books that the girder can be broken up in 
this way, whereas the stresses thus determined do not at 
at all agree with the actual stresses. 

In general, the bracing members are more numerous than 
are shown in fig. 133, but the method of calculation is the 
same in all respects. 

A similar girder to that just discussed, but in which the 
inclination of the bracing members to the horizon is 60 deg. 
instead of 4o deg., is shown at A, fig. 134. It is used as a 
riveted structure for short spans, and as a pin strnctare for 
lon^ spans. The Memphis and Indiana Bridges in the 
United States are of this form. Short-span riveted girders 
of this type are sometimes made with quadruple bracing. 
as shown at B. In general, the diagonals are riveted 
together where they cross one another, making the structure 
very rigid, similar to a plate girder. At C is shown a 
modification of the form shown in fig, 133, which is always 
■laed for long spans. The Pegram truss at D, fig. 131, ia 
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an economical form, on account of the ahoFtneas of the 
compression members in the upper boom. There are three 
redundant members, two of which are shown dott«d. A 
swing bridge is shown at E, containing three superfluous 
members. When sustaining a load, it rests upon four 
supports, and does not act as a cantilever, bat as two girders 
supported at their ends. The Baltimore truss is shown at 



F, fig. 135, the dotted 






representing superflaous 
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members. It is used for long spans only, as are the next 
two specimens, the Petit truss at G, and the girders of the 
Hawksbury River Bridge, New South Wales, at H. In 
both instances the dotted lines represent members inserted 
merely for the purpose of stiffening the compression 
members. A double cantilever with central girder is shown 
at E. The latter contains two superfluous members, and 
the outer ends of the cantilevers are anchored to the 
masonry. A very complete classilication of bridges will be 
fonnd m Professor Craxton Fidler's treatise on " liridga 
Construction." 
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Deflection, 


Given any structure composed of members hinKed together 
at their extremities, it is required to find the deflection of 
any point in that structure, in any direction, due to any 
load ; and further, to find the force that must be applied at 
that point to ?)7-eMn( any deflection of that point A very 
simple pin structure has been selected, fig. 130, the left-hand 
end being fi:ced, and tbu right-hand end free to move horizon- 
tally on a frictionlesB support. The three upper joints are 
loaded with the weights indicated in the figure in tona, by 



numbers attached to the arrowa. The apan ia 40ft, and the 
letigths of the individual members are to be foaad in the 
accompanying table, in the second column. 

Tabli of Qoantitibs Relating to Fio. 13C. 
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The sectional area of each member is given in the third 
column of the table, and the stress in each member, as found 
by the streas diagram, is given in the fourth column. 

We will first proceed to find the deflection horizontally of 
the right-hand end. If a superfluous member be inserted, 
tying the two ends together, the streas in which is Sn, we 
ahall have the relation already indicated in equation (h), 
namely, 

= fi«ma+c,-'m,(R, + r,«S«) + c^nrnj (R^ + c^'S,.) 
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in which Sama is the extension 5 la of the member (a), as shown 
by the equation (t). If the movement of the end of structure 
take place when there is a member (a) inserted, it will be 
of the same sign as the other extensions, because they all 
take place in directions opposite to those in which the 
stresses act. If the superfluous member (a) be replaced by 
forces Sa equal to the stress in that member, the sign of 




Fio. 186. 



the movement of the end under the action of Sa will be of 
opposite sign to the other extensions, because it takes place 
in the same direction as the force acts. This was explained 
in connection with equation (8), Replace the member (a) 
by a pair of forces S<a, as indicated in the middle of the 
fig. 136, then the deflection Sama = ^^ais of opposite siffn U 



that of all the other terms in the above eqtiation ; conse- 
quently we may write^ 

+ Cj"/.), (R, +C3aa,) + ic, 

LB which S'ais the deflection of the free end. 

The member (a) does not exist in the upper part of the 
Sgure ; therefore Sn = 0, and 
3;„ = MLRiti" + 77i„R2Cs'' + m3RT 4-i;3''+ ic, 

= sum of the quantities in the seventh column of the 

table, 
= - 1775 in. 

The result is in inches, because all lensths have been 
reduced to inches. The negative sign inaicatca that the 
raovement takes place in a direotion opposite to the 
lupposed force Su. 

if the free end is prevented from moving under the load, 
i U will be zero, and Su wiU be the force which must be 
applied to the end horizontally to prevent deflection. In 
the last equation but one, put sU = O, and we have 

- - 177 + R«^,")= + (.r)= + ('■■.'■)- + -ta 
= - 177 + -OiiBH^, 
and Su = 39'5 tons. 

Now tie the two ends together with a anperfluous 
member (a), whose sectional area is 5 square inches. Using 
the last equation but three, which is a repetition of 
equation (e), we get— 

O = -008 S^ - 177 + -0448 Su, 
from which Sa = 33'5 tons. 
Also the extension 5 U of the member (a) 



Hence the deflection of the free end horizontally when the 
redundant member is put in is - '268 in. 

Now take out the superfluous member (a), and And the 
vertical deflection of the topmost point of the stroctare. 
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Proceeding as before, we put in a pair of forces in the line 
of the required deflection, these forces really being substi- 
tuted for the stress in a redundant member occupying the 
same position. Let suffix b denote the quantities referring 
to this second superfluoas member or its equivalent forces. 
Using the second of the equations (8), we have, after 
changing Si mi into - S/t, 

Sh = c,* m, R, + Cs' ma Ra +C3' mj E, + A-o. 



Sh = - i;f7in,, 
the negative sign showing that the deflection took place in 
a. direction opposite to that in which the force Sb{= O) 
was applied. (See lower part of fig. 136.) 

If the superfluous member (a) exists in the structure, the 
deflection of the topmost point will be very different irom 
that found above. Thus, from equation ("), 

S?6 = <;L*m, (H^ -f6-,"S„) +Co'™2(Rs + Cs"Sai 

+ c^f'ms (R, + c« S») + &c 
= :(Rmc6) + S«(ci<'c,^mi +C2''Cj"m5 + Caic3*mi + Ac 
= - 1'37 + 33'5 X -03478 
-54 in. 

The quantities inside the second bracket above are given 
in the last column of the foregoing tabl& 

Lastly, let there be a redundant member (6) (sectional 
area G square inches and 10ft. long) as well as (a) existing 
in the structure at the same time ; then from equation (8) we 
get the simultaneous equation — 
= Sfl ni^ + Ci" mi (Hi + Ci" Sa + Ci' Si ) + c^' m^ 

{Kb + Cj-Sa + ca^ Si ) + Cj" m^ (R^ + cjOSi. +C3» Ss ) x itc. 
- Sj m(, -)- ci* OTi (Ri + c," Sa + Ca" Sa) + ej'm^ 

(R, + <-3''S=-l-c/SO + ';s''»'3(Ra + Cs''S«+C3'Si)+ic; 
and after substituting and reducing, there 
177 = -0528 Sa + -02478 Si. 
1-37 = -02478 S» + -0017 Si, 
from which we obtain 

Su = 70a tons and Ss = 567 tons 



_ 706 ^ 40 X 12 



Tkcssed Pixe Beam. 

Thas far 'we have dealt only with hinged structurea 
having auperfiuoUH members, Imt it is a common occurrence 
to find structures composed partly of hinged members and 
partly of continuous elastic members. The method of 
treatment of such problems will be here indicated, but 
Epace will not permit of many examples being worked out. 

The trussed beam, tig. 137, is 40 ft. long, and rectangular 
in section. It is loaded at any point D with 4 tons. It is 
required to tind the tension in the two tie rods, the com- 
pressire stress in the strut, and the maximum stress, l>oth 
tensile and compressive, in the beam. The beam is 15 in. 
deep and 12 in. widp, and is made of piue, whose modulus of 
elasticity is about tlOO tons per square inch. The tie rods 
are of wrought iron 20'45 ft. long, and 2 square inches in 
sectional area. The strut is of cast iron 4 ft. long, 4 square 
inches in sectional area, and whose modulus of elasticit.y is 
about 7,000 tons per square inch. The point D is at quarter 

Let P be the thrust in the strut in tons ; then the work 
done on the strut is given by the expression 

P^ ^ = -000657 P'^ inch-tons. 



is the work done on each of them. But the stresses in the 
tie rods and the stress P are represented by the three sides 
of a triangle, from which we iind 

S = 2-rw P ; 

therefore the work done on the two ties 

- 2 X (2 55 P)2 X -^ = Wll P= inch-tons. 
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The work done in compressing the beam by the horizontal 
components of the stresses in the tie rods 

V511/ 2 26 1 12x15x600 

There is, lastly, the work done by F in bending the beam. 
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Fio. 137, 

"It was shown [equation (7)] that the work done by any 
force on a piece of material, when working in conjunction 
with other forces, was 

forrp in question ^ ^^^ ^^ ^^ ^^ ^^^^^ ^ ^ 

2 

In the same way the work done in bending an element of 
materiid by a force in conjunction with other forces is 

bending^ moment ^ ^^^^^ through which element is bent 

The bending moment is the average over the element due 
to the first-mentioned force alone ; while the angle through 
which the element is bent is that due to all the forces acting 
on the element The beam in fig. 137 is subject to the forces 

*See page 270. 



shown in the middle part of the figure, namely, at the left- 
hand end the supporting force npwarda ia 3 tons and the 
component of S in a vertical direction downwards, which 
equals '5 P ; at E there will be the upward thrast of the 
strutt and at the right-hand end there will be the supporting 
force of 1 ton upwards and a downward force '5 P, eqaal to 
the vertical component of S. 

Let R be the radius of curvature of the neutral anrface of 
the beam at any point, and d^P the small angle between the 
tangents at the estremities of an element of the neatral 
line, fig. 137 (lower portion), whose length is dl. Then 






d-t- = dl. 



Rd^ = dl, 
^ dl. =^ [see equation (29)]. 



This small increment of angle drpia dne to all the forces 
acting on the beam ; similarly, M ia the average moment 
over the element of beam producing the increment of angle 
d ip. As we require to find the work done on the whole 
structure by the force P, the work done by P in bending 
the element of the beam will be J x moment over element 
caused by P, x rf *. 

Let the moment over the element due to the force P alone 
be Ml, then work done by P in bending beam 



V"^ 



the integration to be taken in sections over the whole 
length of the beam. The reason for inte^^ratinf; in sections 
from F to E, from E to D, and from I) to C, is that in 
passing over the end of any one of these sections the 
generating fanction is not continuous in the sense used in 
the calculus, and an expression can only_ be integrated 
between certain limits when the generating function ia 
finite and continuous between those limits, 

Kow, inserting the value oi dip obtained above, we obtain 
for the work done 



/ 



M, 



dl. 



(? - ^^ i ton-inchea. 
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and the bending moment Mi due to P is 

p 

-. I ton-inches. 

Insertiiu; these valaes in the above equation, we have for 
the work done by F, in bending the beam between F and E, 

2Eiy 2V2 t;' **'♦ 



where L denotes the length of span in inches. 

Performing the integration, we get for the work between 
FandE, 

P (Z - W) fLnl inch-tons 
4 E I V 2 4 / L 3 J« 



PL» 



J (P - y) inch-tons. 



192 E 
Between C and D the bending moment due to P will be 

where I is measured from C to the right, and the bending 
moment due to all the forces will be 



(I -«^)^' 



and the work done between C and D will be 

L 



2 



h/"-^(i-i^)'' 



?-T (P - J W) :i^ inch-tons. 



8E1^ ' ^192 
Between D and E the bending moment due to P will be 

I' 

when I is measured from C. The bending moment due to 
all the forces will be 



and the work done by P between D and E 



" liTEl 



(14 P - 11 W) ^ inch-tons. 



Collecting terms, we have for the work done by P in 
bending the beiiui from end to end — 

= "57 P'^ - '39 P W inch-tona. 

1 the whole Btructure, 

■0008J7 P= + -0071 r- + 001ir> P- + -57 P= - '39 P W = 0^ 
and P = CI W. 

If W iB 4 tons, then 

P = 244 tons ; 
also, S = 2'55 P = 6-23 tons. 

Stress in tie rods = ^^ = ^1 tons per aquare inch. 
Stress in strut = -— = "61 tons per square inch. 

The maximum bending moment occurs at D, and eqaala 
iil36 ton-inches, which equals J/6 d'^, where / = maxiiuum 
stress in material, h is the breadth, and d the depth. Solving 
tor /, we find / = '475 ton per square inch. 

Lattice Girdeii with Eiveted Bkacisg. 
A lattice girder is really a structure with redund&nt 
members, but when the bracing is close together, and riveted 
where they cross one another, the girder is made so rigid 
tiiat it approaches very near to the ordinary plate giraer, 
and can be treated as such without introducing an error of 



any great niBgiiitnile. It was shown in the design of a 
plate girder (tigs. 99 to 102} that, first, the shear stress over 
the web was approximately constant ; and second, that there 
were in the web induced tensile and compressive stresses of 
equal intensity, over planes at right angles to one another, 
and inclined at 45 deg. to the direction of the direct stresses 
in the flanges. Referring to fig. 138, the induced tensilp 
the web is shown along a strip at C, and the 




compreBsive atreaa at D. As the stresses are tensile and 
compressive in the directions of C and D, it will not matter 
if part of the web is cut away, leaving other strips at 
regular intervals, similar to the arrangement shown below 
in fig. 138 The compressive stresses are 0, and ^a. while 
the tensile stresses are 03 and •}>,. U these are resolved 
vertically, it will be noticed their components all have the 
same sense of direction— i.e., downwards. As these forces 
represent the action of the removed parts on the remaining 
parts, it is evident the removed parta will tend to move 
downwards over those that remain ; in other words, the 
shearing force at the section in question tends to make the 
right-hand piece slide downwards over the left-hand piece. 
T£e sum of the vertical components equals the sheari 




I 



shearing force = *i sin * + 02 ^'^i * + *3 Bin S + ^^ sin S. 

Aa the shearing stress over any section in a plate girder 
is approximately constant, the stresses 0,, ^n, itc., will be 
approximately eqnal, if the dimensions of the f 



s at that section. In this wav the necessary bracing 
can be calcnlated for, if the loaas, &a., are given. ; and 
conversely, if the dimensions and loads are given, the 
stresses may be calculated. 

Thhee-bixoed Arch. 

Let C E D, fig. 139, represent the centre line of a three- 
hinged arch, the hinges being at C, E, and D. Let the clear 
span be I feet, and the rise k feet at centre of span. Also 
let a load u> tons be situated as shown in the figure, at a 
distance of x feet horizontally from the point E. The 
horizontal component of the supporting forces is H, and the 
vertical components are represented by V^ and Vj. Taking 
moments about U, we get 






> the right of E, the bending 



and as there is a hinge at E. there can be no bending 
moment there ; consequently tne last expression must be 
eqnal to zero. This gives 



2k \2 ) 



The two parts of the arch are simpl; iiorvea uchiuz, >uir^ 
can be treated as such. The complete reaction of one beam 
on the other at E is obtained by combining the vertical 
shearing force at E with the horizontal component H- 



In the present case it will be a force inclined upwards to the 
left. Only one load ia given in the figure, but the method 
of procedure ia the same for anj nnmber. The graphical 
method of treating the same problem is interesting. Aa 
before, neglecting the weight ot the structure, the renotioa 
at D (lower part of fignre) must pass throueh E, as there 
are only two forces acting on the right-hand half, and for 
equilibrium these must be equal and opposite, and con- 
seqoently must lie in the line B E. Frodoce D E to cut the 
line of action of w in F, and join C F. Then C F D is the 
funicolar polygon for that particular load ; and if the pole 
diagram be drawn by setting down the load line 6 jt » u^ 




and throDgh 6 and i respectively, drawing b a and k a parallel 
to F D and C F, and finally the horizontal a 0, then, accord- 
ing to equation (20), the bending moment at any point # in 
the line C D (treated as a single beam supported at C and D) 
— the intercepted x oa x scale of ff*> x scale of o a. 
In addition to the bending moment due to the vertical 
components, as in a beam, there is the bending moment doe 
to the horizontal component of the reactions, and this will be 
of opposite sign to the pre\'ious moment, and will eqnal 

c ^ X scale of < ^ x H, 
which equals 

(? X scale of c4 X oa X scale of o a. 



The total bending moment at > in the &rch is the snm of 

these two moments — that U, 

(«^- fl^) X oa X scales = eB x oa x scales. 
Similarly, the bending moment at a in the arch ia 

liat t!iiH moment is of opposite sign to that at i. because the 
intercept X *( ia ontaide the arch, while < 9 is inside. 

We may therefore conclude that, in general, the intercept 
ihetween the funicular polygon and the centre line of the 
arch ring x the pole distance o a x the scales, will always 
'be the bending moment when the arch is hinged at its 
-extremities, and when the fnnicniar polygon passes through 
those extremities. This result may have been obtained 
4>therwise, thus : The resultant force in the arch at e is along 
D E, which is parallel to and represented by b a. Therefore, 
moment a,t e = b a x scale of 6 a x ci x scale of ft. But 
the triangle < t 9 is similar to the triangle boa therefore: 
the bending moment at e 

— ba X fflainfflt x scalei 

^baxtSxj— X scales 

As there can be no moment at E, there can be no intercept 
there, and consequently the funicular polygon must pasB 
through E. 

Summing np, we may state that the bending moment at 
any point in an arch ring can be expressed as — the vertical 
intercept at that point between the funicular polygon and 
arch ring x horizontal pole distance x scales ; or by the per- 
pendicular let fall from the point in the arch ring on to the 
nearest side of the funicular polygon x the force in the 
pole diagram corresponding to that side in the funicular 
polygon X scales. 

The same holds whether there are two or three hinges, 
provided that the funicular polygon he so drawn that it 
passes through the two hinges situated at the springers of the 
ajch. An example is given in the upper part of fig. 140. 
In the same figure is represented a section through the 
above two-hinged arch at C, and which has a solid weh We 
find, adjacent to the section A B, the line F G of the funicular 
polygon, which means that the force R, acting along Q F, 
maintains the remainder of the arch in equilibrium, together 



) aTBCCTCKAL I 



■with the forces to the left of the Bection A B. From C, the 
neutral point of A B, drop a perpendicular on to F G, and 
let its length be p ; then the bending moment at A B is 




R X p. Resolve Ft along and perpendicular to the nentral 
fibre at C, and we have— 

R COB 6 — direct thrust over section A B = T, 
R sin = shearing force over A B = 8. 



Aech with no HiNcaa. 

In fig. 141 is shown an arch rigidly attached to the foanda- 
tiona at the abutments, and lower down in the tigura will 
be found the nentral line of the arch ring. Consider anj 
element of the arch ring whose length is d s, and whose 
uo-ordinates at its middle point are r and y. Also let the 
load on the portion of the arch to the left of dt be W, 
acting through its centre of gravity, as shown in the figure^ 
at a distance X from d s. Further, let the horizontal com, 
ponent of the reaction at A be Hj, and the vertical component 
lie Vl- Let the moment at A be represented by M^. Now, 
if the ends of the arch are rigidly maintained in position, 



J EI- 



■o w 

over the arch between A ' 




In the above expression to be integrated E is conatant, 
and if I is not constant, its valne in terms of x and y, or s, 
moat be known and inserted in the eicpression before 
integration. The value of M is the enm of the momente 
acting on the left of the element d s, which eqaala 



- H, y - 



oX. 



The value of iJ s in terms of ^ and y (or vice vend) mnat 
be inserted also before integrating. 

It is often convenient to perform the integration by 
cutting up the arch into a number of segments, and calca- 
lating the average value of 

for each segment, and then adding them all tc^ether. The 
reanit is exceedingly near the accurate integration. 



I 
I 
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Ab the points of support do not move under any circum> 
Btances, tbe deflection of either point horizontallj or 
vertically is zero, and. the work done by H^ or V^ on the 
structure is zero. 

Let dhhe the horizantal diBplacemeot of either end. Work 
done by H]^ 

= H,ii w 

and this mast equal the vork done by H^ in deforming the 
atmotnre, 
The change oE angle between the ends of the element dtia 



and the work done by H, in bending element d t through 
this angle = ^ x moment over element produced by H, x 
change of angle 

-ixH.,x^.,, 

and total vork done by H^ in bending arch ring 

Let A be the average sectional area of element d », and T 
the total tbmst along the aids of element while ^ is the 
angle made by the axis of the element with the axia of x ; 

T - Vi sin ^ + H, cos * - Wi ain ?>. 
Extension or compression of element 

T.ds ^H 

and work done by H[ in compressing d s ^^^* 

H, COB tf p T. ds 
■"2 AE ■ 

Also total work done by H^ in compressing the whole arch 
ring 

Hj^ /-TcMj J (6) 

2E-{ A 



I 



SIO 

Over the element d g there will be a Bhearing force S, saj ; 
then the work done by H, in tending to shear the element 
transversely 

K, ain» S^dj 
"2 AG 




The total work done over the whole areb rib by H^ in 
tending to shear 



i 



) ■• work done by H, in diaplacing ends of arch rib 
+ work dooe w H, in aitenng che angle between the 

ends (bending) 
+ work done by H, in compressing the arcL rib ; 
+ work done by Hj in shearing the arch rib. 



1 /-My 
&{ I 



V, ;m 



V, ?ScM* , 
2Q< A ■"•■ • 



From eqnationa (*), (X), ()i), H,, V,, and M, can be 
calculated, and all the other quantities, including the atresseSt 
can be derived after these are known. 

The Aucnoit Eino. 

An anchor ring is an annnluB, and its section is generally 
circnlar, though not necessarily bo. It is required to find 
the resistance to rujiture when strained in a manner similar 
to the links in a chain. A few links are shown in elevation 
OD the left side of tig. 143.. Consider any individual link. 
It is acted upon bv two equal and opposite forces^ 
each equal to the pull exerted by the neifthboaring link. 
Let this pull be represented by W. Each link is symmetrical 
with respect to a vertical centre line, and consequently can 
be split ap into two equal parts by that centre line, na 
shown in the middle of fig. 143. We shall then have --- 
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aottDg, as efaonn, at each end of each half ring, and 1 
action of W on the ring as a vhole is to bend it to a Bmaller 
radina of curvature at the Bectiona where the forcea are 
applied. Let the moment due to this bending action be M^ ; 
then at the top and bottom sectioua of the link one half of 
the link will act upon the other with a bending moment of 
M^. On the right side of the figure is shown the centre 
line of a half link, acted upon by two equal and opposite 
forces each equal to ~, and two equal and oppoaite momenta 




eqnal to M[. Consider any 
The bending moment at P wi 



joint P in this neutral 



where R is the radiua of the neutral line. The change of 
angle between the enda of aji element at P, whose length ia 
d a, due to all the forcea and c6aples, is * 



M is the bending moment a 
forcea and couples, 



If the two halves of the link were hinged together at the 
top and bottom, there would be no bending moment M^, and 



I 
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hence U| c&n be looked upon u the moment dae to a 
rpdandant member, and the work done on the etructure by 
M.mnst be zero. 

Work done by M^ in bending element through the change 
of angle d <P 

' 2 '■ 2EI 

The work done over the arc CD — work done over the ara 

D E, and work done over the whole ring — twice the work 
over C E = four times the work over the arc C D. Therefore 
Che work done by Mi in deforming stnicture 



= -*/Mi^ET = 



f'/Md. 



-/ MRd 



= /M.de = /(^R8infl-Mi)d 



■[->« 



'I 



This result might have been obtained from slightly different 
considerations, thus : The total change of angle between the 
ends of the quadrant C D is zero, the sections at the ends 
remaining parallel to themselves ; hence by equation on 



which gives the same result as above. 

Let r be the radius of the section of the material of the 
ring, and /a the stress produced in the outer fibres by 
bending. At D 
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r/WR WR\ WRr 
l\ 2 ~ r J" i^r* 
■235 WR 



&t the same section 



/ =.fi,+ft~ '^35 W R 159 V 

-=Ji^(-235 R+ '159 r). 

Btsess in Sfokss of BicvcLB Wbexi. 
First asaame that the segmeiita of the rim of the wheel 
jire so rigid as not to alter their shape when a load is 
applied at the centre of the wheeL Let the load be W ; then 
there will bIbo be the preasure of the earth on the tyr« 
npwards, equal to W. Now, from the equation, 
n = 2 / - 3, 

it will be seen that there is one auperflaoas member, aad 
that one is C L, in fig. 142. Only eight apokes are shown, 
but the method is the Bamr-, however many there ara Next 
assume the Bpokns are put in without any initial tension ; 
then the load \V will compress C L. But the spoke of a 
bicycle wheel is not capable of BaBtaining a compresaive 
atresB of any appreciable magnitude, and therefore we may 
conclnde that C L in the position shown does not contribute 
to the stability of the wheel, and may therefore be removed. 
The line of action of the load W is produced through the 
centre of the wheel, and ia repreaented by C L ; while the 
reaction W, and the two segments C B and L B, are replaced 
by the two streaaea C B and L B. We now have acting on 
the structure three external forces, namely, C L, C B, and 
L B. The stress diagram is found immediately underneath 
the wheel, and it will be noticed that the atresses in all the 
spokes are the same, while the stresses in the remaining 
segments are the same. This may have been found analyti- 
cally by the method oE sections, for cutting any pair of 
tegmenta of the wheel with a Viae pq ; and taking room ents 
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about tbe centre, the atresB in each segment mnst be the 
same, becanae the distance from the centre is conataut. If 
tbe atresB in each segment is the aame, then the stress in 
each spoke mnst be the same. 

Bicycle wheels are oonstructed so that the spokes have 
an initial tension before an7 load W is pnt on the wheel. 
Let T be this initial tension in each apoke ; then, as the 
load is applied at the centre, the centre will be depreased, 
and all apokes above the horizontal through the centre will 
be elongated, while all the others will be shortened. Let 
V be this vertical deflection of the centre ; then the work 
done on the wheel by the load W will be 



This ia spent in deforming the spokes of the wheel 
Consider the action on the nh spoke, fig. 142, making an 
angle B with apoke number 1. The rth apoke is elongated 
by the amount 

If there are n spokes in the wheel, the circle will be 
divided by them into » equal angles, each of which ia 



and consequently 

S - *_r X »• radians. 



Let Sr denote the increaae of the stress above T in the rth 
spoke due to the load W applied at the centre ; then 
Initial Btreaa before elongation = T. 
Final stress after elongation = T + Sr . 
Average stress during elongation = —5: =T + 5|! . 

Work done during elongation ^ ^T + °'A dlr. 
Work done on all the spokes during application of load 
_ (t + ^') d^ + ( T + ^^) dl, + + + 
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whioh may be simplified thus— 




-^' ^T(dl^^dl^+dl^ + -^ +dU) 




+ i{S,dl,-i-&idl^+S,dl, + + +S^d M. 




Not, every apoke that is elongated will have a companion 
spoke in the same straight line that haa been Bhortened a 
Hike amoimt, and conaequently 




' dly + dt^ + dl^ + -i- +dU = o; 
hence 




Wv'-S,dl, + S^dt^ + S,dl, + + + BndU. 




It was shown in equation (5) that 




d i = S j«, and therefore S = -^^ 




hence 




The spokes being all the same size, jmi = m^ = m^, &o. 
Potting in the value of 


1 


dlr ~VCO^^-^ 


■ 


for each spoke we get — 


■ 


^-^ Ht + ""'tt + ■»=' ^+ + + "»'^] 




Replace cos° d by its equivalent. 




1 + cos 2 fl 
2 ' 
and we have — 






^-^B+*{-*:-»T+-'-l-'*-"«r}] 




The series enclosed within the wave bracket ia of the 

form— 




coao + coaSa + coaSa + cosia + + + coa»o, 




the sum of which is* 




-("-i^)..=n=/ 




.in J 
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Inserting this value in the above equation, we get 
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W 



V 



2m 

vn 
2 m' 



cos I — ^— I — sm- — 
n + V 2 / n 2 n 



sm 



4t 
2n 



because sin 2 t is zero for all values of n ; 
also v = (i/i = Si Wi ; 

Sin 



therefore 

Also 
therefore 

and 
also 



W 

2 T 

dl^ ^ dli cos — 

ti 



W = 



vn 
2m 



2^ 
n 

So n 



V cos ^=^ and dl^ "- Ss m2 ; 
n 



2t* 
2cos^-^ 

n 



R -2W^^ 2ir. 

bo =* COS — : 

n n 

Sr=?-^cos?^(r- 1), 
n n 



and actual stress in spoke = T + Sr 

- T + i^ cos — (r - 1). 
n n 

If every spoke is in tension, and the stresses are a mini- 
mum, the least stress in the lowest spoke is zero, and 



T- 



2W 
n 



At the same time the stress in the highest spoke will be 

2 W _ 4W 
n 



T + 



n 



The segments of the rim have been assumed to be rigid ; 
hence the effect is the same whether a load be applied at a 
single point in the rim or distributed symmetrically over 
it. Let the arrangement, fig. 142, be turned upside down,, 
and we have the large Graydon wheel at Earls Court. 
Therefore, in that case, the uppermost vertical spoke has 



no Htreea ia it^ while the lowest spoke has a stress equal to 
four times the load applied at its extremity. This stress ia 
double the initial tension in the spoke. 



Oevpuical Dbtermisa' 



? ASEA OF Pl^NB FlGUKK * 



Let it be required to fiad the area of the irregular plane 
£gure, £g. 144, enclosed b; the heavy line 7, «, t, &c. Select 
the point which occupies the extreme left of the tigure. This 
point ia 7. Through it draw a horizontal line extending on 
the right beyond the area to be measured. Divide the area 
above the horizontal through 7 into four-sided parte by 
vertical lines (shown dotted) through «, t, ifec., and label the 




spaces between these vertical Hum A,B,C, i&c. At boi _ 
point H in the horizontal through " draw the vertical line 
< m ; then bisect each of the portions 7 «, » (, ' «, ic, of the 
boundary line, and throngh those points of bisection draw 
horizontal lines to cut r m in a, b, c, iii (one of these ie 
shown through b). Now take any point as pole in 
7 U, and draw the radial lines shown. Beginning at the 
point 7, draw through the spaces A, B, C, ic., lines parallel 
to Oii Ob, Oc, itc, as in a funicular polygon. Then the 
an» enclosed between the irreKular outline, the v-ertical u v, 
and the horizontal 7 H,pqaals the true length of the intercept 
6i X true length of O H = 6. x OH x scale of 5» x scale 
of O H. This reealt can be proved thus : The arek mclnded 
between the verticals through I and 3 above the horicoDtal 

* S« bJ» A-prcEidix. 
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7 H = average height x width = true length of c H x true 
length ot2.i.^<:Rx2.i.x acalea. Also the triangle 
2.3.4 is Bimilar to the triangle O c H ; therefore 



OH 



< O H = 2 4 X c H. 



But 2 . 4 X c H = area included between the two verticala 
through t and 3, if the tigare ia drawn full size ; but if 
drawn to some suale, then the left-hand aide of the equation 
must be multiplied by the scales to give tht; true area. 

Now, the portion 3 . 4 of the intercept 3 , 1 is the vertical 



■projecti 



ion of 2 . 3, and conaequentl; the area between the 



verticals through s and ( will be given by the vertical 



projecti 



ion of X 



< O H X scales ; also the area between 7 



and the vertical thro'ii^h s will be given by the vertical 
projection ot 7 x x O R x scales. Therefore the whole area 
above the horizontal 7 H between 7 and the vertical through 
Swill be — (vertical projection of 7i + vertical projection 
of a:2 + vertical projection of 2.3) x OH x scales = 3.1 x 
O H X scales. In the same way, the area up to the vertical 
ui = 6ixOHx scales. The area below the line 7H can 
be represented in the same way, and consequently the area 
of the whole tigare to the left of any vertical uv = oM x 
O H X scale of 5.6 x scale of H. 
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— The para^apha in the Appendix vnll be preceded By 
the number of the pages in the book to which they refer; 
and generally the foot notes on the latter vnll indicate 
when additional matter has been placed in the Appenditc. 

Tlie Funicular PoljEon (psge 24). The proo! of the 
funicular polygon method of det<:riiiiuiDg bending moment, 
can be briefly stated as follows : — 

Referring to figa. 12a and 12s on thia page. 




Take any section, say in the epace B made by tbe line s q. 
distant x, from W, and xfrom A D, the left supporting force. 
The aides of tbe triangle kr a (Gg. 12a) have been drawn 
parallel to the sides a o, o b, and b a (tig. 12b) ; bonce those 
triangles are similar, and their sides proportional. Drftw the 
horizontals p o and k t. Then 



But ah = Wi, and ht = xu Let oj» 1 
tut equation may be written 



6 called H, then the 
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or Wi a, = H X 8 r. 

Bat Wi x„ ia the moment of W„ about the aection in qoes- 
tion, and « r is the intercept cnt off by the two lines of the 
fanicalar polygon, which meet in the line of action of Wi . 
For the Bome reason qa x H. mast be the moment of AI> 
aboat the same aection. The bending moment at that 
section is 

AD X X -W,x^. 

SnbHtitnting q a X H for the first term, and g r X H 
for the second, we have 

38 X H - <»■ X H = H (3» - »r) 



vertical 



:^ horizontal polar distance in force diagram 
intercept of fonicnlar polygon, under the Beotion ii 

NoTB. — The intereept rg tnast he meajnired on the tame teaJe 
as that to tohiek fig. 12a i» dra-um (it will be a length in 
feet or inchei), and H must be tneaaured on tJie scale to 
which Jig. 12h is drwwn {it will he a force in lbs. or tons). 

jlrticulated Stmctarcs. The reader cannot too care- 

fnOy bear in mind the conditions under which it is posaibte 

to draw a etreaa dii^am. The following bints may be of 

eervice in drawing these diagrams for the tirat time. 

(1). Under all possible conditiona of loading and anpport, 

the atrnotnre as a whole, and the individual members of 

the Btrnctnre, mnst, eaoh of them, obey the two laws of 

equilibrium given near the bottom of page 12. 

(2). By " articnlated atrncture " we mean a structure made 

up of parts hiii<;ed together, no single part having more 

than two trictionlsBS binges or pin connections. Each 

part behaves as if its axis we ■ • ■ ■ ■■ ■■ 

in that member or part (for 

diagram) must act along the a 

on page 14, This is tantamount to saying that there is 
no bending action in any of the parls or members of an 
articulated structure, or, if there is a bending action, 
then tot the purpose of drawing the stress diagram, it is 



3 Btrai^ht, and the streaa 

r the purpose of the atresa 

's of the part as proved 
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AflBnined noi io ezisfc, because the stress diagram only 
takes aocount of oroes along the axis of each member. . 

(8). For the purpose of drawing a stress diagram, forces can 
only be applied to an '* articolated stoactare " at its 





Fig. 17a. 



joints or hinges ; and should any member of a stmotore 
be oalled upon to resist a bending action, or if loads are 
applied at points other than the hinges or pin joints* 
then those loads must be divided up between the two 



faiugea of the memboi, in the aame nay that the load on 
a beam is divided into the tva supporting forces. The 
Btresa diagram can then ba drawn with the individnal 
loads spht up into equivalent loads at the joints or 
hinges. 
(4). From paragraphs 1, 2, and 8, it is evident that the 
method of drawing the stress diagram of an " arliculated 
struclwre " cannot be applied to the ordinary timber 
king-poet trass, queen-post trRHS, or in fact any truss 
constructed with timber in the ordinary way ; because 
the structure is not hinged, and it is purpot^ely arranged 
with two or more members in one continuoaa piece. 
Again, in structures such as tbo qneen-post truss, the 
essence of its stability is this continuation of some of its 
members, so that they contain more than two connecting 
paints, The same applies to metal trusses, btit rather 
less in degree, becanse the trusses are generally much 




larger, and the individnal members are comparatively 

not BO stiff; and, therefore, the continued members 

behave more nearly as if they were oot continuous than 

those in timber structures. 

It should also be borne in mind that, in general, struetuies 

are stronger for the continuation of members over more 

than two joints, and, therefore, the use of the stress 

diagram is quite safe. 

The 4t<ic<^ Post Trnas (hg. 17a) is a peonhar instance 

of an incomplete structure, if it ia assumed that its members 

are Mnged ae in an articulated slr'ucture. This truss is 

shown in lig. ITa, and the stress diagram immediately onder 

the trass. It will be noticed that F O and K are not 

stressed. 




Now the trass is in a atate of unstable cqailibrinm, 
whethei: the members FO- and GK are retained or not; for 
it is poBsible for it to awumo the shape showo in fig. 1' 
when it will collapse ; in fact, in any other shape except 
that ahown ia fig. 17a the frame cannot exist without 
collapsing!. The collapse uiay be prevented by making a c 
and ci, fig. ITs, into one continuous member, as is done ia 
practice. The members i n and n m are continnous, and a e, 
eh, and km are continuous, farming a. stiff beam. 

Another method of preventing distortion while the joints 
are still retained would be to prevent the diagonal e n from 
lengthening, or ch from shortening, by introduoing a diagonal 
tie or strut. 




There ia a method of discovering at once whether a 
structure contains too few or too many members for stability. 
Take some structures known to be stable, and treat them 
thus. In fig. lYc there is an N girder, with binge joints 
loaded at the joints of the bottom flange. Baild up the 
structure from one end, taking care to note the namber of 
members and joints at each stage. Thus, ab c contains 
8 members and S joints. Plot these numbers, as in tlie 
lower part of the hgare at i. Add on the members b d and 
c ff, and we have 5 members and 4 jointt; these are plotted 
at n. Next add the members c c and d e, and then we have 
sands joints; these are plotted at v. Continoiug 
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dntjl the stiuoture is oomplete, we have the points showa all 
Bibnalfed ou a straight line, whose eqaatioa is 

Number of joints =^ 1^ -I- half the nnmber of members. 

members ^^ 2 x joints — 3. 
If a structure has less than thiq nnmber of membera, it 
is Qot stable ; while if it has more, some of tbem are 
Buperfluous. 

Youns's Hodnlas (page 45). The valnes given on 
page 44 must be looked upon as lotu average valnes, snch as 
woald be nsed in formulis in design. Higher va.lnes are 
ofter. obtained, bnt it is the function of the designer to make 
provision for variation in the quality of material, and hencs 
the low valnes need. The amount of variation may be 
gathered from Un win's Machine Design or Goodman's 
Applied Mechanics. 




Tlieory of BeudioK (page 45). It is assumed that when 
a beam is bent, the faces of tihe slice remain practically plane 
after bending. This is not strictly true, bnt the error is 
inappreciable in most cases (see below). 

Table of Deflections (page 50). The quantities in the 
last column of this table represent the maximum deflection 
of a beam due to bending. There will, in addition, be a 
deflection due to ikearing, but this is often very small com- 
pared with that due to bending. In the case of built. up 
plate girder.s, it may be very considerable. It may he foULii 
in the following manuer : 

In figi 20a, a beam is sbown, supported at the ends and 
loaded in the centre. Each small element, such as that 
Bhown shaded in fig. 20a, will be distorted from the original 
pbape A B C D to A F Q D| by pare shear. Let tbe width of 
the beam be b, and /■ the sbeacing stress over the opposite 
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faces P Q adA A D. The total sbearing force over tbe face of 
an element auch aa PQ =/< x area of faoe^^/s x F Q x 6. 
The work done by this farce in distorting the element is 



Bat by definition, ~^-^ ^= shear Bttaia, 




nentral enrfaoe v 



I page 218 that the longitadinal shearing 
me snch aa G T K (fig. 20b) parallel to -' 



taring I 

J 



Where F = eheating force over whole of transverse section 
QPNMi 6 = breadth of section KT, I = geometrical 
moment of inertia of cross section about neutral line UV, 
and m = moment of the area Q P T K about the line U V. 

This expression indicates that the shearing stress at auy 
point in a beam increases from zero at P, to a maximum at 
the neutral surface V, as shown on the left side of fig. 20ii. 

As the shearing stress varies over a cross section, the work 
done in deforming a slice of a beam, such as that shown 
dotted in fig. 20a, will be the sum oE the quantities of work 
done on the elements of which the slice is made up. 
The work done on the element shown shaded, hg. IOa, 
^3:^ ■~^ X volume of element = f -- x dx.h.dy 

Where dx := length of slice, ij == the mean distance of the 
element from the nentral surface, and /i is the mean shear 
stress over the faces of the shaded element. 

The work done in deforming the slice will then be 

/ 1 oT' " volume of element [ = / ■[- b.dy.ds 

the integration being performed over the whole depth of the 
beam from - hi to + As. 

The work done in deforming a piece of beam of length x, 
over which the shearing force is constant, must then be 

the equivalent /i being substituted from 

/• = S 

before the integration is performed. 
If the beam is rectangular and uniform in section, 

I = J 6 (?» = — 6 ft» 
12 -6 

and from fig. 20b, 
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= (h-y)~(.h + y) 

= (** - y*) -1- 






6 X -|iA» 



Inserting this in the expression for work done, we get the 
work done over length x 



9 Fa 



^f'^_^(h^-^h^y^ + y') dy 



Taking the case of a single load W at the centre of the 
beam, then F = i W, and the work done is 

3 YP X 

X 



10 4 bhC 

Now the work done by bending a slice of the beam apart 
from shearing 

= i moment on slice x angle turned through by ends of slice. 

= ^ M. e2 for a length dx oi beam. 

But dip is the corresponding increment of slope, which is 

-— ?. dx. 
El 

Honce the work done in bending = t i ^-^, d x, 

* If the shearing force F is not constant over the length x, then the valae 
of F must be inserted in terms of a;, and the work done will then be 

8 /x F» 
10/ 6AC-<*» 



ith the central load W considered above, thie 
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X d := 2 X work due to bending half the beam 4 
e to thearing half the beam. 

Ll6E6fes ^ 40 bhcl 

and d = -^Z^ +J.ZI 
4 Ehh^ 10 fi/iG 



de fleotion due to ah ear _ 
deflection dae to bending 



P 



But C ^ _ E approximately, hence we have for a beam 
of rectangular section ;* 
deflection due to aheat = _ x deflection due to bending. 

Assuming the ratio —j- ■=, -^ , the ratio of the deflections 



ia 1 to 3: 



I 
Alao when — 



the ratio becomes 1 to i; 



When the shear stress is constant or approximately so, 
over a. cross -sect ion, as is the caae with a. plate girder or 
rolled joist, the above method will give the ratio of the 
deflections, bat the calcalation is much simplilied on account 
of /( being constant over the section. 

We shall then have /. = — 

Where F is the shearing force and a the area of cross- 
section of the web, which in this case reeista the ebeai' alone 
(see page 220). 
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ThoD nork doce n delottmag t^x ^ viobune x ^^ 

= "•"•• fc = '^^{|)' 

_ F'.dx 

And as P aod a are iadepeodent of z, tbe work done in 
itstorm'iag a, length z at llie beam most be 



d"./:-' 



With a uua\e central load aa in the case of the solid beam, 
[^ = 1 W, and tbe work done in deforming the whole beans is 



when a. iH the depth and I are constant, and I = half length. 
And by tbcpreviona reasoning, the deflection dne to shearing 
alone mnet be 

W ( W L 
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VVIiero L = the whole length of the beam, the deflectioi 
Sue to bending alone is 

Where A is the sectional area of one flange, and the web ii 
nogjeoted, the depth, width, and cioas-Bection being constant. 



Then 



WL 

deflsctioD d ne to Bhearing __ 4 On 
deflection due to bending W I.^' 



As an example, let the web be J in. wide and 12 inches deep, 
and the area of one flange he 3 aq. ins., while h is 6^ inches 
and L is 300 inches. Then the ratio of the deflections 



If the length L had been 12-5 ft., tha ratio wonld have 
been ^. Uod the beam been a boiit-ap plate girder 



with B. web 90 X g incbes, and lengtb 20O inches, wbile the 
area of one flange was 10 sq. inches, tbo ratio of deflections 
would bave been i. Farther, had the flanaea been reduceil 
in section to the amonnt required to resist the bending 
moment the defieotion due to bending would have been : 



mil the ratio of the deflections 



10 A A' 



The deeper the girder in proportion to its length, the more 
nearlj doea the deflection due to shear approach th.-it due 
to bending. 




Tbc t'ruiic Ho«k Problem (page 60). ProfeBsor 
Karl PearHon has recently sbown that there may be oon- 
hiderablc error in applying equation 57 to the crane hook oi 
any other body whose axis ia not alriiight at the section in 
qae!<tion. The error comes about by using e<]nation 29, 
wiiicb only refers to straight beams. With curved beams, 
the change of curvature must be taken into account, as it 
materially aSecta the reanlt when the radius of curvature ia 
not large. 

The theory is complicated, but the resulta are important. 
In some cases, notably a drawbar book, equation 57 indicated 
a stress of 12,000 lbs. per sq. in., while the real atresH was 
2;(.00O lbs. per sq. in. lleaders should consult The Drapers' 
Company Research Memoir I., by E, S. Andrews and Pro- 
fessor Karl Poaraon, pnbhsbed by Dalan & Co., 37, Soho 
bquare, London, W. 



Tbe Slffn of the Terms in the Equation (page 




1 the amative direction from 

Ei"~ EI ~ EI 

As regarda the left hand aide, ^ ia ^ (i^\ - -^ . ( on ^ 
dx' dx \dx/ dx 

Now ID fig. 86a, the increase <A tan f is positiTe hecaase the 
tangent S T rotates in the poaitive direction with an increase 
of J, which ia what it would have to do, to ipcreaae a poaitive 
angle or decrease a negative angle. Or thns, in fig. 35a, 
t a n ^ ia negative, and, as x inoreaBes, ^ becomes less ; hence 
— ~ tan ifi is a negative increase of a negative qaantit; ; i.e., 

^ tan ^ ia positive. Hence the fandameotal equation is 
^ _ _ P y 



m^-}^^rrW^7lf_ 



Fia. ssa. 

Again in fig. 3Sb there ia a negative increment to ian <i'iaa 
z increases so that -^-^ ia negative, bat y is positive i and 
hence the faadamental equation becomes 
_ d"j ^-By 
d:i' EI 
which is the same aa thf» one above, 

Wlud Pressure (page 140). The pressure of wind on a 
root IB given appro x.im&tely by the following simple ex- 
pression- 
Normal pressure ia lbs- per sq. ft. 
= 8 + slope of roof in degrees. 
This ia a much more convenient expression than that of 
Button on page 140. 
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French Truss (page 141). Another method of getting 
oyer the difficnlty is as follows — 

The left half of the principal is really an artionlated girder, 
as shown in fig. 68a. It is supported by a vertioal reaction V 
on the left, the horizontal reaction H of the right half on it 
and another horizontal force h in the tie rod across the 
centre. 



H 




FIO. 68a. 



Fig. 63b. 

Now, these supporting forces will be the same whatever 
the bracing of the girder, hence, change the direction of the 
brace a to that of c as shown dotted in fig. 68a, and full in 
fig. 68b. There will now be no difficulty in drawing the 
stress diacram until the stress h has been obtained, after 
which replace c by a and return to the original construction. 

The llnadrangnlar Trass (chap, xviii., fi^. 88) is really 
made up of double cantilevers supporting ordinary trusses. 
This may be more easily seen on reference to fig. 83a, where 
the cantilever has been separated from the ordinary truss, 
the dotted lines being put in for appearance. They also add 
to the stiffness of the structure. The cantilever is not really 
constructed as indicated in the figure where it appears to rest 



apoD the ead of b pillar. The pillEii is continned ap to the 
gDtter and the cantilever built to it. This also makes a mach 
sCiSec coaatructioQ. 

Couiiterbracing (chap. xxi.). A quicker method at 
determiaing the panels that require coonterbracing is to 
proceed thus — tig 89a. The braciuj; in an articulated 
structure is for the purpose of lesistiug the shearing force. 




The shearing force diagram due to dead load onlj- is shown 
at the top of fig. 89a, in which the ordiuatc plotted above 
Ip snch as h d represents the tendency of the part dp to 
siide upwardi relative to the part A' d. 

In the same waj the diagram immediately below represents 
the masimnm ebeaiing force due to the moving load, when 
that load approaches from the left. Thus c m represents 
the maximum shearing force at the point m, due to the 
moving load only. As this ia of the same sign as the dead 
load shearing force h d, (hey may be added as shown iu the 
lowest part of the figure. Thus en:= ea + an =: cm + hd. 
giving the outline utelbyu. But the load may approach 
from the right, and then the combined shear force diagram is 
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Between y and I the shearing force is always negative, and 
between j and u it is always positive; but between j and i 
it is sometimes positive and sometimes negative, necessitating 




Fig. 80a. 



the design of the bracing, so that it is capable of resisting 
positive and negative stress. This can be done, as explained 
in the text, by (1) making the ties capable of acting as stmts, 
or (2) by patting in dnplicate ties coincident with th€ 
opposite diagonal of each panel. 
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Moment of Inertia (chap, xxii.), A shorter mathod of 
graphically determining the moment of inertia, or seoond 
moment of area of an irregular figure, is as follows : — 

In fig. 98a, afmbh is an irregular area. The centre line 
a 6 of a horizontal strip is drawn, whose width is w. The 
area of this strip is a S x w, and the moment of this area 
about the axis phiaab x w x ap,=^w x nq x ap. Now 

ap ac 

np nq 

or 

ap X nq = ac x np = ac X d. 




Fig. 93a. 

and, therefore, the moment of the strip about the axis is 

w X nq X ap =^ w X ac X d 
= area of strip ac X d, 

and similarly the moment of the area of the whole figure 
about the axis must be : 

area Tcafmch X d. 

This area is shown shaded inside the boundary. 
The moment of inertia of the strip a I about the axis ph is 
area a 6 x ap^--^ ^ ^^5 x ap^ 
=^ w X ab X ap X ap 
= area ac x d x ap 



Bud, by the same ceaBonisg as given above, this most equal 
d X area a e x ti 



Similarly, the moment of inertia of the whole figure about 
the axis must be 

area rafmer x d" 

Hence determine this area preferably with a planimeter, 
and multiply by d^. 

Masonry Structures (page 237). In the case of an 
annular section, 



rD 



d^ 
8D 



Where D = asternal diameter of the annalns, and d = the 
internal diameter. 

In the case of a boUow square, vrhose onter dimension ii 
D, andini 



D 



6D 



It should be remembered that altbongh no tension is 
assumed to exist in parte of masonry Btructnrea, yet it does 
exist, especially where cement has been used, and the 
structure ia thereby oonsiderably strengthened. 

Stability of Hasonry Dam (page 250). The method 
of ascertaining the stability described in the text is that 
usnally adopted, bat Professor Karl Pearson has reoentiy 
shown* that it ia iuaafficieut, and that there is considerable 
tension in the masonry near the tail of the dam, and that the 
vertical sections are more dangerous than the horizontal 
sections. The original Memoir sboald be consulted for 
farther informatioa on the subject. 

Fixed Arch King; (page 308). Equation k is obtained 
as follows : — 



EI 



~ change of curvatnre at a point in the nentral a 






to the bending moment M at that point. 

Let Ru ^= original radiue of curvature, 

and R = radius of curvature after the application of the 
moment M. 

Then change of cnrvabure 
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Lett^ be the inolination of the iaogent to the horizon, then 
d <t>Q is the angle between the tangents at the ends of the 
element before bending, and d^ the same after bending. 
These will also be the angles between the radii of onrvatnre 
at the ends of the element before and after bending, and 
hence 

Ro . d <f>o ^^ d8 







»^ii 




d<f>o 

d8 


: 




similarly 


1 
R 


__ dip 
"^ d8 


'< ^ 


and 


1 1 
R Ro 


— ■ 


d4> — d<i>o 
d8 


_ 1 

d8 


X change 


in the angle 


between re 


element dne to moment M. 












1 
R 


1 

~ rT 



hence, total change of angle 



El 



d8. 



Area of Plane Figure (pa^e 818). There is some very 
interesting matter connected with tlus work in Linefaam's 
Text Book of Mechanical Engineering, page 851, where 
methods are given which are superior to that given on 
page 818. 
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